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PREFACE 


Volume  II  is  a  continuation  of  Volume  I  of  a  "Treatise  on  Acoustic  Radiation"  published  1982  at 
the  Nava!  Research  Laboratory,  Washington,  DC.  In  Volume  I  the  source  strengths  of  simple  and 
complex  surface  and  volume  radiators  were  assumed  known.  In  Volume  II  the  theory  of  acoustic 
transduction  is  reviewed  in  detail  to  expose  the  underlying  energy  conversion  processes  which  generate 
the  source  strengths  used  earlier  in  Volume  I.  The  closely  allied  theory  of  acoustic  receiver*:  (particu¬ 
larly  hydrophones)  also  is  discussed.  Emphasis  is  placed  on  methodology  of  analyzing  tr<»r  ,ducers  to 
show  interrelations  between  structure  and  acoustic  performance.  Examples  are  selected  .  iimarily  to 
illuminate  this  methodology.  Fuller  descriptions  of  sonar  transducers  used  by  tnc  U.j.  Navy  are 
reserved  for  Volume  III  of  this  series. 
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Chapter  1 

REPRESENTATION  AND  ANALYSIS  OF  ACOUSTIC  TRANSDUCERS 
A.  Representation  by  Equivalent  Circuits 
1.0  INTRODUCTION 

Transducers  that  convert  primary  sources  of  energy  such  as  mechanical,  electrical,  hydraulic,  ther¬ 
mal  or  chemical  into  sound,  are  most  efficiently  designed,  calculated,  constructed  and  tested  on  the 
basis  of  equivalent  graphs.  In  classical  transducer  technology  the  equivalent  graph  is  chosen  to  be  an 
electrical  circuit.  This  is  a  choice  justified  Dy  the  existence  of  the  copious  tools  of  electric  circuit  theory 
which  can  be  made  available  to  the  acoustic  designer.  But,  however  advantageous  this  choice  is,  there 
is  equal  or  better  justification  to  model  acoustic  transducers  by  employing  the  concepts  of  state  system 
theory,  or  bond  graphs.  These  latter  approachs  are  taken  up  in  Sections  1.52,  and  1.68.  Here  the 
theory  of  equivalent  electrical  circuits  is  reviewed  in  order  to  provide  a  background  for  newer  methods 
to  be  discussed  later. 

TRANSDUCERS  PICTURED  AS  ENERGY  CONVERTERS 

Acoustic  transducers  can  be  categorized  in  several  ways:  in  reference  to  direction  of  energy  flow, 
as  trancmitters  or  receivers;  in  reference  to  frequency  spectrum,  as  broadband  or  narrowband;  in  refer¬ 
ence  to  power,  as  high  power  or  low;  in  reference  to  transduction  as  mechanical,  hydraulic,  electromag¬ 
netic,  etc.;  and  in  reference  to  frequency,  as  high  frequency  or  low.  However,  no  matter  in  what  con¬ 
text  the  word  acoustic  transducer  is  used,  its  ultimate  construction  as  a  device  can  be  epitomized  as  a 
finite  chain  of  components  in  which  energy  in  different  guises  flows  from  one  component  to  another. 
Generally  two  species  of  energy  are  being  interchanged:  "primary"  (or  source)  energy  such  as  mechani¬ 
cal,  electrical,  hydraulic,  etc.  which  have  been  briefly  mentioned  above,  and  "secondary"  energy  or 
mechanico-acoustical,  whose  nature  will  be  more  thoroughly  discussed  in  later  parts  of  this  chapter. 
Each  energy  type,  primary  and  secondary,  is  stored  during  part  of  the  vibration  cycle  in  a  characteristic 
storage  component.  Each  storage  component  is  associated  with  a  source  or  a  load.  In  addition  to  these 
components  there  is  a  special  component  which  describes  how  primary  energy  is  converted  into  secon¬ 
dary  energy,  and  vice  versa.  This  is  the  transduction  component.  All  components  are  essentially 
representations  of  mathematical  relations  whose  variables  can  be  categorized  by  sets  of  energy  coordi¬ 
nates  peculiar  to  the  specific  type  of  energy  flowing.  For  example,  the  coordinates  of  the  secondary 
mechanical  energy  are  force  /  (units:  N)  and  velocity  v  (units:  ms-1);  of  the  secondary  acoustical 
energy,  pressure  p  (units:  Nm-2)  and  volume  velocity  q  (units:  m3s-1).  The  coordinates  for  the  pri¬ 
mary  energy  are  various  depending  on  the  specific  energy  (hydraulic,  electromagnetic,  chemical,  etc.). 
For  convenience  these  are  generalized  into  the  "intensive"  coordinate  e,  and  the  "extensive"  coordinate 
/.  Thus  the  transducer  chain  represents  a  transfer  of  energy  among  coordinates  e,  i,  /,  v,  p ,  q  from 
component  to  component. 

For  quick  construction  of  chains,  components  are  drawn  as  rectangular  boxes  with  attached  termi¬ 
nals.  Terminals  must  be  associated  in  pairs  (each  pair  a  "port")  because  one  energy  coordinate  must  be 
"across"  the  component  and  the  other  must  flow  "through"  the  component.  Source  components  have 
two  terminals  to  serve  as  energy  output;  similarly,  load  components  have  two  terminals  to  serve  as 
energy  absorbers.  Passive  components  receive  energy  on  two  (or  more)  terminals  and  deliver  energy 
on  two  (or  more)  terminals.  Thus  components  are  2-pole  (or  1-port),  4-pole  (or  2-port),  or  multipole 
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(or  n’th  order  port).  This  classification  idealizes  many  otherwise  complicated  primary  and  secondary 
structures,  but  has  the  great  advantage  of  giving  quick  understanding  of  the  physics  involved  in  energy 
transfer.  It  is  used  in  the  next  section. 


1.2  EQUIVALENT  CIRCUIT  MODELING  OF  ACOUSTIC  TRANSDUCERS 

The  introduction  has  described  how  acoustic  transducers  can  be  modeled  as  chains  or  'cascades’  of 
2-pole,  4-pole  and  multiple  components.  For  convenience  in  exposition  we  treat  here  the  case  of  a  1- 
dimensional  cascade.  A  simple  means  of  identifying  terminals,  (hence  components)  is  to  label  them 
with  integers.  (R.eichhardt  (1)].  The  chain  is  then  drawn  in  the  following  way: 


i 


PRIMARY 


PRIMARY 


TRANSDUCTION 


SECONDARY 


SECONDARY 


SOURCE 

STORAGE 

STORAGE 

LOAD 

(OR  LOAD) 

PRIMARY  COMPONENTS 

1 

SECONDARY  COMPONENTS 

(OR  SOURCE) 

Fig.  1.2.1  —  An  acoustic  transducer  modeled  as  a  cascade  of  components 


The  numbering  sequence  is  based  on  the  transmitter  cascade.  The  primary  source  has  several  physical 
embodiments:  a  piston  (mechanical,  hydraulic),  or  an  explosion  (chemical),  or  an  eiectric  generator,  or 
a  magnetic  field,  etc.  It  is  represented  by  an  across-coordinate  e  at  terminals  2,2'  which  drives  a 
through-coordinate  /  into  the  2,2'  terminals  of  the  primary  storage.  This  is  a  4-pole  which  stores  the 
energy  of  the  source  during  part  of  the  drive  cycle  and  releases  it  during  the  rest.  It  may  be  a  flywheel 
(mechanical),  a  capacitor  (eiectrical),  an  inductor  (magnetic),  an  accumulator  (hydraulic),  etc.  It 
drives  flow-coordinate  ia  into  the  terminals  3,3'  of  the  transduction  component.  This  4-pole  converts 
primary  energy  with  coordinates  ew,  ia  into  secondary  mechanical  energy  with  coordinates  /w,  vu.  The 
secondary  storage  component  4, 4', 6, 6'  stores  the  mechanical  energy  during  part  of  the  driven  cycle,  and 
releases  it  during  the  rest.  Finally  the  secondary  load  component  (7,7')  is  the  acoustic  load  with  coordi¬ 
nates  /,  v  related  to  acoustic  coordinates  p ,  q  through  the  area  S(f=pS,q~  \S). 

When  the  transducer  is  a  receiver,  the  cascade  operates  in  reverse:  a  secondary  source  (at  7,7') 
with  coordinates  p,  q  drives  the  secondary  storage  component  (4, 4', 6, 6').  The  energy  is  then  converted 
at  4,4'  into  primary  energy,  stored  in  (4, 4', 3, 3'),  and  finally  delivered  to  the  load  at  2,2'. 

I 

The  analysis  of  the  chain  of  components  of  Fig.  1.2.1  is  greatly  facilitated  hy  converting  energy 
coordinates  of  various  kinds  into  one  type  by  means  of  analogies.  In  the  classical  approach  the  analo¬ 
gous  type  is  voltage  e,  current  /.  Thus  the  equivalent  circuit  is  electrical.  The  selection  of  analogs  is 
always  purely  symbolic:  there  are  no  physical  considerations  which  underlie  choices.  Thus  the  relation 
between  primary  coordinates  and  analogs  may  be  framed  as  either  of  the  following  pairs  1,2;3,4. 
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pair 


(1)  e  —  /;  /  —  v 

(2)  e  — *  v; 


pair 


(3)  e 

(4)  e 


P\  /  —  < 7 
9;  »  — '  /> 


The  symbol  e  — *  /  is  read,  "the  voltage  e  is  analogous  to  force  /,"  etc.  The  actual  construction  of  ana¬ 
logs  is  done  by  first  writing  the  mainematical  expressions  which  relate  the  across  quantity  to  the 
through  quantity  of  single  energy  element,  then  comparing  them  with  voltage-current  relations  of 
lumped  electrical  elements.  If  the  mathematical  symbols  stand  in  identical  relation  to  one  to  another, 
then  an  analog  is  permissible.  A  simple  example  is  acceleration  of  mass, 


/  =  m  dv/dt 


A  similar- looking  electrical  form  is, 


/  =>  c  cie/dt 


The  analogy  can  then  be  made  as  follows: 

(1)  i  —  /  (2)  e  —  v  (3)  c  —  m 


There  are  no  priviledged  or  "best"  coordinates:  Fig.  1.2.1  can  be  represented  either  in  all  primary, 
or  in  all  secondary  coordinates.  We  discuss  next  an  all  secondary  representation  of  Fig.  1.2.1  and  begin 
with  a  brief  review  of  mechanical  circuits. 


1.3  MECHANICAL  NETWORKS 


Let  an  acoustic  transmitter,  or  receiver,  be  represented  as  a  purely  mechanical  network  of  lumped 
elements  (that  is,  concentrated  mass,  spring,  damper)  whose  dynamic  response  to  a  steady  state  forcing 
function  is  desired.  A  first  step  in  the  calculation  of  this  response  is  advantageously  made  by  construct¬ 
ing  a  mechanical  circuit.  It  is  begun  by  decomposing  the  actual  mechanical  system  into  a  collection  of 
elements  representing  active  sources  and  passive  loads.  These  elements  have  the  following  representa¬ 
tional  characteristics  built  into  them  to  achieve  a  desired  simplicity  in  form  and  illustration: 


•  elements  are  represented  as  "boxes"  provided  with  terminals  to  connect  them  to  the  exter¬ 
nal  world. 

•  a  2-terminal  box  represents  a  simple  relation  between  the  energy  coordinate  "across"  an 
element  to  the  energy  coordinate  "through"  the  element.  A  4-terminal  box  represents  a 
relation  between  energy  coordinates  /j,  vt  at  the  input  terminals  to  energy  coordinates  /2, 
v2  at  the  output  terminals.  If  /b  v,  belongs  to  a  different  energy  system  than  that  of  /2, 
v2,  the  4-terminal  box  becomes  a  transducer.  A  6-terminal  box  represents  a  relation 
between  /(,  V!  at  the  input,  and  two  outputs,  /2,  v2,  /3,  v3.  Higher  order  multi-terminal 
boxes  may  be  similarly  constructed.  Figure  1.3.1  shows  these  element  representations, 


an  input  source  is  an  element  that  delivers  a  known  and  controllable  energy  coordinate 


viuicv  vliuui);  tv  a  ^aoaiw  lvau  uiuvyunuvm  vi  wiv  ivawuvu  vi  mv  tvau. 
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source  delivers  a  known  and  controllable  force  to  a  specific  point  of  a  load,  and  a  velocity 
source  delivers  a  known  and  controllable  velocity  to  that  same  point. 
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'2 


Fig.  1.3.1  —  Component  elements  idealized  as  two-terminal  (a)  four-terminal, 
(b)  six  terminal,  (c)  ’black  boxes,"  or  block  diagrams 


•  a  group  of  passive  load  elements  so  connected  as  to  possess  a  common  through-quantity  is 
said  to  be  mechanically  in  series  relative  to  that  quantity.  It  is  called  a  branch.  The  ends 
of  a  branch  are  called  nodes. 

•  branches  so  connected  as  to  possess  a  common  across-quantity  between  a  node  pair  are 
said  to  be  mechanically  in  parallel  relative  to  that  quantity.  A  parallel  branch  that  couples 
two  circuits  is  called  a  4-terminal  coupler. 

•  a  group  of  branches  connected  in  series  and  forming  a  closed  circuit  is  called  a  loop.  In 
the  formation  of  loops  an  input  source  is  treated  as  a  branch. 

•  a  group  of  interconnected  loops  in  dynamic  equilibrium  constitutes  a  network. 

The  construction  of  mechanical  circuits  from  a  collection  of  interconnected  elements  may  be  done 
in  two  ways:  in  the  first,  the  force  is  taken  to  be  the  through-quantity  and  the  velocity  the  across- 
quantity;  in  the  second,  the  roles  of  force  and  velocity  are  reversed.  While  the  choice  is  arbitrary,  there 
is  an  advantage  in  acoustic  circuits  in  selecting  velocity  as  the  across-quantity.  The  reason  is  that  an 
acoustic  source,  designed  to  generate  sound,  is  most  physically  represented  as  a  velocity  device.  In 
addition,  as  will  be  discussed  later,  this  choice  permits  a  pictorial  similarity  between  a  mechanical  circuit 
and  an  electrical  analogous  circuit:  that  is,  when  velocity  is  the  across  element,  a  mechanical  series  cir¬ 
cuit  will  be  represented  by  an  electrical  series  circuit,  and  a  mechanical  parallel  circuit  by  an  electrical 
parallel  circuit.  This  fact  would  not  be  true  if  the  force  coordinate  were  chosen  to  be  the  across- 
quantity,  analogous  to  voltage. 

In  this  treatise,  therefore,  mechanical  circuits  will  preferably  be  constructed  with  velocity  as  the 
across-quantity  and  force  as  the  through-quantity.  They  will  be  called  VF  (velocity-force)  circuits.  On 
occasion,  however,  when  there  is  evident  advantage,  the  opposite  force-velocity,  FV,  circuit  will  be 
used. 


Mechanical  networks,  like  electrical  networks,  are  made  to  conform  to  conventions  in  assignment 
of  directions  of  across-quantity  drop  (that  is,  potential  drop)  and  through-quantity  flow  (that  is,  current 
flow).  A  list  of  conventions  follows: 

•  the  direction  of  across-quantities  will  be  shown  by  an  arrow  whose  tail  is  at  "high”  (poten¬ 
tial)  and  whose  head  is  at  "low"  (potential). 

•  the  direction  of  flow  quantities  in  a  loop  will  be  clockwise. 

•  potential  drops  are  pos'tive  in  the  direction  of  flow  and  negative  if  their  assigned  arrows 
are  pointed  opposite  to  the  flow. 


•%'  X5 
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These  conventions  are  arbitrary.  They  are  adopted  here  to  provide  consistency  in  network  representa¬ 
tion  and  analysis. 


1.4  MECHANICAL  CIRCUIT  ELEMENTS 


The  mechanical  lumped  circuit  elements  in  common  use  are  mass  M ,  spring  N  and  damper  B  if 
the  system  is  in  translational  motion,  and  rotational  mtss  J,  spring  Nr  and  damper  Br  if  the  system  is  in 
rotational  motion.  The  energy  coordinates  in  transitional  motion  are  F,  v,  and  in  rotational  motion  are 
r  (torque),  9  (angular  velocity). 

These  elements,  when  in  series  with  each  other,  are  pictured  as  2-terminal  boxes,  and  when  in 
parallel  with  adjacent  branches,  as  4-terminal  boxen  (couplers).  They  are  mathematically  modeled  by 
selecting  one  of  the  two  energy  coordinates  (For  v,  r  or  6)  as  the  independent  variable,  and  the  other 
as  the  dependent  variable.  In  VF  networks,  if  force  (or  torque)  is  the  independent  variable,  and  velo¬ 
city  (or  angular  velocity)  is  the  dependent  variable,  the  element  models  have  the  forms: 


Translational  ( V  across,  F  through) 

dFN  .  . 

v"  - N  irM 

fb 

v„-Tw 


Rotational  (6  across,  r  through) 
Oj-jf'rAtldt' 


drN> 

~dT 


it) 


Br 


(1.4.1) 


An  analysis  of  a  VF  network  containing  such  elements  is  then  conducted  on  a  loop  basis,  that  is, 
conducted  in  terms  of  velocities.  If  the  roles  of  the  energy  coordinates  are  reversed,  then  the  element 
models  have  the  forms: 


Translational  ( V  across,  F  through) 
FM  =  M 

Bn  =  f  vN(t')dt' 

Fb  =  B\B(t) 


Rotational  ( 9  across,  r  through) 

-4“ 


TNr  ~  f  0NU')dt' 
TBr~  Br9B  (t) 


(1.4.2) 


An  analysis  of  a  VF  network  containing  such  elements  is  then  conducted  on  a  node  basis,  that  is, 
conducted  in  terms  of  forces.  It  will  be  noted  that  in  all  forms  the  element  N  (or  Nr)  represents  a 
compliance.  Also,  it  is  seen  from  Eqs.  1.4.1,  1.4.2  that  whenever  Mand  A  are  both  in  a  network,  N 
will  appear  in  reciprocal  form  if  M  is  direct  form,  or  M  is  in  reciprocal  form  if  N  is  direct.  Such 
representations,  while  arbitrary,  make  the  symbols  of  mechanical  elements  and  their  electrical  analogs 
(inductance  L  and  capacitance  Q  more  nearly  alike.  Moreover,  they  agree  with  rules  of  causality  in 
bond  graph  theory  as  discussed  in  Sect.  1.68  below. 

1.5  MUTUAL  MASS  ELEMENTS 

In  certain  mechanical  elements  the  force  at  a  terminal  may  be  proportional  not  only  to  the 
acceleration  of  a  mass  (say  M\)  at  that  terminal  but  also  proportional  to  the  acceleration  of  a  mass  (call 
it  mutual  mass  M)  at  another  terminal.  This  is  the  case  of  a  rigid  bar  suspended  on  springs  at  its  ends. 
Its  dynamic  motion  is  analyzed  in  the  following  way. 
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A  rigid  bar,  length  /,  mass  Mb,  with  its  center  of  gravity  (eg)  a  distance  /,  from  end  1,  and  I2  from 
end  2,  has  a  radius  of  gyration  rg  about  the  eg.  It  is  suspended  in  space  by  springs  rt\,  n2,  one  at  each 
end.  Under  the  action  of  end  forces  it  can  be  modeled  as  two  lumped  masses  Afu  M22  joined  by  a 
mutual  mass  Afj2.  Mass  Mu  is  the  self  mass  "seen"  by  the  attachment  point  1.  When  accelerated  this 
mass  develops  a  force  Mudvi/dt*t  point  1.  Similarly,  M22  is  the  self  mass  seen  Ly  point  2  where, 
upon  acceleration,  it  develops  a  force  M22d\2/dt.  The  mutual  mass  M\2  is  the  (lumped)  mass  of  the 
bar  which  converts  the  acceleration  of  point  2  into  a  force  Mudv-Jdt  at  point  1,  or  the  acceleration  of 
point  1  into  a  force  (of  the  same  magnitude)  at  point  2.  The  values  of  Mn,  M22  and  Mn  are  found  by 
coupling  the  dynamic  motions  in  translation  and  rotation  with  kinematic  relations  of  displacement  and 
angular  twist.  Thus,  in  node  analysis  [2] 


/12 "  Ml2 


M\2  -  M2\ 


Mn  -  Mb  -1  ■*-.  r* 


(1.5.1) 


The  self-masses  are, 


(1.5.2) 


Similarly,  in  loop  analysis, 


vi2  -  ff2(t)dt\  v21  -  X-  J f i(t) dt 
M\2  M2 1 


m,2- 


_1 _ M\2  _  _1_  l\k  ~  fg 

Mb  M\M2  -  M\2  ~  Mb  rj 


vi  -  -5-//1  (/)<*;  v2- -J—J/2  (/)«// 


(1.5.3) 


-i  1  /?  +  .  ft.  1  X 


“  ir 

Mb  ri 


Mb  rg 


Since  the  bar  is  rotating  around  the  eg,  one  of  its  ends  is  (instantaneously)  translating  in  a  direction 
opposite  to  the  other  end.  Hence  the  forces  at  the  ends  are  given  by, 

d\  1  d\2 

A  -Mn—~  Mn 


+  m22  — 


Mutual  mass  can  also  be  exhibited  in  rotational  mechanical  systems.  An  example,  Fig.  1.5.1,  is  a 
mechanical  element  consisting  of  three  external  shafts  (labeled  1,  2,  3)  connected  west-east-north  with 


\v.v.'\v.’.' 
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Fig.  1.5.1  —  Three  shafts  of  a  differential  gear 
illustrating  mutual  rotational  mass 


the  internal  shafts  1*,  2g ,  3g  of  a  differential  gear.  The  external  shafts  have  torques  tj,  r2,  73,  angular 
velocities  9 1,  02,  03»  an<3  moments  of  inertia  J\,  J2,  J3  respectively.  The  differential  gear  delivers  the 
kinematic  relation  03  “  c(9x  —  02),  c  —  const.  The  dynamic  motion  of  the  group  of  shafts  may  be 
visualized  as  follows:  internal  shaft  1?  delivers  a  torque  r,,  opposing  external  r,;  internal  shaft  2g 
delivers  the  same  torque  Tlq  aiding  external  r2;  internal  shaft  3X  delivers  the  torque  r3g  -  rlg/c  aiding 
external  r3.  These  assigned  directions  of  torque  are  at  bitrary  but  consistent.  Upon  forming  the  equa¬ 
tions  of  (rotational)  motion  for  external  shafts  1,  2  in  terms  of  92,  r,,  r2,  r3  it  is  found  that  these 
two  shafts  are  coupled  dynamically  through  a  mutual  moment  of  inertia  of  value  Jm  -  c2J3,  and  that 
shaft  1  is  actually  driven  by  T\  —  tx  +  ct3,  and  shaft  2  by  T2  *«  r2  —  CT3.  The  equations  of  motion 
then  reduce  to  the  set  [Ref.  2,  page  72], 


d02 

d92 

11  ~dT 

Jm 

dt 

de2 

d9\ 

22  dt 

~  Jm 

dt 

in  which  the  self  moments  of  inertia  are  given  by, 

Jji  -  /j  +  ym,  (shaft  2  fixed) 


(1.5.5) 


(1.5.6) 


-22  -  h  +  Jm>  (shaft  1  fixed). 

These  are  the  relations  for  analyzing  a  differential  gear  and  attached  external  shafts  on  a  node  basis. 

When  the  same  mechanical  rotational  system  is  analyzed  on  a  loop  basis,  the  mathematical  models 
of  the  differential  gear  and  attached  shafts  are, 


#1  -  j-f  T\(t')dt'  -  y-  /'  T2(t')dt' 

J"  (1.5.7) 

02-  J-  J2  Wdt'-  f  TxU')dt' 

J22  ym 


in  which  the  self  and  mutual  moments  of  inertia  are  given  by, 


US 
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■*22 


Jfl1 


-^11^22  ~  Jm 


shaft  2  free 


— -y;  Jm  =  c^3 


•JnJ«  — 


JnJ22 
shaft  1  free. 


(1.5.8) 


The  diagrammatic  symbols  given  to  mutual  mass  are  the  4-terminal  (translational),  and  the  3-terminal 
(rotational)  shown  in  Fig.  1.5.2: 


(a)  TRANSLATIONAL 


(b)  ROTATIONAL 


Fig.  1.5.2  —  Diagrammatic  symbols  for  mutual  mass 


1.6  GROUNDING  OF  MASS  ELEMENT  IN  MECHANICAL  CIRCUITS 

In  a  V-F  circuit  representation  of  a  mechanical  system  the  across-quantity  is  a  velocity  ‘drop’ 
between  the  terminals  of  elements.  For  a  mass  this  velocity  drop  is  calculated  with  reference  to  the 
earth  where  the  velocity  is  zero.  Hence,  one  terminal  of  a  mass  element  must  be  at  ground.  By  contrast, 
in  a  F-Kcircuit  representation  the  across-quantity  is  force,  for  which  no  particular  reference  (force)  is 
physically  needed.  Both  terminals  of  a  mass  may  then  be  above  ground. 

This  principle  n.  be  stated  in  an  alternative  formulation:  when  a  gravitational  mass  shares  a 
common  force  with  a  „pring  or  damper  its  dynamic  motion  is  described  by  velocity  diffeience  relative  to 
ground  velocity.  Hence  one  of  its  terminal  must  be  at  ground.  When  it  shares  a  common  velocity  its 
dynamic  motion  is  described  by  force  difference.  No  restriction  on  its  terminals  with  respect  to  ground 
is  mandatory. 

In  systems  with  rotary  inertia  the  angular  velocity  of  the  earth  is  involved  only  through  the 
Coriolis  force.  If  this  is  negligible  (as  it  is  in  most  acoustical  transducers)  no  grounding  rules  are  man¬ 
datory 

The  theory  of  bond  graphs  also  observes  these  precautions  (see  Sections  1.68  through  1.72). 
There  it  is  shown  that  an  inertance  can  be  bonded  either  to  a  common  force  junction  or  a  common 
velocity  junction. 


1.7  REPRESENTATION  OF  ACOUSTIC  LOAD  AS  A  MECHANICAL  CIRCUIT  ELEMENT 

Transducers  designed  to  radiate  (or  receive)  sound  must  include  the  acoustic  load  as  a  circuit  ele¬ 
ment. 


The  calculation  of  acoustic  loading  may  be  quite  difficult  v.  hen  the  characteristic  dimension  of  the 
radiating  surface  is  comparable  to  a  wavelength.  It  is  then  required  to  solve  an  integral-differential 
equation  to  determine  this  loading.  However,  for  present  purposes  a  lumped  parameter  approach,  valid 
near  mechanical  resonances  of  the  transmitting  or  receiving  system,  is  used  to  arrive  quickly  at  key 
results. 


8 


■  m"*  . 


V V  .V 


Vlv'V 


Representation  and  Analysis  of  Acoustic  Transducers 


An  acoustic  load  n;'  be  inserted  into  a  VF  mechanica.  network  in  parallel  form  if  nodal  'that  is, 
force)  analysis  is  used  u  i/ive  the  circuit,  or  inserted  in  series  form  if  loop  (that  is,  velocity)  analysis  is 
to  be  used. 

We  consider  the  parallel  form  first. 

A  differential  surface  of  area  dS,  when  mechanically  driven  in  forced  harmonic  vibration  (time 
given  by  exp  jut)  will  experience  a  reaction  of  the  medium.  The  ratio  of  the  reaction  force  /RAD 
exerted  by  the  medium  on  this  surface  to  the  corresponding  normal  component  of  surface  velocity 
vrad  is  the  mechanical  radiation  impedance  ZRA q.  Specific  forms  of  ZRAD  for  specific  shapes  of  the 
radiating  s,;  face  are  obtained  by  solution  of  the  equations  of  motion  of  the  entire  surface.  Since  the 
medium  reacts  by  imposing  a  mass  load  MRAD  and  a  resistive  load  7?RAD  on  the  moving  surface  the 
form  of  mechanical  radiation  impedance  obtained  by  solving  the  equations  of  motion  for  Mrad  and 
is, 

Zrad(w)  «■  ~ RAU  —  7?RAd(ci>)  +ywMRAD(t»)  (units:  Nsm-1)  (1.7.1) 

vrad 

In  lumped  acoustic  circuits  /RAD  and  \RAD  are  replaced  by  acoustic  pressure  pRAD  =  /rad5~'  and 
volume  velocity  ?RAD  -  vRADS.  Hence,  in  acoustic  circuits,  ZRA.  is  replaced  by  the  acoustic 
impedance  #RAD, 

(a)  ^rad  “  ~RA~  —  — “  ^rad(^)  +  (units:  Nsm5)  (1.7.2) 

9rad  Si 


(b)  •  ’kad^) 


•^RAD^) 


^RAD 

S 2 


In  Eq.  1.7.2a  the  acoustic  resistance  and  acoustic  mas:'  are  represented  as  forming  the  in-phase  and  qua¬ 
drature  phase  components  of  pressure  relative  to  volume  velocity  taken  as  reference  (with  zero  phase). 
According  to  previously  notea  definitions  (in  Section  1.3  above)  these  acoustical  elements  of  resistance 
and  mass  form  a  parallel  network  in  a  VF  circuit.  They  can  thus  be  written  with  superscripts  p,  anc, 
appear  as  In  a  VF  representation  these  acoustical  elements  (which  are  the  ones  actually 

found  by  analyzing  acoustical  circuits)  must  be  replaced  by  their  corresponding  mechanical  forms.  Fig¬ 
ure  1.7.1  shows  this  representation  together  with  its  ‘bond  graph’  (see  Sect.  1.68). 


(a)  (b) 

Fig.  1.7.1  —  A  VF  representation  of  an  acoustical 
load  in  parallel  lorm 
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We  next  consider  the  series  representation  of  acoustical  load.  This  is  obtained  by  inverting  ZRAD, 
and  writing, 

(a)  <7rad  =  “^rad  Prad 

(b)  ^rad  “  #i<ad(«>)  -j® RAD  “^RAD  (units:  msN-Is-1)  (1.7.3) 


(c)  ^R 


$  rpa  n  +  w2^RPAn 


(*k tih+Mm' 


In  Eqs.  1.7.3  the  (inverse)  acoustic  resistance  and  (inverse)  acoustic  mass  are  considered  to  form  the 
in-phase  and  quadrature-phase  components  of  the  volume  velocity  relative  to  acoustic  pressure  acting  as 
reference  (zero  phase).  By  a  simple  rearrangement  one  can  write  these  equations  in  another  useful 
form, 

(a)  <7rad  ”  ^rad  +  -j-jtf(s)  I  T’rad 


//I')  &RPAD  +  0)1-/^RPAD 

(b)  •'"rad  “  T7fu\ - 


V^r'aD 


—  (units:  Ns2nf5). 


(1.7.4) 


The  VF  circuit  representation  of  this  series  form  of  acoustical  load  is  shown  in  Fig.  1.7.2  together  with 
its  bond  graph  (see  Sect.  1.68).  An  example  of  these  two  representations  is  discussed  next. 


fRAD  =  P  s  G,slS~2 


(a)  (b) 

Fig.  1.7.2  -  A  VF  representation  of  an  acoustical 
load  in  series  form 


VF  Representation  of  Acoustic  Load  of  a  Monopole  Spherical  Radi' tor 

In  accord  with  the  concepts  of  the  previous  section  we  consider  the  case  of  a  monopole  spherical 
radiator,  both  because  of  its  wide  applicability  and  because  its  radiation  physics  is  well  known.  For  a 
specified  source  strength  the  ratio  of  the  mechanical  force  ^RAD  required  to  generate  the  radial  velocity 
{/rad  on  a  spherical  surface  of  radius  a,  radiating  into  a  medium  of  mass  density  p,  sound  speed  c,  at 

O— 

frequency  co  =  kc,  k  =  •—  (A.  =  wavelength)  is: 

A 


;  'WVW 
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*  ^RAD  +  $  RAD 


*  rad  -  pc  4t Tfl2  -{-+kW'  Xr*d  “  T+k^a1  (units:  Nsm_l) 


^RAD  *  W'WRAD- 

The  acoustical  impedance  is  obtained  from  this  by  division  by  the  square  of  the  area, 


(1.7.5) 


•  RAD  - -  "p 

?RAD 


+  jK  -  +  j<o^p 


(1.7.6) 


dip  -  — — pC?  4- — r-;  *4(  -  — - f-j— — ;  (units:  NsnT5). 

p  (1  +  /c2<72)  4rra2  p  (1  +  fc2a2)47ra 


In  ^representations  Eq.  1.7.5,  written  in  the  form, 


^RAD  “  (^RAD  +  7^RAd)  ^RAD 


(1.7.7) 


is  a  nodal  equation  whose  pictorial  form  is  feiven  by  Fig.  1.7.3  below: 


Urad  Rrad  =  kV 

1  +  kV 


XRAD  =  1+k2a2  M 


Fig.  1.7.3  —  VF  representation  of  the  acoustic  load  of  a  monopole 
spherical  radiator  considered  to  be  in  parallel  form 


Because  of  the  VF  parallel  form  one  obtains  Fp  -  RU,  Fx  —  jXU.  This  is  analogous  to  /  «  YE  in 
electrical  circuits.  By  use  of  Eq.  1.7.3  one  converts  the  acoustic  load  to  series  form,  Fig.  1.7.4,  in 
which  Eq.  1.7.7  is  a  loop  equation: 


\  U- - ,  D  =  t 

4naiCc  0)4n  ga 


8$? 

pi 

E-Aits  »! 


- hit 

i  •  ■ 


Fig.  1.7.4  —  VF  representation  of  the  acoustic  load  of  a  monopole 
spherical  radiator  considered  to  be  in  series  form 
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Because  of  the  VF  series  form  one  obtains  Uq  —  ^rad^>  Ur 
This  is  analogous  to  E  =  IZ  in  electrical  circuits. 


—jF rad^>  so  that  I/rad  “  Ug  +  ^fl¬ 


it  is  to  be  noted  that  the  choice  between  Figs.  1.7.3  and  1.7.4  is  a  matter  of  convenience  only  in 
circuit  analysis:  there  may  be  a  physical  basis  for  a  choice,  but  a  particular  choice  is  arbitrary. 

Summary  of  Forms  that  Represent  Acoustic  Load  in  Equivalent  Circuits 

We  consider  here  acoustic  loads  represented  by  mechanical  radiation  impedance  Z*,,  or  by 
mechanical  radiation  mobility  YL, 

(a )F/V-  ZL  “  7?rad  +  jX RAD>  -*RAD  “  “Mrad 


(b)  v/F-  YL-GKAD-jBKKD, 


(1.7.8) 


(c)  G 


^RAD  B  ^RAD 

RAD  n  2  _i_  ;y2  ’  RAD  n  2  4.  yl 

«RAD  +  ./"RAD  *RAD  +  "RAD 


These  two  forms  can  appear  in  either  FV  mechanical  circuits  (-F  across,  v  through)  or  VF  mechanical 
circuits  (v  across,  F through).  In  such  circuits  they  are  sketched  in  series  or  in  parallel  according  to  the 
following  rules: 


Rrao  (UNITS:  NS/m) 


MRAD  (UNITS:  NS2/m) 


Fig.  1.7.5a  —  Acoustic  loading  of  a 
sphere  represented  by  force  drops  in  an 
equivalent  circuit  featuring  the  e/F 
analogy 


l ,UNITS:  NS  1 


Mrad  (UNITS:  NS2/ nr, I 


Fig.  1.7.5b  —  Acoustic  loading  of  a 
sphere  represented  by  nodal  forces  in 
an  equivalent  circuit  featuring  el  V  ann.- 
ogy 


e(V) - - 


GrAD  (UNITS:  m/NS) 


Mrad  (UNITS:  NS2/m) 


Fig.  i.7.5c  —  Acoustic  ioading  of  a 
sphere  represented  by  velocity  drops  in 
an  equivalent  circuit  featuring  the  el  V 
analogy 


Vr  Vm 


NS 

(UNITS: - I 


Mrad  (UNITS:  NS2/m) 


V**  -  1  *t  J  A  U.JUn  r*C  « 

I  Ig.  1 .  / . JU  —  awujuv  tuuuiiib  v<  « 

sphere  represented  by  nodal  velocities 
in  an  equivalent  circuit  featuring  the 
e/F  analogy 


a  «  «  »  * 


•***“  «*’  #"v*  '*  ,**  t*.  , 


•  v  ■>  \v\vv 


p-  y  ^  — tn-^  'iT-*^f  *K  *11  *'J^ iVrVTl'T\'T 
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la.  the  formula  F  -  ZLv  is  inte.preted  as  a  sum  of  force  "drops"  in  an  electrically  equivalent 
FV  circuit  hence  pictured  to  be  in  series,  Fig.  1.7.5a 


lb.  the  formula  F  -  ZL\  is  interpreted  as  a  sum  of  nodal  forces  in  an  electrically  equivalent 
VF circuit,  hence  pictured  to  be  in  parallel,  Fig.  1.7.5b 

2a.  the  formula  v  »  FYL  is  interpreted  as  a  sum  of  velocity  drops  in  an  electrically  equivalent 
VF  circuit,  hence  pictured  to  be  in  series,  Fig.  1.7.5c 


2b.  the  formula  v  -  FYL  is  interpreted  as  a  sum  of  nodal  velocities  in  an  electrically  equivalent 
FFcircuit,  hence  pictured  to  be  in  parallel,  Fig.  1.7.5d 

To  illustrate  these  rules  we  repeat  the  example  of  the  acoustic  loading  of  a  pulsating  sphere  of  radius  a: 


,  „  pc(4ira2)(ka)2 .  v 

(a)  *RAD“  l  +  (to)2  ’  *RAD 


•>c(,4ira2)ka  ^  o)p4na3 
1  +  (to)2  1  +  k2a2 


(b)  Grad  pC(4na2)  ’  ^RAD  (ka)pc(4na2)  o)p4va 3 


(c)  Mrad  -  units:  ~  >  -*Rad  -  4ira3p  units:  ~ 


(1.7.9) 


(d)  F  —  F[7?rad  +  ycoMRAD] 


(e)  V~F  Grad  + 


jto-^RA  D 


We  note  that  /?RAD,  MRAD  are  functions  of  frequency  (in  the  factor  k )  while  GRAD,  MRAD  are  not. 


Since  these  representations  of  acoustic  loading  are  purely  symbolic,  a  choice  in  a  specific  applica¬ 
tion  rests  on  simple  considerations:  if  force  is  an  across-variable  one  chooses  the  series  representation 
Fig.  1.7.5a,  or  the  parallel  representation  Fig.  1.7.5d.  If  force  is  a  through- variable  one  chooses  the 
parallel  representation  Fig.  1.7.5b,  or  the  series  representation,  Fig.  1.7.5c.  The  relation  between  1.7.5a 
and  1.7.5b  is  that  of  a  dual,  as  is  the  relation  between  Fig.  1.7.5c  and  1.7.5d.  The  relation  between  Fig 
1.7.5a  and  Fig.  1.7.5d  is  that  of  series-parallel  inversion,  as  is  that  of  Fig.  1.7.5b  and  Fig.  1.7.5c.  The  dis¬ 
tinction  between  dual  and  series-parallel  inversion  must  be  carefully  noted.  Duality  implies  an  exchange 
of  analogy  including  sources,  while  series-parallel  inversion  does  not.  The  use  of  duals  occurs  naturally 
in  canonical  circuits.  We  note  for  example  in  Fig.  1.45.14  that  an  impedance  Zm  in  shunt  position  of 
the  mechanical  branch  causes  the  appearance  of  - 12/  Zm  in  series  position  of  the  electrical  branch. 
Since  Zm  and  l/Zm  in  this  case  are  reciprocals  it  is  seen  that  force  and  velocity  exchange  roles  by  rea¬ 
son  of  the  dimensions  of  the  turns  ratio.  One  can  immediately  represent  the  acoustic  load  by  Fig. 
1.7.5d  in  the  mechanical  branch  and  by  Fig.  1.7.5c  multiplied  by  -T2  in  the  electrical  branch,  where  it 
appears  in  series  position. 
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In  all  cases  the  symbols  R,  M,  G,  and  M  represent  parameters  associated  with  impedances.  For 
example,  in  Fig.  1.7.5d  one  may  deduce  that  F-  VR(\ /(?RAD)  -  FMya>MRAD.  Similarly  in  Fig.  1.7.5c 
it  is  seen  that  V  -  FGRAD  +  F/>».^RAD.  While  these  symbols  have  been  applied  to  a  sphere  they  can 
be  interpreted  simply  as  the  radiation  impedance  and  radiation  mobility  of  an  arbitrary  radiator.  Thus 
for  a  plane  circular  piston,  radius  a,  in  an  infinite  baffle, 


^RAD 


ira2pc 


J\(ka) 

ka 


1  ^rad 


ita}pcK\0.ka) 

2(ka)7 


in  which  J\  is  a  Bessel  function  of  the  first  kind,  and  K\  is  a  special  function  defined  by  Raleigh  [18]. 
A  lumped  circuit  representation  of  this  impedance  in  the  form  of  two  analogies  is  shown  in  Fig. 
1.7.6a,b,c,d. 


i(F) 


M  \ 

I  t  4 


Fig.  1.7.6a  -  Acoustic  load-  Fig.  1.7.6b  -  Bond  giaph  of  Fig.  1.7.6a 

ing  on  a  piston  in  an  infinite 

baffle  represented  by  velocity 

drops  in  an  equivalent  circuit 

based  on  ej  V  analogy 


i — 

1 

S'—  o 

*■  I 


i(v) 


Mmi 


Fig.  1.7.6c  —  Bond  graph  of  Fig.  1.7.6d  Fig.  !.7.6d  —  Acoustic  load¬ 

ing  on  a  piston  in  an  infinite 
baffle  represented  by  force 
drops  tn  an  equivalent  circuit 
based  op  the  e/F  analogy 
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g 

-  j  a3p  (units :Ns2/m) 
rM\  “  0.721  a2pc  (Ns/m) 


1  _  0,318 

na2pc  a2pc 


units: 


m 

Ns 


"m  -  —^7  (units:  m/N) 
ape i 


Rm  -  1.386  a2pc 


Ns 

units:  — 
m 


R 


M2  “  TT a  pe 


units: 


Ns 

m 


These  circuits  hold  equally  well  for  a  piston  at  the  end  of  a  long  (rigid  wall)  tube  if  the  elements 
are  chosen  to  have  the  values: 


Mm 

- 

0.6133  7 r  a3p0 

(Ns2/  m) 

rm 

mt 

0.633 /a2p0c 

(m/Ns) 

rm 

- 

l/na2p0c 

(m/Ns) 

On 

- 

0.55  /ap0c2 

(m/N) 

Rmi 

0.504  ira2p0c 

(Ns/m) 

&m 

- 

7T  a2  PqC 

(Ns/  m) 

1.8  EXCHANGE  OF  SOURCES 


A  now  source  (say  qs )  and  an  effort  source  (say  ps)  are  related,  and  can  be  exchanged  one  for  the 
other  according  to  a  simple  rule  best  illustrated  by  an  example.  In  Fig.  1.8.0  the  source  qs  is  a  known 
unction  of  time  in  series  with  an  acoustic  mass  M|  and  acoustic  resistance  R..  Using  Table  1.12.1 
below  we  can  express  qs  in  terms  of  the  tfcie  dependent  mobility  forms  given: 


qsit)  “  jifop’{t)dt+ 


(1.8.1) 


P 

1 

rt,  J 

Jr. 

1 

i 

u 

Fig.  1.8.0  -  Example  illustrating  exchange  of 
flow  source  and  effort  source 


*"•  '■•T-’.'V'  r->*,''^ryvT.v 
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This  formula  states  that  the  dual  source  ps  is  related  to  the  volume  source  qs  through  an  integral  equa¬ 
tion.  Since  this  equation  is  linear  and  since  ps  =  0  for  t  <  0,  it  may  be  solved  by  the  method  of  the 
Laplace  transform.  Let  Q,(s),  Ps(s)  be  the  Laplace  transforms  of  qs(t),  ps(t )  respectively,  then, 

Ps(s)  =  ,  PsU)  -if'1  {Ps (s )}.  (1.8.2) 

7m7  +  rT 

From  the  form  of  this  equation  it  is  seen  that  ps  is  a  flow  source  in  parallel  with  mass  Jt\,  and  resis¬ 
tance  $?]. 

In  general,  a  flow  source  qs  can  be  replaced  by  a  pressure  source  ps  which  is  obtainable  by  solving 
an  integral-differential  equation  of  the  form, 

9s(t)  -  Jr  j*0 ‘ PsU) dt  +  ~  ps(t )  +  Jf  ~  (t)  (1.8.3) 

(subject  to  initial  conditions).  The  relation  of  this  formula  to  the  concept  of  Helmholtz  equivalent 
sources  is  discussed  next. 

1.8.1  Helmholtz  Equivalent  Sources 

Sources  deliver  voltages  across  loads,  or  currents  through  loads,  the  magnitude  of  such  voltages  or 
currents  being  independent  of  load.  In  the  theory  of  small  signal  linear  analysis,  voltage  sources  and 
current  soures  are  interchangeable.  The  only  requirement  is  that  the  current  delivered  by  a  voltage 
source  to  a  load  and  the  voltage  delivered  by  a  current  source  to  the  load  be  unchanged  in  switching 
from  source  to  source.  This  requirement  is  summarized  in  Helmholtz’s  theorem  of  equivalent  sources: 

An  ideal  voltage  source  V  (that  is,  source  with  no  series  internal  impedance)  acting  in  series  with 
an  impedance  Z  (which  includes  the  source’s  internal  impedance)  is  equivalent  to  an  ideal  current 
source  /  =  F/Z  (that  is,  a  source  with  no  parallel  internal  impedance)  acting  in  parallel  with  an  admit¬ 
tance  Y  -  1/Z  (which  includes  the  admittance  of  the  source). 

The  proof  of  this  theorem  is  easily  demonstrated  by  circuit  analysis  of  the  sources  as  represented 
oy  Figs.  1.8.1. 


(a)  (b) 

Fig  1.8!—  Circuit  representations  of  sources  and  loads, 
(a)  voltage  source  and  load,  (b)  current  source  and  load 


Proof:  In  (a), 

zsk  +  VL  =  K-  (1.8.4) 
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Divide  by  Zs: 


4 


K 

zs 


Is,  or  4  +  Ys  VL  =  /,. 


(1.8.5) 


This  is  the  node  law  of  (b).  Since  VL,  IL  are  delivered  to  the  load  by  both  sources,  they  are  equivalent 
and  the  proof  is  complete. 

In  this  proof  the  only  constraint  is  that  the  current  /  delivered  by  the  current  source  have  a  (com¬ 
plex)  magnitude  V/ZS,(V  =  I  V\  ^0). 

A  more  general  procedure  for  exchange  of  sources  is  needed  for  arbitrary  time-varying  sources. 
The  procedure  is  outlined  below: 


v'.-/ 


<  tV7\  \r  ^  \N  1  \  '*^1  <^w  ^  ^  1  ^  i  *  *  ^  ij  *  ^  (T^  !('^  iT^'  j^,  ^  ”^W  '■^»  ^  *V*  n  *  ,"^r  piiJ*  \  *  \(  IF  y  J 
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1.9  DISTINCTION  BETWEEN  MECHANICAL  ELEMENTS 

IN  SERIES/PARALLEL  FORM  AND  IN  DUAL  FORM 

In  a  VF  mechanical  circuit  ( V  across,  F  through)  the  nodal  equation  F  =  I  F,~  VIZ,  can  be 

/  1 

interpreted  as  a  circuit  in  which  a  force  source  F  drives  an  assembly  of  parallel  branches  characterized 
by  impedances  Zt.  If  one  solves  for  V  -  F/I  Z,  =  I  Vn  which  also  can  be  written  1/Y  =  Il/Y,,  the 

/  I 

result  can  be  interpreted  as  a  circuit  in  which  the  same  force  source  drives  an  assembly  of  branches  in 

series,  of  mobility  1/1  Z,.  From  the  point  of  view  of  the  source  the  response  of  the  circuit  is  the  same 
/ 

whether  parallel  or  series  forms  are  used.  The  crucial  point  in  such  series/parallel  interchange  is  that 
the  form  of  the  source  remains  constant. 

Let  us  suppose  now  that  the  force  source  F,  in  association  with  a  set  of  parallel  branches,  is 
transformed  into  a  velocity  source  V ,  in  series  with  a  set  of  series  connected  branches.  In  performing 
the  transformation  let  the  following  rules  be  obeyed: 

•  force  source  is  replaced  by  a  velocity  source  by  use  of  methods  described  in  Section  1.8. 

•  mass  M,  compliance  Q/>  resistance  RM  of  a  translational  system  are  replaced  by  recipro¬ 
cals  M~l,  Cmx,  Rm 

•  differentiation  (d/dt)  is  replaced  by  integration  (J  ...  dt),  and  vice  versa. 

•  the  variable  F  is  replaced  by  the  variable  K,  and  V  by  F. 

The  circuit  resulting  from  this  transformation  is  the  dual  of  the  original. 

Thus  it  is  seen  that  dual  transformations  differ  from  series/parallel  transformations  not  only  in  the 
fact  that  sources  are  interchanged,  but  also  in  the  fact  that  their  mechanical  element  coefficients  are 
simple  element-by-element  transformations  instead  of  complex  reciprocals  of  groups  of  elements. 

1.10  CIRCUIT  LAWS  FOR  MECHANICAL  NETWORKS 

In  a  mechanical  system  driven  by  force  sources  one  is  required  to  determine  the  velocities 
through  each  circuit  element.  Alternatively,  if  it  is  driven  by  velocity  sources,  one  is  required  to  find 
the  forces  through  each  circuit  element.  Adopting  velocity  sources  as  the  rule  in  modeling  mechanical 
networks  we  can  construct  V-F  diagrams  and  use  circuit  laws  to  find  unkncvvn  quantities.  These  laws 
are: 

•  Loop  Law.  In  a  complex  series-parallel  mechanical  system  whose  V-F  network  representation 

has  i  =  1,  2,  —  Q  loops,  and  j  =  1,2, _ Q  forces,  the  sum  of  all  velocity  ‘drops’  in  each  loop 

must  be  zero.  In  symbols,  for  a  translational  system, 

£  Vff(/J)  -  V(f„  =  0,  i  =  l,2 . Q.  (1.10.1) 

j-i 

Here,  the  symbol  Vy  denotes  the  elements  in  a  matrix  of  integrodifferential  operators, 
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Mi(e) 


J  ....dt  +  -7-5-  +  N[e)  ~ 

J  B\e)  1  dt 


/.-*-£  -J—  f  fkdt 
h  MXk  J 


I 


M{e) 


/  ....  dt  +  -73-  +  N{e)  4|  h  +  Z  -J—  f  /*<* 
J  fl,(e)  <*  kti  M2k  J  k 


(1.10.2) 


V(,),  is  a  vector  whose  elements  are  applied  velocity  sources,  Mlk  are  mutual  masses  and  superscript  e 
signifies  the  element  in  question. 

The  loop  law  for  a  rotational  system  is  easily  obtained  by  exchange  of  symbols: 

(1)  0,j  for  Vjj 


(2)  r  for  F 

(3)  J  for  M 

(4)  Br  for  B 

(5)  Nr  for  N 


(1.10.3) 


•  Node  Law.  In  a  V-F  mechanical  network  which  has  /=1,  2,  _ Q  nodes  and 

j  1,2, _ Q  forces  the  sum  of  all  forces  at  a  node  must  be  zero.  In  s>mbols,  for  a  translational 

system, 


£  Fff(vy)  -  F(gh  =  0,  /-  1,  2 . Q  (1.10.4) 

J- 1 


in  which  the  symbol  F tJ  denotes  the  elements  in  a  matrix  of  integrodifferential  operators, 

=  {Fit-  Fi2»  —  F(?c?} 


(1.10.5) 


F( g),  is  a  vector  whose  elements  are  applied  force  sources,  Mik  are  mutual  masses,  and  superscript  e 
signifies  the  element  in  question. 


The  node  law  for  rotational  systems  is  obtainable  from  translational  systems  by  exchange  of  sym¬ 
bols,  Eq.  1  10.3. 


Two  examples  of  V-F  circuits  will  now  be  presented. 

1.11  EXAMPLES  OF  V-F  REPRESENTATIONS  OF  SIMPLE  MECHANICAL  SYSTEMS 
Example  #1 

Fig.  1.11.1  shows  a  MNB  translational  system  driven  through  the  mass  by  a  force  source  F(g)(f). 
Its  bond  graph  (see  Sect.  1.68)  Fig.  1.11.2b  is  based  on  the  idea  that  the  velocity  of  the  mass  M  relative 
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Fig.  1.11.1  —  A  MNB  system  driven 
by  Fit)  through  the  mass 


Fig.  1.11.2  —  (a)  a  VF  network  representation 
(b)Bond  graph  of  Fig.  1.11  1 


to  ground  is  the  same  as  the  velocity  of  the  damper-spring  relative  to  ground.  Its  V-F  network 
representation  is  shown  in  Fig.  1.11.2a.  In  this  representation  one  terminal  of  the  mass  m  must  be 
grounded.  Hence  the  mass  M  is  mechanically  in  parallel  with  the  series  branch  BN,  the  terminals  of 
which  are  connected  in  agreement  with  the  physical  connections  shown.  The  (known)  force  source  has 
an  unknown  velocity  v  across  it.  To  solve  for  v  one  applies  the  node  law  (1.10.4). 


fMM  +  /bnM  -  Fg(t)  (1.11.1) 

in  which  only  fM  is  directly  relatable  to  v  by  means  of  (1.4.2): 

(1.11.2) 

In  the  series  NB  branch  we  first  apply  the  loop  law  (1.10.1)  with  v  acting  as  a  source, 


va  +  vw  =  v. 


From  (1.4.1)  this  equation  reduces  to, 


/bn 


n  4  +  4 

dt  B 


Thus,  the  node  law  requires  that, 


N 


v=  Fg(t). 


(1.11.3) 


(1.11.4) 


(1.11.5) 


7 T 


The  MNB  system  of  Fig.  1.11.1  is  detached  from  the  ground  and  is  placed  on  a  platform  which  is 
then  driven  by  a  known  velocity  v,(t),  Fig.  1.11.3.  The  bond  graph  Fig.  1.11.3b,  is  based  on  the  idea 
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Fig.  1.11.3  —  (a)  A  MNB  system  driven  by  a  velocity  source  l',(f) 
(b)  bond  graph  (cl  a  VF  representation 


that  the  force  /  is  common  to  M,  B,  N.  These  elements  are  therefore  mechanically  in  series.  In  con¬ 
structing  the  V-F  mechanical  circuit  it  is  noticed  that  all  terminals  are  above  ground,  except  for  the  ele¬ 
ment  mass  which  again  must  have  one  terminal  at  ground,  and  the  element  of  the  velocity  sources, 
which  also  must  have  one  terminal  at  ground,  Fig.  1.11.3c. 

Since  vx(r)  is  known  we  solve  for  /(r)  by  application  of  the  loop  law  (1.10.1), 


Vjv  +  vB  +  vM  -  vg  -  0. 


(1.11.6) 


By  use  of  (1.4.1)  this  equation  reduces  to  the  form, 

N  +  ^  +  f(t)dt -v.it).  (1.11.7) 

dtBMJ  1 


Examples  #1  and  #2  illustrate  an  important  rule  that,  appearances  not  withstanding,  an  MNB  sys¬ 
tem  in  a  V -F  representation  may  be  a  parallel,  or  a  series  circuit  depending  on  the  nature  of  the  driving 
input  source,  as  well  as  upon  its  point  of  application. 


Bond  Flow  Charts 

A  simple,  but  useful,  modification  of  the  above  procedure  for  deriving  circuit  representations  of 
physical  systems  is  to  construct  bond  flow  charts  (already  mentioned  in  Examples  #1  and  #2  above) 
showing  how  the  "through"  quantity  (force  or  velocity)  branches  out  to  form  a  "tree."  If,  for  example, 
the  source  is  a  known  force  (taken  as  a  flow  quantity  on  VF  chart)  one  constructs  a  force  flow  chart 
showing  how  the  force  branches  through  all  the  elements  of  the  physical  system.  On  the  other  hand,  if 
the  source  is  a  known  velocity  (again  taken  as  a  flow  quantity  on  a  FV  chart)  one  constructs  a  similar 
bond  velocity  flow  chart.  Such  modifications  of  procedure  allow  one  directly  to  construct  dual  represen¬ 
tations  of  a  given  physical  network. 

An  example  will  explain  the  procedure.  Figure  1.11.4a  is  a  mechanical  system  consisting  of  a 
massless  rigid  bar  A  driven  by  a  known  force  Fit)  and  restrained  in  its  motion  of  the  springs  nb  n2,  n3, 
n4,  mass  m  and  damper  h  as  shown.  By  inspection  we  construct  the  V-F  force  flow  chart,  Fig.  1.11.4b. 
Here  a  circle  0  represents  a  velocity  and  a  1  represent*!  a  force 

Assuming  bar  A  moves  only  in  translation  it  is  seen  that  all  elements  are  in  parallel  relative  to 
velocity  (that  is,  all  branches  have  the  same  velocity  taken  as  an  across-quantity).  Thus,  Fig.  1.11.4b 
consists  of  five  branches  in  parallel,  relative  to  velocity,  the  force  acting  as  a  through  quantity. 
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(a)  (b) 

Fig.  1.11.4  —  (a)  A  translational  mechanical  system  and  (b)  its  bond  graph 
(see  Sect.  1.68) 


We  next  reverse  the  roles  of  F,  V  and  consider  the  driver  to  generate  a  known  velocity  which  is 
taken  to  be  a  through  quantity.  Using  Fig.  1.11.4a  we  construct  an  FV  velocity  flow  chart  from  a  VF 
force  flow  chart  according  to  the  following  rules: 

(1)  N  independent  loops  in  a  VF  network  transform  to  N  independent  node  pairs 
(->  N  +  1  nodes)  in  the  dual  FV  network. 

(2)  Elements  (or  branches  or  subsystems)  in  series  (i.e.,  possessing  common  force)  in  a  VF  net¬ 
work  become  elements  in  parallel  (i.e.,  also  possessing  common  force)  in  the  dual  FV  network.  Ele¬ 
ments  in  parallel  (i.e.,  having  common  velocity)  in  a  VF  network  become  elements  in  series  (i.e.,  also 
have  common  velocity)  in  the  dual  FV  network. 

(3)  Force  sources  are  replaced  by  velocity  sources. 

(4)  Each  passive  element  is  replaced  by  its  dual,  that  is,  by  its  reciprocal. 

(5)  The  element  of  mass  in  a  flow  force,  that  is,  VF,  chart  must  have  one  terminal  grounded. 

Since  Fig.  1.11.4b  consists  of  5  branches  in  parallel  (relative  to  velocity)  its  dual  FV  network  is  5 
elements  in  series,  shown  in  Fig.  1.11.4d.  A  pictorial  representation  of  Fig.  1.11.4b  is  shown  in  Fig. 
1.11.4c.  Additional  examples  of  flow  charts  will  be  discussed  in  several  later  sections  of  this  chapter. 


Fig.  1.11.4  —  (c)  a  VF  eauivalent  circuit  and  (d)  a  FV  cniiivaiant  rWnui 
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1.12  ACOUSTICAL  NETWORKS 

Sound  generators  and  receivers  often  incorporate  acoustical  elements  (acoustic  mass,  acoustic 
resistance,  acoustic  compliance)  in  their  internal  structure.  For  purposes  of  analysis  it  is  convenient  to 
represent  such  elements  in  an  acoustical  circuit  in  lumped  parameter  form.  This  representation  is  valid 
whenever  the  acoustical  wavelength  is  large  relative  to  the  physical  size  of  the  source  or  receiver,  or 
relative  to  the  physical  sizes  of  the  internal  structural  components  that  makeup  the  circuit. 

Explicit  mathematical  forms  taken  by  acoustical  elements  depend  on  the  choice  of  circuit  across- 
variable  (velocity  V  or  force  F  in  mechanical  circuits,  or  volume  velocity  q  or  pressure  p  in  acoustic  cir¬ 
cuits),  and  on  the  choice  of  circuit  analysis,  eith"-  nodal  or  loop.  Since  in  this  treatise  we  strive  to  use 
V  (or  q )  as  across- variable,  and  F  (or  p)  as  the  .  ough  variable  it  is  seen  that  nodal  analysis  leads  to 
parallel-branch  networks  with  pressure  as  the  flow-ihtough  quantity,  while  loop  analysis  leads  to  series- 
branch  networks,  also  with  pressure  as  the  flow-through  quantity. 

The  simplest  mathematical  models  of  acoustical  mass,  compliance  and  resistance  are  pictured  in 
Fig.  1.12.1. 

m 

q  - ►  M  - - *■  q 

m 

m 

q  _ N  /  Fig.  1.12.1  -  Simple  pictures  of  acoustic  mass, 

r-  /  compliance,  and  resistance 

M 


Table  1.12.1  gives  explicit  mathematical  forms  of  acoustical  circuit  elements  excited  by  harmonic 
signals  (time  given  by  exp  jut),  applicable  to  a  circuit  in  which  q  is  the  across-quantity,  and  p  is  the 
through-quantity.  In  VF  circuits  the  impedance  form  p  —  p(q)  is  used  in  nodal  analysis,  while  the 
mobility  form  q  *■  q(p)  is  used  in  loop  analysis.  Here  superscript  y  indicates  "mobility." 


■mn 


Elements  in  impedance  form  are  related  to  elements  in  mobility  form.  In  the  simplest  case  where 
circuit  branches  contain  only  one  element  listed  in  Table  1.12.1  it  is  seen  that, 

JfW  =  (1.12.1) 

wN  uSM  (ft 
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Table  1.12.1  —  Mathematical  Models  of  Acoustic  Circuit  Elements 


Impedance  Form 

Time  Dependent 
Form 

Mobility  Form 

Time  Dependent 
Form 

p  —  M  jcoq 

P~M -f 

q  ^^r(y)j(op 

_  srty)  dp  it) 

H  '  dt 

P  -  q/jtoJf 


P 


Jf 


p  -'Stq(t) 


q  -  &p 


In  words:  when  a  branch  consisting  of  a  spring  (or  mass)  in  impedance  form  is  conver’  I  to  mobility 
form,  it  appears  as  an  equivalent  mass  (or  spring)  respectively.  When,  however,  branches  contain 
several  elements  one  can  find  the  relation  between  parallel  and  series  forms  by  use  of  the  identity  9  - 
#-1  (acoustical  mobility  equals  inverse  acoustical  impedance).  Thus,  if  an  acoustic  network  in  a  qp 
acoustic  circuit  (q  "across,"  p  "through")  is  a  parallel  net  of  three  branches^?.  M,  and  X,  represented  by 
the  nodal  equation, 


(1.12.2) 


P-  ®  +  jU-*~-^:\\q-(@+jX)q=Zq 


then  in  the  same  qp  circuit  the  corresponding  series  form  of  the  three  branches  may  be  expressed  by 
the  loop  equation, 


q  «  _  _L_  „  -  (<?  -  0)p  -  Vp. 


(1.12.3) 


Since  W  ',  it  is  seen  that, 


#2  2  +  (aM  — 


- 3t2+  . 

1 


(1.12.4) 


Near  mechanical  resonance  (w  =  w,),  where  the  lumped  form  of  mass  and  compliance  is  valid,  one 
has, 


,2s  ■  L 

'  M.W  • 


(1.12.5) 


Thus  near  and  at  mechanical  resonance, 


—  —7  units:  — —  ;  Miy)  =  X#2  units: 


*  U1IUJ.  „  I,  ./Tl.  -  UIII13,  *  1. 

Jf  m5 


(1.12.6) 


At  frequencies  of  forced  drive  far  below  mechanical  resonance,  the  mobility  compliance  and  mass  are 
given  by, 


«  +  w2/2#2)  -  ~h- 

1  +  «2/2$2  a >2X  w2/ 


(1.12.7) 
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A  noticeable  feature  is  that  these  mobility  forms  of  compliance  and  mass  are  functions  of  frequency, 
except  near  mechanical  resonance. 

Acoustic  Flow  Charts 

The  construction  of  acoustic  flow  charts  follows  a  few  simple  rules.  These  are  illustrated  by  the 
example  sketched  in  Fig.  1.12.2a.  For  this  network  one  begins  by  constructing  a  bond  graph  flow  chart. 
Fig.  1.12.2b.  In  this  chart  the  piston  accumulator  combination  is  modeled  as  a  (constant)  pressure 
source  p _  driving  a  variable  volume  velocity  through  the  series  connected  acoustic  mass  M,  and  acous¬ 
tic  resistance  R.  At  terminal  c  the  volume  velocity  divides  into  q\  going  into  the  acoustic  compliance 
N,  and  <?2  going  into  acoustic  mass  M2.  From  the  nature  of  the  physical  connections  both  N  and  M2 
are  grounded  (meaning  one  teiminal  of  each  has  zero  volume  velocity).  The  nodal  equation  describing 
this  flow  is  q  -  qx  +  q 2.  Each  acoustic  element  describes  a  pressure  drop:  pM (  is  the  drop  across 

Mi,  Pr  across  R,  and  pN  is  the  drop  across  N  or  across  M2  since  these  are  in  parallel  (relative  to  acous¬ 
tic  volume  velocity). 


H 


Fig.  1.12.2  —  fa)  A  physical  system  of  acoustic  elements  and  (b)  its  bond  graph 


We  next  omit  the  accumulator  and  consider  the  piston  to  be  a  (constant)  volume  velocity  source 
q~  and  construct  an  acoustic  pressure  flow  chart.  This  is  the  dual  of  the  volume  velocity  flow  chart. 

This  amounts  to  constructing  a  VF  chart  from  a  given  FV  chart.  The  rules  for  construction  of  the 
dual  are: 

(1)  exchange  all  common  effort  junctions  (•■  O-junctions)  for  common  flow  junctions  and  all 
common  flow  junctions  for  common  effort  junctions,  retaining  the  identification  tags. 

(2)  exchange  all  effort  sources  for  flow  sources  and  vice  versa;  and  exchange  all  effort  sinks  for 
flow  sinks,  and  vice  versa. 

(3)  identify  inertance  as  reciprocal  capacitance  having  the  same  numerical  valu  nd  same  units. 

identify  capacitance  as  reciprocal  inertance  having  the  same  r,  imerical  value  and  same  units 

identify  resistance  as  reciprocal  conductance  having  the  same  numerical  value  and  same  units. 

The  acoustic  pressure  flow  chart  that  is  the  dual  of  Fig.  i .  1 2.2b  is  shown  m  Fig.  1. 12.2c. 

The  ( VF)  loop  equation  of  Fig.  1.12.2c  is  q  =  q\  +  q2.  The  (VF)  node  equation  is 
P  ~  PU~'  +  PR~'  +  ^N-'Mf 


<’  O  *'>.'  V  . 
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(c) 

Fig.  1.12.2  —  (c)  dual  equivalent  circuits 


A  second  example  is  the  acoustic  network  shown  in  Fig.  1.12.3a. 

We  model  this  physical  network  by  first  assuming  that  the  motion  of  the  piston  and  accumulator  consti¬ 
tute  a  source  of  constant  pressure  p__.  The  volume  velocity  flow  chart  then  takes  on  the  appearance  of 
Fig.  1.12.3b. 


■}  •> '}  wvy >  vry\V" 
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The  dual  of  this  flow  chart,  based  on  omission  of  the  accumulator,  with  subsequent  piston  motion 
modeled  as  a  velocity  source,  is  easily  obtained  by  use  of  the  rules  noted  above.  It  is  shown  in  Fig. 
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Fig.  1.12.3  (c;  iual  equivalent  circuits 


Duality  between  Figs.  1.12.3b  and  1.12.3c  implies  these  rules:  the  equation  q  -  qx  +  q2  +  <73  is  a 
nodal  equation  on  a  FV  volume  velocity  flow  chart  and  a  loop  equation  on  a  pressure  flow  (or  VF)  chart. 
The  equation  p  -  pM  +  pR  +  PNM  is  a  nodal  equation  on  a  VF  pressure  flow  chart  and  a  loop  equation 
on  an  FV  volume  velocity  flow  chart.  These  relations  are  summarized  in  the  following  table. 


Table  1.12.2 


Equation 


Analysis  using  an  FV  Volume 
Velocity  Flow  Chart 


Analysis  using  a  VF 
Pressure  Flow  Chart 


IZ  ,<7,-  loop  nodal 

1 

Q  “  £Y  ip,  nodal  loop 
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The  Representation  of  the  Ring  Armature  Telephone  Receiver  by  Means  of  Flow  Charts 

A  third  example  of  an  acoustical  network  is  the  ring  armature  telephone  receiver  shown  in  Fig. 
1.12.4a. 


The  operation  of  this  device  is  briefly  this:  the  voice  message,  in  electrical  form,  enters  wires  A  which 

n  *u  ~  - * — ~  - ~  -  j:  - —  r  «t - u  ~  -  - • —  *- 

eA cun  v  ui  me  11115  anuaiuie,  which  cuu^ito  iu  me  uiapniafcin  v-  mtuugn  me  an  cauoni5  11  iu 


vibrate  thus  delivering  the  message  in  acoustic  form  to  the  ear  coupling  chamber  E.  The  device  is 
essentially  an  acoustic  projector. 
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Fif,.  1.12.4  —  (a)  The  Ring  Armature  Telephone  Receiver  [14] .  E.  E.  Mott  and  R.  C. 

Miner,  The  Bell  System  Technical  Journal,  31  (1951),  e1951  AT&T;  by  permission. 

The  idealized  (lumped  element)  acoustic  network  will  first  be  sketched  as  a  volume  velocity  bond 
graph  1.12.4b  driven  by  an  (assumed)  pressure  (or  force)  source  pit).  The  branching  of  volume  velo¬ 
city  is  explained  as  follows: 

1.  The  full  source  velocity  qs  -  q  passes  through  the  elastance  SD,  mass  MD  and  resistance  RD 
(in  series  relative  to  velocity)  of  the  diaphragm  C. 

2.  q  divides  into  three  branches:  the  first  qMD  goes  into  the  membrane-dip.phragm  chamber  (elas¬ 
tance  SM)\  the  second  qM  goes  into  the  membrane  (resistance  RM,  mass  Mm)\  the  third  qH  goes  into 
the  hole  (resistance  RH,  mass  MH). 

3.  qM  divides  into  two  branches:  one,  q^G  into  the  grid-membrane  chamber  (elastance  SG),  and 
the  other  qGM  into  the  cap  grid  holes  (resistance  RG,  mass  A/-),  through  the  ear-coupling  chamber 
(elastance  Sc),  then  into  the  human  ear. 

4.  qH  divides  into  three  branches:  one  qHB  going  into  the  back  chamber  (elastance  SB)\  the 
second  qAB  going  into  the  air  gap  (resistance  RA,  mass  MA),  then  through  the  coil  chamber  (elastance 
■S'*);  the  third  qHX  going  into  the  acoustic  resistance  element  (resistance  Rx,  mass  Mx),  then  through 
the  handset  housing  chamber  (elastance  Sx). 

Based  on  this  branching  the  volume  velocity  bond  graph  has  the  following  appearance,  Fig. 
1.12.4b. 

Inspection  of  this  chart  shows  it  to  consist  of  an  above-ground  series  branch  (RD.  M0.  SD)  in  series 
with  a  nest  of  five  parallel  branches  (all  grounded).  All  elements  are  listed  in  impedance  form. 

The  acoustic  pressure  bond  graph,  which  is  the  dual  of  the  volume  velocity  bond  graph,  is  con¬ 
structed  by  application  of  the  rules  cited  above.  It  appears  as  Fig.  1.12.4c. 
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Fig.  1.12.4  —  (c)  Bond  graph  which  is  the  dual  of  Fig.  1.12.4b 

This  type  of  chart  gives  the  pressure  flow  across  each  acoustic  element.  All  elements  are  listed  in 
mobility  form. 

U3  MODELING  OF  AN  ACOUSTIC  TRANSDUCER  BY  A  MATRIX  EQUATION 

We  return  now  to  Fig.  1.2.1  in  which  the  acoustic  transducer  is  modeled  as  a  cascade  of  com¬ 
ponent  boxes.  Each  component  box  is  an  assemblage  of  network  elements  whose  forms  have  been 
described  in  Sections  1.3  and  1.12.  For  the  n’th  box  whose  input  energy  coordinates  are  ejN,  i|N,  and 
whose  output  energy  coordinates  are  eouT>  'out>  the  interrelation  of  these  variables  may  be  formulated 
as  a  matrix  equation, 


eIN  ^OUT 

'IN  'OUT  I 


(1.13.1) 


in  which  U„  is  a  matrix  of  impedance  or  mobility  elements  of  the  n’th  box.  If  there  are  N  boxes  in  cas¬ 
cade,  the  final  output  coordinates  are  given  by, 


U\  U.) 


U,U2....U„  . 


(1.13.2) 


For  the  case  where  the  input  vector  is  (ei,  i\)  and  output  vector  contains  many  components  the 
interrelation  is  written  in  the  more  general  form, 


UW|N  =  w0UT 
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(1.13.3) 


where  wIN  -  (ex,  /,,  0,  0,  0  — )'  and  w0UT  =  e2,  i2,  e3,  iy,  — )',  and  the  superscript  t  means  "tran¬ 
spose." 

Fig.  1.2.1  shows  a  transducer  represented  as  a  single-row-cascade.  In  the  general  case  the 
representation  takes  the  form  of  a  multiplicity  of  interconnected  cascades. 

Several  cases  of  matrix  modeling  are  presented  in  the  following  Sections. 


1.14  EXAMPLE  OF  MATRIX  MODELING  FOR  AN  ACOUSTIC  PROJECTOR 


To  illustrate  the  modeling  of  acoustic  projectors  by  use  of  Fig.  1.2.1  let  us  take  the  case  of  an 
acoustic  projector  whose  primary  circuit  stores  energy  in  the  form  of  electric  charge  on  a  capacitor. 
Choose  the  energy  coordinates  to  be  voltage  e,  current  /,  and  let  zero  potential  be  ground.  For  simpli¬ 
city  let  this  capacitor  be  the  only  element  in  the  storage  matrix,  Fig.  1.14.1.  The  transmission  matrix  a 
relates  ew,  iw  to  e ,  /,  that  is,  output  energy  coordinate  to  input  coordinates.  Using  KirchofFs  current 
law,  one  has, 


3 


Ow 


Fig.  1.14.1  —  Matrix  modeling  illustrated 
by  capacitor  storage 
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1  0 
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!•  A_ 

-jo>Cb  1 

(1.14.1) 


Next,  primary  coordinates  cw,  iw  in  Fig.  1.2.1  must  be  trans¬ 
duced  in  secondary  coordinates.  Since  the  secondary  circuit  is 
mechanical,  it  is  seen  that  the  transduction  matrix  must  convert 
ew,  iw  into  fw,  vw.  The  way  it  does  this  depends  on  the  physi¬ 
cal  laws  of  energy  conversion.  For  an  electric  field  transducer 
the  laws  are  contained  in  transduction  formulas  to  be  described 
later.  For  the  present  we  use  the  simplified  forms  involving  the 
transduction  coefficient  y 


e*  -  yfw 


V 


w 


(1.14.2) 


We  must  at  this  junction  choose  which  coordinate  of  fw,  vw  is  to  be  considered  as  the  through- 
coordinate.  Arbitrarily,  let  fw  be  the  through-coordinate.  The  equations  therefore  signify  that  an 
across  quantity  ew  is  transduced  into  a  through  quantity  fw  by  means  of  a  transduction  coefficient  y,  and 
a  through  quantity  iw  is  transduced  into  an  across  quantity  vw  by  means  of  y1.  Generally,  y  is  a  com¬ 
plex  number.  Here  for  simplicity  it  is  taken  to  be  real.  The  transduction  matrix  equation  can  thus  be 
written, 


B 


0 
y \ 


(1.14.3) 


Next  the  secondary  coordinates  fw,  vw  in  Fig.  1.2.1  are  cascaded  through  the  secondary  storage  matrix. 
This  is  generally  a  combination  of  mechanical  mass  m,  spring  n,  and  damper  r.  Assume  these  have  all 
the  same  velocity.  Then,  since  force  is  the  through  (or  flowing)  quantity  and  velocity  is  the  across- 
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quantity,  these  mechanical  elements  appear  in  parallel,  meaning  their  mechanical  impedances  are  addi¬ 
tive.  The  secondary  storage  thus  receives  fw,  vw  and  delivers  /,  v;  in  matrix  form,  one  has. 


C 


(1.14.4) 


•7  .  1  ,  / 

Zm  «  joitn  +  - —  +  r  = 

J<»n  v 

Finally  the  energy  described  by  f  v  enters  into  the  acoustic  load.  For  simplicity  calculate  this  load  as  if 
it  were  the  loading  on  a  uniformly  vibrating  sphere,  radius  a,  at  frequency  to  =  kc,  k  =  2n/\.  Assume 
the  acousiic  mass  and  resistance  have  the  same  •  elocity  and  that  X  »  a.  Then  since  /(=  pS,  S  is  the 
radiating  area)  is  the  through-quantity,  Fig.  1.14.2  applies.  Setting  v  =  qS~\  one  has  the  circuit, 


f  =  pS 


Fig.  1.14.2  —  Matrix  modeling  illustrated 
by  an  acoustic  load 


^RAD  =  o>S2J?p  —  (a 


47 rpa3 
1  +  k2a2 


Rrad  -  ~ 


47t  a2pck2a2 
1  +  k2a2 


f  ~  /r  +  fx=  (^RAD  +  Aad)vRAD- 


(1.14.5) 


The  full  matrix  equation  of  both  primary  and  secondary  circuits 
is  obtained  by  cascading  A,  B,  and  C: 


fe| 

/rad 

(^RAD  +  /c<>A/rad)vRAD 

^RAD  +  /wMrad 

l/J 

*  RAD 

VRAD 

“  VRAD 

1 

(1.14.6) 


For  known  voltage  source  e  =  es,  this  equation  is  solved  for  vRAD,  which  then  allows  a  calculation  of 
complex  power  delivered  to  the  load, 

^  =  IvradI2  (-^rad  +  ./w^rad)  (1.14.7) 

This  completes  the  circuit  description  of  the  acoustic  projector. 


1.15  MATRIX  MODELING  OF  AN  ACOUSTIC  RECEIVER 


When  the  transducer  is  an  acoustic  receiver,  the  terminals  7,7'  in  Fig.  1.2.1  constitute  a  secondary 
source  of  fo:ce  Fb  and  source  admittance  hn  Fig.  1.15.1,  The  force  Fb,  or  blocked  force,  is  equal  to  the 
incident  acoustic  pressure  multiplied  by  the  active  area  5  of  the  receiver.  A  factor  g  is  inserted  into  the 
formula  for  Fb  to  account  for  the  increase  in  pressure  on  the  active  surface  caused  by  reflection  of  the 

inf*'  Hpr  t  cnnnH  urn  VS.  Ttc  ni2ar.it,jd6 


receiver  is  acoustically  hard,  and  1  means  that  the  surface  is  acoustically  "transparent,"  that  is,  it  has  the 
same  mechanical  independence  as  the  incident  wave.  Values  of  g  are  obtained  from  graphs  (see  Chap. 
8  and  Ref.  [4]).  The  complex  source  admittanc  hr  is  modeled  on  the  assumption  that  the  across- 
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Fig.  1.15.1  —  Source  input  circuit  of  an  acoustic  receiver 
modeled  as  a  force  source  ( Fs )  in  parallel  with  an  acoustic 
r  admittance  ( h, ) 

7' 

quantity  of  the  acoustic  load  is  the  velocity  v  common  to  both  acoustic  mass  and  acoustic  resistance, 
hence  modeled  as  a  parallei  circuit  with  Fas  the  through  quantity  (see  Fig.  1.14.2).  Thus, 


t’r  = 


21 

Fr 


_ 1_ _ 

JvM rad  +  Rr\d 


(units:  mN  's"1). 


(1.15.1) 


The  (mobility)  admittance  hr  is  inserted  to  account  for  the  reradiation  of  sound  by  the  receiver  caused 
by  motion  of  the  receiving  surface,  hence  a  reduction  of  available  force  from  Fb  to  F.  The  force  lost  to 
acoustic  reradiation  is  given  by, 


•Frad  =  VradO'mA/rad  +  FRAd)-  (1.15.2) 

It  is  common  practice  in  designing  receivers  to  keep  vRAd  very  small,  and  also  to  keep  the  receiver  sur¬ 
face  very  small.  This  combination  makes  FRAd  negligible  so  that  the  force  delivered  is  very  nearly  Fb 
itself. 


All  remaining  matrices  of  the  receiver  are  the  same  as  those  of  the  transmitter  with  exception  that 
at  terminals  2,2'  the  primary  source  is  rplai  :d  by  a  primary  load,  usually  a  passive  electrical  network 
which  develop  a  receiver  voltage  or  current  for  further  signal  processing. 

1.16  ELECTROACOUSTIC  ANALOGIES 

The  cascade  model  of  an  acoustic  transducer  shown  in  Fig.  1.2.1  features  primary  components 
(left  of  the  transduction  block)  and  secondary  components  (right  of  the  transduction  block).  Analysis 
of  such  a  model  is  advantageously  made  by  changing  the  form  of  (say)  all  secondary  components  to 
simulate  those  of  primary  components,  or  vice  versa.  For  example,  if  the  transducer  is  electroacoustic 
in  nature  it  may  be  modeled  with  all  components  in  electrical  form,  or  all  components  in  mechanical 
form. 


A  simple  way  to  achieve  this  transformation  for  an  acoustic  transducer  whose  primary  energy 
storage  is  electrical  is  to  use  electromechanical  or  electroacoustic  analogies.  These  are  element  for  ele¬ 
ment  analogies  based  on  a  purely  formal  similarity  of  mathematical  models  of  electrical  and  mechanical 
(acoustical)  elements,  generally  constructed  without  regard  to  physical  correspondences.  An  example 
will  illustrate  the  procedure.  Let  M  be  an  acoustic  fluid  mass  (units:  Ns2m~s )  which  is  being 
accelerated  through  a  hole  of  finite  depth  by  a  pressure  differential  p  (units:  Nm~2)  resulting  in  a  flow 
qm  (units:  m3s~l).  The  mobility  equation  which  relates  the  parameters  of  this  mass  effect  is 

Pm(0dt.  (1.16.1) 

In  forming  a  model  of  a  mechanical  circuit  element  of  this  equation  we  can  choose  qm  to  be  the 
through-variable  and  pm  to  be  the  across-variable,  or  vice  versa.  Now  to  form  analogies  it  is  noted  that 
a  similar  choice  is  available  in  electrical  circuits.  There  we  can  choose  between  e  and  /  to  be  through  or 
across  variables.  Thus  if  we  write  an  electrical  equation  of  the  same  appearance  as  1.4.10, 
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/  idt  (1.16.2) 

we  may  draw  the  following  analogies  simply  by  inspection:  qm  — 1 >  e,  M  — 1 •  C,  pit)  — 1 •  /(/).  There  is  no 
implication  that  these  quantities  are  physically  similar.  If  we  reverse  the  roles  of  e  and  /,  we  can  write, 

/-  j  J  e(t)dt.  (1.16.3) 

Then  we  draw  a  different  set  of  analogies:  qm  —  /,  M  — *  Z,,  —  e.  Here  qm  is  now  a  through  vari¬ 

able  and  pm  is  an  across-variable.  Again  the  choice  between  1.16.2  and  1.16.3  is  purely  a  mathematical 
convenience  in  conducting  loop  or  nodal  analysis  of  circuits:  no  physical  reasoning  should  suggest  that 
acoustic  mass  is  better  modeled  as  electrical  inductance  or  as  electrical  capacitance. 

The  procedure  of  forming  analogies  outlined  above  permits  one  to  construct  Table  1.16.1 


(0 


(2) 


m—  mechanical  mass,  n  -  mechanical  compliance,  r—  mechanical  resistance 
C  —  electrical  capacitance,  L  -  electrical  inductance,  R  -  electrical  resistance 


(3) 


(4) 


Acoustical  Equations 

vjjrf  PMdl 

n-JL 

q  31 

\p-~i 

Analogs  for  choices  J  £ 

Jt—  c 

Jf—  L 

H \ 

Acoustical  Equations 

/ 

J  p  —  e 

Analogs  for  choices  |  _  t 

Jf-c 

$->R 

q  —  volume  velocity,  p  -  acoustic  pressure,^?  -  acoustic  resistance 


Representation  and  Analysis  of  Acoustic  Transducers 


In  this  chart  the  units  of  electrical,  mechanical  and  acoustical  elements  are  all  different.  Hence  in 
the  process  of  forming  models  of  transduers  in  all  primary  or  all  secondary  elements  an  adjustment 
must  be  made  to  render  all  element  components  in  consistent  units.  The  adjustment  of  units  between 
electrical  and  mechanical  components  is  contained  in  the  transduction  coefficient.  An  example  of  this 
coefficient  is  the  electric  field  transduction  ^  given  in  Eq.  1.4.2,  which  has  the  units  y  =  m/C , 
(meter/coulomb).  The  units  adjustment  for  this  case  becomes 


4*  “7=^  or  Ze  =  y2Zm. 


Ze  =  electrial  impedance  (units:  V/A  or  Vs/C) 


(1.16.4) 


Zm  =  mechanical  impedance  (units:  //v  or  Ns/m). 

Thus  a  mechanical  impedance  is  transformed  to  electrical  impedance  by  multiplication  by  y7.  Similarly 
the  adjustment  of  units  between  mechanical  and  acoustical  components  is  achieved  by  the  use  of  spatial 
area  (S), 


{xji=£,orZm  =  S7ZAi  Za  =  A  (1.16.5) 


1.17  INTRODUCTION  TO  CONSTRUCTION  OF  EQUIVALENT  CIRCUITS 

In  this  treatise  conversion  of  energy  from  a  primary  storage  component  into  energy  in  a  secondary 
storage  component,  and  ultimately  into  acoustic  energy,  is  brought  about  by  use  of  mechanical  net¬ 
works.  These  generally  make  up  the  secondary  circuits,  but  may  also  be  found  in  primary  circuits.  In 
analysis  of  these  networks  it  is  very  advantageous  to  represent  mechanical  networks  with  symbols  drawn 
from  electrical  circuit  theory.  Such  a  representation  requires  the  selection  of  an  electromechanical  anal¬ 
ogy.  We  choose  here  e  -  F,  /  —  V.  The  networks  described  below  will  be  FV  (force  across,  velocity 
through).  Thus  spring,  mass,  damper  will  be  represented  by  the  electrical  symbols  of  a  condenser,  a 
coil,  and  a  resistor  respectively. 

While  simple  in  principle  the  construction  of  an  equivalent  circuit  of  a  given  mechanism  requires 
a  detailed  knowledge  of  its  operation.  In  the  following  discussion  a  number  of  networks  are  analyzed  to 
illustrate  the  general  method  of  making  equivalences.  It  should  be  recognized  however  that  mechanical 
elements  share  more  than  one  characterization,  namely  springs  contain  mass,  masses  are  elastic,  resis¬ 
tances  are  spring-like,  etc.  with  the  result  that  different  equivalent  circuits  are  possible  for  each  net¬ 
work.  Judgement  is  therefore  needed  to  make  best  choices. 

1.18  A  GENERAL  PROCEDURE  FOR  CONSTRUCTING  EQUIVALENT  CIRCUITS 

OF  MECHANICAL  NETWORKS 

Electromechanical  transducers  used  in  acoustical  engineering  generally  consist  of  elec- 
trical/mechanical  elements  interconnected  in  complicated  ways.  A  first  step  in  analysis  is  to  assign  a 
lumped  parameter  characterization  to  each  element  independent  of  frequency.  This  assignment  always 
rests  on  an  approximation  and  is  valid  only  over  a  limited  range  of  frequencies  (of  forced  drive)  To 
improve  the  approximation  these  parameters  are  made  functions  of  frequency.  Even  so,  it  is  generally 
not  possible  to  use  the  lumped  parameter  approach  over  very  broad  ranges  of  frequency. 

The  next  step  in  analysis  is  to  analyze  the  transducer’s  operation  by  tracking  the  flow  of  force  and 
velocity  from  element  to  element.  By  definition,  elements  possessing  common  velocity  appear  in  series 
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in  FV diagrams,  while  those  posessing  common  force  appear  ir.  parallel.  Thus  the  equivalent  network  is 
a  chain  of  nodes  and  loops.  The  velocity  Vt  in  the  rth  loop,  and  the  force  Fj  across  the  ylh  node  pair 
constitute  the  tracking  variables.  At  each  node  the  node  law  requires  that, 

Vi-ZV*+vi+  i  '=1-2....  (1.18.1) 

a 

in  which  Va  is  the  velocity  of  the  alpha  element  connected  to  the  node.  In  general  Va  can  be  written 
in  terms  of  Fa  across  the  node  pair  containing  element,  multiplied  by  the  mechanical  mobility  (or 
admittance)  {M)  of  the  element.  Thus,  for  m  elements  between  a  node  pair, 

V,-Fa'£Ym+Vi+ ,  /-  1,2 .  (1.18.2) 

m 

Since  Fa  is  the  force  between  nodes  of  a  pair  it  is  seen  that  in  an  FV  diagram  the  term  containing  Fa  is 
in  shunt  position,  while  V„  and  Vl+l  are  in  series  position.  Thus  in  tracking  velocities,  those  that  must 
be  written  in  terms  of  forces  between  node  pairs  are  to  be  considered  in  shunt  position.  Similarly  in 
the  /th  loop,  the  loop  law  requires  that 

Ff  =  £  Fa  +  Fl+l  /=  1,2 .  (1.18.3) 

a 

in  which  Fa  is  the  force  across  the  alpha  element  of  the  loop.  In  general  Fa  can  be  written  as  a  product 
of  the  loop  velocity  Va  and  the  mechanical  impedance  of  the  element  (=  Za ).  For  m  such  elements, 

F,=  Va  £Z.  +Fl+l  (1.18.4) 

m 

Since  Va  is  the  loop  velocity  it  is  seen  that  in  an  FV  diagram  the  term  containing  Va  is  in  series  posi¬ 
tion  while  Fh  Fl+i  are  measured  across  nodes  in  shunt  position. 

Equations  1.18.1  through  1.18.4  are  the  ones  used  in  tracking  force  and  velocity. 

In  the  simplest  case  let  m  =  1.  Then  the  tracking  sequence  is  given  in  Fig.  1.18.1. 

F0=  F,Z,  +  Fa  V\  =  FaU\  +  V2 
Fa  -  V2Z2  +  Fp  V2^FPU2+V3 
Fp~  V 3Z3  4-  Fy  V3  —  FyU3  +  K4 
(a)  tracking  force  (b)  tracking  velocity 
Fig.  1.18.1  —  Tracking  sequences 

In  this  procedure  all  mobilities  MJ  and  associated  forces  Fj  are  in  shunt  position  and  all  impedance  Z, 
and  associated  velocities  Vj  are  in  series  position. 

We  consider  next  several  examples  of  constructing  equivalent  circuits. 

1.19  EXAMPLES  OF  MECHANICAL  NETWORKS  AND  THEIR  EQUIVALENT  CIRCUITS 

Figure  1.19.1a  shows  cross-sectional  views  of  a  low  noise  wide  range  crystal  pick-up  used  in  pho¬ 
nographs.  The  operation  of  this  pickup  is  quite  complex.  In  simple  terms  one  may  track  the  force,  or 
velocity,  or  both,  in  the  following  way: 
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Fig.  1,19.1  (a)  —  'Schematic  of  a  low- 
noise  wide-range  crystal  pick-up  [15].  H. 
F.  Olson,  Acoustical  Engineering  (3ed) 
(1957),  ®1957  D.  Van  Noslrand  Co.  Inc.; 
by  permission. 


TOP  VIEW (CRYSTAL  CXPOSEO) 


•  a  Thevenin’s  equivalent  source  consisting  of  a  force  fM  (delivered  by  the  phonograph  groove) 
in  parallel  with  the  mechanical  impedance  ZMR  of  the  record  groove,  applies  a  force  Fp  to  mass  mx  of 
the  pick-up  stylus. 

•  force  F0  develops  a  velocity  Vx  in  the  mass  impedance  Zj  =  ja>mx.  From  previous  discussion 
F(  is  seen  to  be  the  loop  velocity,  hence  it  is  in  series  position.  The  mass  mx  delivers  a  force  to  the 
spring  Q,,  which  reacts  with  a  force  Fa, 


F0  =  joom i  F,  +  Fa. 


The  force  Fa  is  in  shunt  position. 

•  At  the  first  node,  the  mobility  of  the  spring  is  ja>CMX.  The  nodal  law  is  then, 

V\  =»  Fjo)Cm  +  V2,  or  Fa  =  (F,  -  V2)ljo)Cm. 

Thus  the  stylus  spring  CMX  is  represented  as  being  in  the  shunt  branch. 

•  the  spring  On  delivers  the  force  Fa  to  the  mass  m2,  developing  in  it  a  velocity  F2,  and  a  force 
to  the  next  contacting  element.  This  element  reacts  with  a  force  Fp, 

Fa  =  jwm2  V2  +  Fp. 

Fp  is  the  reactive  force  developed  by  mass  m3  of  the  pick-up  and  the  tone  arm. 


•  At  the  second  node 


F,=  Fn 


1 


jt»m3 


+  0, 


or  Fp  =  (F2  -  V3)j<om3. 


Thus  m3  is  in  shunt  position.  It  can  be  regarded  as  a  hollow  mass  moving  in  opposition  to  m2  within 
which  the  crystal  assembly  is  vibrating. 

•  The  force  Fp  drives  the  lossy  front-bearing  compliance  CM6,  developing  within  it  a  velocity  F3 
and  a  force  to  the  next  contacting  element,  the  compliance  CM2  of  the  chuck.  The  chuck  reacts  with  a 
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•  At  the  third  node, 


F3  -  F  jo)Cm  +  ^4- 


Thus  CM2  is  in  shunt  position. 


•  The  reactive  force  Fy  is  also  across  the  lossy  compliance  CM3  of  the  crystal  support.  Thus  the 
fourth  node  is  the  same  as  the  third  node  and  CM3  is  in  shunt  position. 


•  The  force  Fy  between  the  two  compliances  Cm,  0/3  drives  the  crystal,  developing  within  it  a 
velocity  Vs,  and  a  reactive  force  F8. 


Fy  -  0'wm4  +  —  +  rM2)  ys  +  Eg 


•  The  force  Fs  drives  the  lossy  rear  bearing  Cw5. 


f*-  '»  +  IZc, Z  K« 


The  completed  mechanical  network  is  shown  in  Fig.  1.19.1b 


Fig.  1.19.1  (b)  -  Equivalent  mechanical  network 
using  electrical  circuit  symbols  1151.  H.  F.  Olson,  | 
Acoustical  Engineering  (3ed)  (1957),  ®1957  D.  Van  L  [C 
Nostrand  Co.  Inc.;  by  permission.  I  I 


ELECTRICAL  circuit 

mi  m,  rUi  cM* 


cm«  rM, 


-Cm3  CK3 - 


Example  2 


MECHANICAL  NETWORK 


Figure  1.19.2a  is  a  cr^ss-sectional  view  of  a  single-button  carbon  microphone.  The  essential 
features  of  operation  of  this  transducer  can  be  codified  in  an  equivalent  circuit  by  tracking  velocity,  or 
force,  or  both.  The  tracking  is  summarized  here: 


ttVho  - 

Fig.  1.19,2a  -  A  cross-sectional  view 

mirNI 

of  a  carbon  microphone  [15],  H.  F. 

rM4CM4 

Olson,  Acoustical  Engineering  (3ed) 

(1957),  5i957  D.  Van  Nostrand  Co. 

Inc.;  by  permission. 

rM5CM5 

(a) 

cross-sectional  view 


'v  V. V.  -- 


‘ .-'v? 


■  vV- 
>  '■ 


u  %,  ... 
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•  The  driving  force  FM  is  a  voice-induced,  transient  acoustic  pressure  p  acting  over  the  area  5  of 
the  face  of  the  microphone.  This  force  drives  air  through  the  hof  •  :e  face.  A  small  mass  of  air  m0 
is  given  a  velocity  Vu  accompanied  by  a  resistance  rQ  of  the  holes.  The  force  balance  is, 

Fm  -  V\(j(»m0  +  r0)  +  Fa 

in  which  Fa  is  the  reactive  force  (of  the  cavity)  impeding  the  motion  of  the  air. 

•  At  the  first  node  the  velocity  balance  is 

Vx  -  FaM\  +V2-  Fa  (j<o  CMq)  +  V2. 

Thus  the  cavity  compliance  CM0  is  in  shunt  position  while  m0,  r0  are  in  series  position. 

•  The  force  Fa  drives  the  lossy  membrane,  modelled  here  as  a  mass  mt  and  resistance  r\,  and 
gives  it  a  velocity  V2, 


Fa  -  V2(j(ttm\  +  t ])  +  Fp. 

in  which  Fp  is  the  reactive  force  of  the  cavity  compliance  0/3- 

•  At  the  second  node  the  velocity  balance  is, 

V2  -  FpM2  +  V3. 

The  mobility  M2  includes  not  only  cavity  compliance  Cm 3  but  also  the  impedance  effect  of  the  hole 
labelled  m3  rM3  in  the  diaphragm.  This  effect  is  discussed  later. 

•  Force  Fp  drives  the  diaphragm  labelled  rMi giving  it  a  velocity  V3  which  is  impeded  by 
the  reactive  force  Fy  of  the  coupling  spring  rMi  Cm 4- 

F„  -  V,(jo,ms  +  r. ,  +  — i-)  +  F,. 

Since  in  ar.  FV  diagram  forces  are  across-quantities  and  velocities  are  through-quantities  it  is  seen  that 
m5,  rm5,  CMs  are  in  series  position  while  Fp,  Fy  are  in  shunt  position. 

•  At  node  three  the  velocity  balance  is, 


V3 


1 

rm  +  J°>  0/4 


+  V4 


Thus  rM 4,  Cm 4  are  in  shunt  position. 

•  The  force  Fy  across  the  coupling  compliance  0/4  drives  the  carbon  cup  and  granules  labeled 

ntt.  Ttfi  O/S-.  giving  them  the  velocity  Kj, 


jcom6  +  rMf>  + 


JwO/6 
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•  We  account  for  the  hole  in  the  diaphragm  by  noting  that  the  force  Fp  across  the  cavity  compli¬ 
ance  CM 3  drives  air  through  the  hole  giving  a  velocity  Fj  to  mass  m3  and  resistance  rM 3, 

Fp  =  y5  [jusm}  +  rM 3I  +  f8 

in  which  Fs  is  the  reactive  force  the  cavity  compliance  CM 

•  At  node  4  a  balance  of  velocities  leads  to, 


F5  *  F&itoC m\  +  F(,  or  Fs=  (Vs  -  V6)/ja>CMl 
in  which  V6  is  the  velocity  of  the  cloth  diaphragm  (labeled  m2  rMi  Cm 2). 

•  The  force  F6  drives  the  cloth  diaphragm  with  velocity  F6, 

1 


jus  mi  +  — 


JuCmi 


+  'mi 


This  completes  the  tracking  of  force  and  velocity  through  the  mechanical  network.  The  equivalent  cir¬ 
cuit  is  shown  in  Fig.  1.19.2b- The  bandwidth  characteristics  of  this  microphone  is  plotted  in  Fig. 1.19.3  in 
terms  of  response,  dB  re  1  volt  per  unit  incident  pressure  (1  dyne/cm2),  versus  frequency  (Hz). 


(b)  Fig.  1.19.3  —  Open  circuit  voltage  response 

Fig.  1.19.2b  —  An  equivalent  circuit  of  Fig.  1.9.2a  (dB  re  1  volt  per  dyne/cm2)  vs  frequency  of 

[151.  H.  F.  Olson,  Acoustical  Engineering  (3ed)  (1957),  pjg  139  2a 

c1957  D.  Van  Nostrand  Co.  Inc.;  by  permission. 


1.20  SUMMARY  OF  PROCEDURE  FOR  CONSTRUCTING  REPRESENTATIONS 
OF  MECHANICAL  CIRCUITS  AS  SECONDARY  COMPONENTS 
OF  AN  ELECTROMECHANICAL  TRANSDUCER 


A.  VF  Representation 


Mechanical  elements  assembled  in  series/parallel  circuits  can  be  used  as  energy  storage  com¬ 
ponents  in  the  secondary  side  of  an  electromechanical  transducer.  They  are  often  purposely  selected  to 
provide  desired  characteristics  of  impedance  (or  mobility)  response.  We  summarize  here  the  design 
procedure  and  use  a  sequence  of  sketches  to  illustrate  the  method. 


Suppose  it  is  desired  to  have  the  secondary  storage  components  of  the  transducer  respond  to  a 
steady  state  applied  force  F,  with  a  velocity  V  such  that  the  mechanical  impedance  (Z  -  F/  V) 


or  mechanical  mobility 


Y 


V 

F 


has  the  characteristics  shown  in  Fig.  1.20.1. 


Such  a  response  is  known  to  be  given  by  the  mechanical  structure  shown  in  Fig.  1.20.2. 
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Fig.  1  20.1  —  Desired  response  of  a  mechanical  circuit,  (a)  plot  of  complex  mechani¬ 
cal  impedance  with  frequency  as  parameter,  (b)  plot  of  complex  mobility,  (c)  magni¬ 
tude  of  impedance  versus  frequency,  (d)  magnitude  of  mobility  >;rsus  frequency, 
(e)  phase  angle  of  input  velocity  referred  to  the  applied  force  [161.  C.  M.  Hr.rris  and 
C.  E.  Crede,  Shock  and  Vibration  Handbook,  1  (1961),  c1961  McGraw-Hill  Book  Co.; 
by  permission. 


(a)  (bi  (c) 


Fig.  1.20.2  —  (a)  mechanical  structure  which  provides  response 
of  Fig.  1.20.1,  (b)  schematic  (c)  its  bond  graph 


Here  a  spring  (K),  mass  (m)  and  damping  (c),  connected  through  a  massless  rigid  platform  P2 ,  are 
driven  by  a  force  F  through  a  massless  rigid  platform  Px.  The  physical  structure  is  shown  in  (a)  and  a 
schematic  of  it  is  shown  in  (b).  The  structure  is  essentially  series  connected,  hence  a  mobility  analysis 
is  advantageous.  One  therefore  has. 
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To  represent  the  schematic  (b)  as  the  secondary  circuit  of  the  transducer  we  use  the  i  *  F,  e  »  V 
analogy.  The  series-parallel  form  in  this  analogy  is  preserved.  The  representation  thus  uses  the  analo¬ 
gies  given  by  the  following  table: 

Table  1.20.1  —  Analogies  to  be  Used  In  Converting  VF  Mechanical  Networks  Into 
VF  Equivalent  Electrical  Networks  as  Applied  to  Fig.  1.20.2 

electrical  inductor  L  analogous  to  mechanical  compliance 
electrical  resistor  R  analogous  to  inverse  damper  (1/c)  (1.20.2) 

electrical  capacitor  C  analogous  to  mechanical  mass  (m) 

F 


Fig.  1.20.3  —  A  VF  representation 
of  Fig.  1.20.2 


Figure  1.20.3  shows  the  representation  of  the  schematic  circuit  as  a  secondary  storage  element.  It  is 
seen  by  a  simple  derivation  that  the  network  of  mechanical  mobility  specified  by  Fig.  1.20.1  is 
preserved.  As  with  all  such  VF  representations  the  electrical  symbols  used  have  the  dimensions  and 
units  of  mechanical  components.  They  serve  however  to  indicate  the  mathematical  operations  of 
differentiation  and  integration  with  respect  to  time,  and  thus  are  aptly  suited  to  describing  dynamic 
operation  of  the  network. 

B.  FV  Representation 

The  FV  representation  of  Fig.  1.20.2  is  the  dual  of  Fig.  1.20.3.  This  is  constructed  according  to 
these  simple  rules: 

1.  series  branches  are  made  parallel  and  parallel  branches  are  made  series. 

2.  lumped  parameter  elements  are  converted  according  to  Table  1.20.2. 

Table  1.20.2  —  Analogies  to  be  Used  In  Converting  VF  Mechanical  Networks 
into  Equivalent  FV  Electrical  Networks 

mechanical  compliance  ~  is  made  analogous  to  to  an  electrical  capacitor  C 
K 

mechanical  mass  m  is  made  analogous  to  an  electrical  inductor  L  (1.20.3) 

electrical  resistor  R  in  series  position 
damper  c  is  made  analogous  to  an  j 

electrical  conductance  G  =  —  in  parallel  position 
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3.  the  analogy  is  F  -  e,  V  =  /. 


Figure  1.20.4  chows  the  FV  representation.  It  is  a  useful  model  because  with  it  one  can  apply  all  rules 
of  electric  circuit  theory  to  calculate  the  response  Ffor  fixed  F,  or  the  response  Ffor  fixed  V. 


V(i) 


Fig.  1.20.4  —  A  FV  representation 
of  Fig.  1.20.2 


To  summarize,  mechanical  networks  can  be  constructed  to  give  desired  frequency  response,  either 
exactly,  or  to  some  approximation.  These  networks  are  most  conveniently  pictured  as  VF  diagrams 
(that  is,  with  velocity  as  the  across-quantity  and  force  as  the  through-quantity).  By  selecting  the  anal¬ 
ogy  i  —  F,  e  —  V,  the  mechanical  network  is  represented  by  electrical  symbols  (inductance,  capacitance, 
resistance)  whole  units  however  are  mechanical.  The  dual  of  the  VF  diagram  which  features  force  F  as 
the  across  quantity  and  velocity  V  as  the  through  quantity  is  then  constructed  by  use  of  the  analogy 
/  -  V,  e  -  F.  The  resultant  FV  diagram  has  a  dynamic  behavior  for  fixed  force  (or  fixed  velocity)  that 
can  be  directly  calculated  by  standard  circuit  theory. 

For  a  network  which  is  mechanically  in  parallel  one  sets  F  =  IF,  =  VG When  making  a  VF 
representation  the  designer  identifies  G,  as  an  equivalent  electrical  mobility  Jt,  according  to  the  rules  of 
Eq.  1.20.2.  In  contrast,  when  making  a  FV  representation  the  designer  considers  G,  to  be  an  equivalent 
electrical  impedance  Z,  according  to  the  rules  of  Eq.  1.20.3.  A  VF  representation  preserves  the  original 
parallel  form.  A  FV  representation  converts  a  parallel  form  to  a  series  form. 

For  a  network  which  is  mechanically  in  series  one  sets  f  =  Z  ^  =  In  a  VF  representa¬ 

tion  the  symbol  X,  is  an  equivalent  electrical  impedance  Z,  according  to  the  rules  of  Eq.  1.20.2.  In  a 
FV  representation  the  symbol  X,  is  an  equivalent  electrical  admittance  (or  mobility)  M,  according  to  the 
rules  of  Eq.  1.20.3.  Again  a  VF  representation  preserves  the  series  form  while  an  FV  representation 
converts  series  to  parallel. 

It  is  important  to  note  that  in  converting  VF  mechanical  diagrams  into  equivalent  FV  electrical 
diagrams  the  impedance  angle  +9  is  given  a  negative  sign,  meaning  that  lag  angles  become  lead  angles 
and  vice  versa. 

Table  1.20.3  collects  and  displays  all  the  cases  previously  noted. 

Table  1.20.3  has  another  interpretation.  If,  for  example,  one  is  given  a  parallel  electrical  circuit 
one  can  conclude  it  is  the  possible  equivalent  circuit  of  two  different  mechanical  networks:  in  the  first, 
it  is  a  parallel  VF  analog,  hence  the  mechanical  circuit  corresponding  to  it  is  a  parallel  circuit  with 
parameters  given  by  Section  I  of  the  table.  In  the  second  interpretation,  the  parallel  electrical  circuit 
models  a  FV  network.  Hence  it  corresponds  to  a  mechanical  series  network  with  parameters  given  by 
Section  II  of  the  Table.  A  few  additional  examples  will  se-  ve  to  illustrate  the  uses  of  this  table. 

Case  I.  Given  the  series-parallel  mechanical  circuit,  Fig.  1.20.5a,  we  are  required  to  construct  the 
elect!  ical  equivalent  FV  and  VF  networks.  For  FV,  we  first  interchange  series  and  parallel  branches, 
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Table  1.20.3  —  Formulas  for  Interconnecting  IT  and  FV  Circuits 


Equivalent  Electrical  Series  FV  Network 


Given:  Mechanical  Parallel  Network 


Equivalent  Electrical  Parallel  VF  Network 


e’\R  +J(oL  +  7Zc\ 

lit  1  t 

F  -  V  c  +  jtom  + 

jo> 

1  i  1  1 

1  ~  *  J“C  + -]tl 


11 

_ 

Equivalent  Electrical  Parallel  FV  Network 

i  -  e 

x  +J“c  +  jh: 

\  \ 

It  t 

Given:  Mechanical  Series  Network 

V-  1 

f  1  +  Jl?  4.  1 

c  K  jojm 

i 

i  1  l 

Equivalent  Electrical  Series  VF  Network 

e  —  i 

R  +  ju)L  +  . 

jcoC 

1/k  a  !. 


R<1/c  mZtZC 


(a)  (b)  (c) 

Fig.  1.20.5  —  (a)  Mechanical  series-parallel  network,  (b)  equivalent  electrical  network  in  FV  form 
and  (c)  equivalent  electrical  network  in  VF  form 

that  is,  c  and  m  are  made  series  and  the  two  are  placed  in  parallel  with  K.  Then  series  —  is  replaced 

A 

by  electrical  C  as  indicated  in  Section  II  of  the  table.  Finally,  mechanical  c  is  replaced  by  electrical  R 
and  mechanical  m  by  electrical  L  as  indicated  in  Section  I  of  Table  1.20.3.  The  completed  equivalent 
FV  network  is  shown  in  Fig.  1.20.5b.  Because  the  original  network  (a)  was  a  KFand  the  final  network 
(b)  is  a  FV  network,  the  phase  angle  of  (a)  is  given  a  negative  sign  to  agree  with  (b). 


For  the  VF  network  we  recall  that  its  form  is  unchanged  Figs.  1.20.5c  and  1.20.5a.  From  Section 
II  of  Table  1.20.3  it  is  found  that  -p  is  the  analog  of  L;  also  from  Section  I  the  analog  of  C  is  -j-  and 

A  A 

of  m,  it  is  C. 

The  dynamic  response  of  this  network  is  given  in  Fig.  1.20.5d  through  1.20.5i. 


44 


Representation  and  Analysis  of  Acoustic  Transducers 


Fig.  1.20.5  -  (d)  plots  of  impedance  and  mobility,  (e)  plot  of  complex  impedance,  (f)  plot  of  complex  mobility,  (g) 
magnitude  of  impedance,  (h)  magnitude  of  mobility  and  (i)  phase  angle  of  the  mechanical  circuit  input  velocity  re¬ 
ferred  to  the  phase  of  applied  force  [16],  C.  M.  Harris  and  C.  E.  Crede,  Shock  and  Vibration  Handbook ,  1  (1961),  ®1961 
McGraw-Hill  Book  Co.;  by  permission. 

Case  II:  Using  Table  1.20.3  convert  the  mechanical  network  of  Fig.  1.20.6a  into  FV  and  VF 
electrical  equivalents.  Following  the  general  rules  we  find  the  electrical  equivalents  to  be  Figs. 
1. 20.6b, c.  The  dynamic  response  of  this  network  is  given  by  Fig.  1.20.6d  through  1.20.6i. 


Fig.  1.20.6  —  (a)  Mechanical  parallel  network,  (b)  electrical  equivalent  circuit  in  FV  form,  (c)  VF  equivalent,  (d)  equations  of 
impedance  and  mobility,  (e)  plot  of  complex  impedance,  (f)  plot  of  complex  mobility,  (g)  magnitude  of  impedance,  (h)  magni¬ 
tude  of  mobility  and  (i)  phase  angle  of  velocity  input  referred  to  applied  force  [161.  C.  M.  Harris  and  C.  E.  Crede,  Shock  and  Vi¬ 
bration  Handbook,  1  (I960,.  ®1961  McGraw-Hill  Book  Co.;  by  permission. 


Case  III:  A  spring  K  and  damper  ci  are  connected  mechanically  in  parallel,  then  the  combination 
is  connected  in  series  with  a  second  damper  c2,  Fig.  1.20.7a.  Again,  by  use  of  the  Table  1.20.3,  one 
finds  the  electrical  equivalent  FV  diagram  Fig.  1.20.7b;  and  the  VF  equivalent,  (c).  The  dynamic 
response  of  this  network  is  given  by  Fig.  1.20.7d  through  1.20.7i. 

Bond  graphs  of  Cases  I,  II,  III  are  shown  in  Fig.  1.20.8. 

1.21  BLACK  BOX  DESCRIPTIONS  OF  TRANSDUCER  COMPONENTS 

In  Sect.  1.1  of  this  treatise  a  transducer  is  decomposed  into  components  visualized  as  2-port  net¬ 
works  connected  in  tandem.  Other  modes  of  connection  of  2-ports  are  possible.  These  present  the 
designer  of  transducers  with  opportunities  to  alter  operational  characteristics  of  their  designs  in  a 
desired  way.  A  few  examples  of  ways  to  interconnect2-ports  are  discussed  next. 
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F  V  F 


Fig.  1.20.7  —  (a)  A  mechanical  network,  (b)  electrical  equivalent  circuit  in  FV  form,  (c)  VF  equivalent,  (d)  equations  of  im¬ 
pedance  and  mobility,  (e)  plot  of  complex  impedance,  (0  plot  of  complex  mobility,  (g)  plot  of  magnitude  of  impedance,  (h)  plot 
of  magnitude  of  mobility  and  (i)  phase  of  input  velocity  referred  to  applied  force  [16].  C.  M.  Harris  and  C.  E.  Crede,  Shock  and 
Vibration  Handbook ,  1  (1961),  *1961  McGraw-Hill  Book  Co.;  by  permission. 


©• 

S„ 


c 


K 


O — 1 — o 

5f  'L  F, 


Case  I 


O — 1 — 

©i  Vo 


K 


Case  III 


Fig.  1.20.8  —  Bond  graphs  of  Cases  I,  II,  III  above 
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Let  each  component  of  a  transducer  be  a  2-port  with  the  general  description, 


W\  _  au  a 

X\  corresponds  to  | 

— T 

ki 

T  - 

^2j  [021  022 

X2  the  convention  '*1 — 

~ B 

(1.21.1) 


(here  symbols  T,  B  are  "TOP,"  "BOTTOM"  respectively.  Now  W  can  be  Kor  7,  and  X  can  also  be  V  or 
7.  There  are  thus  four  parameters  Vi,  V2,  I\,  I2  from  which  6  combination  of  input  parameters  two  at 
a  time,  can  be  obtained:  *Vb  ^iA;  vih\h>  h\  and  V2 1 2-  The  last  item  can  be  eliminated 

since  it  has  no  subscript  1  to  indicate  an  input  quantity.  Thus  there  are  5  input  characterizations  of  2- 
port  networks.  They  are  listed  here  together  with  descriptive  names  taken  from  the  theory  of  electric 
circuits. 


211  z12  A 
Z21  z22  h 


(1.21.2) 


(a)  Open-circuit  impedance,  z  parameter 


y  n  y  12 
^21  ^22 


(b)  Short-circuit  admittance,  y  parameter 


hl2  hl2  7] 
h 2i  h22  V2 


(c)  Hybrid  "h"  parameters 


A  =  #11  #12  V\ 

V 2  #21  822  h 


(d)  Hybrid  g  parameter 


v. 

\AB\\  V2 

h  “ 

lcz)J[-72 

(e)  ABCD  Parameters 

(The  negative  —I2  indicates  a  change  in  direction.)  When  two  transducer  components  are  visual¬ 
ized  as  2-port  black  boxes  (parameters  W,  W'\  X,  X')  and  are  connected  series-series,  parallel-parallel, 
series-parallel  or  parallel-series,  a  variety  of  new  matrix  equations  (parameters  W” X")  are  obtained. 
A  connection  in  series  means  V"  =  V  +  V,  and  I\  =  7';  a  connection  in  parallel  means  1{'=  7,  +  7/  and 
Vx  -  V{.  The  generic  form  of  the  combination  is  an  enlarged  black-box  whose  2-port  description  is, 


_  tl  _  //  \rti 

°11  °12  X\ 

_  it  _//  \rn 

021  °22  X2 


(1.21.3) 
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Fig.  1.21.2  —  Connection  of  2-Port  Components  in  tandem 


Instead  of  using  series/parallel  connections  a  designer  may  choose  to  connect  2-port  components 
in  tandem  (=  cascade).  The  most  appropriate  characterization  is  then  the  ABCD  set,  Fig.  1.21.2.  By 
noting  that  —I2  ”  1[  and  V2  -  V{,  it  is  readily  seen  that  the  transfer  matrices  multiply.  The  combined 
set  is  then, 


3\\A'B'\[  Vi 
3ll C'  D'\[-I{  * 


(1.21.4) 


The  ratio  VyV\  is  called  the  voltage  gain  and  the  ratio  -Ii/I\  is  called  the  current  gain. 


The  theory  of  electrical  2-ports  may  also  be  applied  to  mechanical  2-ports.  Here  the  parameters 
F\,  F2,  Vj,  v2  can  be  assembled  into  5  sets  and  series/ parallel  connections  again  formulated  in  the 
manner  just  described.  In  contrast  to  the  electrical  case  a  series  connection  means 
F\  —  F{,  vj"-  V!  +  Vj'  and  a  parallel  connection  means,  F\"—  F{  +  F',  Vj  —  v,'.  The  transfer  matrix  has 
elements  which,  in  most  cases,  are  lumped  parameter  representations  of  the  dynamic  mass,  spring,  and 
resistance  of  the  mechanical  components. 


1.22  EQUIVALENT  CIRCUITS  OF  CONTINUOUS  ELASTIC  SYSTEMS 

The  representation  of  acoustic  transducers  to  this  point  has  been  done  in  terms  of  lumped  param¬ 
eters.  This  is  useful  not  only  intrinsically  in  accurately  portraying  the  physical  nature  of  discrete  ele¬ 
ment  transducers  in  selected  frequency  ranges,  but  also  in  helping  improve  the  understanding  of  trans¬ 
ducers  constructed  of  continuous  elastic  members.  We  consider  continuous  systems  here  and  choose  a 
vibrating  bar  as  our  model. 

The  dynamic  motion  of  a  rectangular  bar  of  elastic  material,  density  p,  length  /,  width  w  and 
thickness  d in  longitudinal  motion  can  be  described  by  a  partial  differential  equation  which  has  a  unique 
solution  in  terms  of  prescribed  boundary  conditions.  However  a  first  approach  to  constructing  an 
equivalent  circuit  of  this  bar  is  to  return  to  a  lumped  parameter  description  and  consider  the  motion  to 
be  approximated  by  a  linear  echelon  of  masses  and  springs.  To  begin  the  analysis,  choose  a  single 
spring  between  two  masses,  and  assume  that  across  the  spring  there  is  a  force  source  fw  generating  a 
velocity  difference  Vw  Fig.  1.22.1.  This  is  a  tonpilz.  It  is  a  fundamental  structure  occurring  very  fre- 
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Fig.  1.22.1  —  A  two-mass  system  driven 
by  a  force  source 
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quently  in  applications.  The  primitive  bond  graph  VF  flow  chart  Fig.  1.22.2a  is  based  on  the  idea  that 
the  source,  the  spring  and  the  masses  all  have  a  common  velocity  difference.  It  is  thus  seen  to  be  three 
branches  in  parallel. 


Fig.  1.22.2  —  (a)  Bond  graph  of  Fig.  1.22.1  in  dual  form 
and  (b)  its  VF  equivalent  circuit 


The  corresponding  electrical  circuit  in  its  VF  representation  is  shown  in  Fig.  1.22.2b.  Here  it  is 
seen  that  the  masses  have  one  terminal  (each)  grounded,  as  required  in  VF  circuits.  At  point  a  the 
mass  ma  and  spring  n  have  a  common  velocity  va.  Hence  they  are  pictured  in  parallel,  meaning  that 
the  force  fw  of  the  driver  branches  into  the  force  /„  of  the  spring  and  fma  of  the  the  mass.  Similarly  at 
point  b  the  branch  forces  f„  and  fmb  combine  to  give  fw  again. 

We  consider  next  four  such  tonpilzes  connected  as  5  masses  and  4  springs,  Fig.  1.22.3a.  The 
primitive  bond  graph  is  shown  in  Fig.  1.22.3b.  The  VF  mechanical  circuit  is  shown  in  Fig.  1.22.4.  This 


V5 


1  2  3  4  5 

(a) 


Fig.  1.22.3  —  (a)  a  five-mass,  four-spring  system  and 
tW  its  bond  graph 
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Fig.  1.22.4  —  A  mechanical  VF  circuit  of  the  system 
in  Fig.  1.22.3 


combination  of  masses  and  springs  has  the  appearance  of  a  lumped  element  representation  of  a 
transmission  line.  Evidently  the  number  of  masses  and  springs  can  be  increased  indefinitely.  In  the 
limit  of  an  elastic  bar  (width  b,  depth  d,  length  D  the  distributions  of  mass  and  spring  become  continu¬ 
ous  functions  of  the  length  coordinate  of  the  bar.  Lumped  elements  then  merge  in  such  a  way  that  the 
force  fw  at  point  a  divides  into  a  force  /„  to  drive  a  distributed  spring  system  of  mechanical  admittance 
\Jf„  -  and  force  fma  to  drive  a  distributed  mass  system  of  mechanical  admittance  valfa  *»  Y2, 
Fig.  1.22.5.  Similarly  at  point  b  the  force  fmb  drives  the  distributed  mass  of  mechanical  admittance 
vb/fb  ™  Tj,  which  for  a  symmetrical  bar  is  equal  to  Y2 .  The  VF  mechanical  circuit  is  closely  analogous 
to  Fig.  1.22.2  with  the  exception  that  distributed  parameters  replace  lumped  parameters. 

It  is  to  be  noted  that  "ground"  has  been  removed  from  Fig.  1.22.5.  It  will  be  restored  when  vari¬ 
ous  modes  of  loading  the  ends  are  discussed.  Figure  1.22.5  is  the  dual  of  the  Mason  Circuit  [3]  of  a 
longitudinal  vibrator  bar.  In  it,  co  is  the  frequency  of  drive  and  c  is  the  speed  of  sound  in  the  material 
of  the  bar.  At  very  low  frequencies  where  w.'/c  «  1  one  has, 

v  j<»l  ■  l2 

Kl  ^’J0,nk’nk  =  l^ 

v  -> _ 1  1 
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Fig.  1.22.5  —  Distributed  parameter  VF  mechani¬ 
cal  circuit  of  a  longitudinal  elastic  bar  driven  by  a 
velocity  difference  between  its  ends 


Here  M,  Mk  are  low  frequency  mass  and  compliance  of  the  bar.  By  setting  M/2  =  Ma  =  Mb  and 
nk-  rt  the  equivalent  circuit  of  the  tonpilz  is  recovered  (see  Fig.  1.12(2)).  Thus  the  longitudinally 
vibrating  bar  at  low  frequencies  is  very  nearly  a  tonpilz.  Several  special,  but  important  cases,  can  be 
derived  from  Figs.  1.22.5.  These  are  concerned  with  driving  the  longitudinal  bar  near  a  mechanical 
resonance  under  various  conditions  of  loading.  A  discussion  will  be  found  in  Sect.  2.21. 

1.23  UNIFICATION  OF  CIRCUITS  INTO  ALL  PRIMARY 
OR  ALL  SECONDARY  COORDINATES 

This  topic,  briefly  mentioned  in  Sect.  1.14,  is  treated  here  in  greater  detail. 

Case  of  Gyrator  Transduction 


In  the  generalized  acoustic  transducer,  Fig.  1.2.1  the  number  of  energy  coordinates  is  four, 
e,  i,  f  v,  or  six  if  the  acoustic  load  p,  q,  is  treated  separately.  A  separate  treatment  of  p,  q  can  be 
reduced  to  f  v  by  use  of  the  relations 


p  =  j;\q  =  Sv  (1.23.1) 

in  which  S  is  the  surface  through  which  the  mechanical  velocity  v  is  flowing  in  a  normal  direction.  It  is 
often  essential,  and  certainly  convenient,  to  coalesce  ptimary  and  secondary  circuits  and  express  the 
icsuUam  network  in  primary  e,  i  oniy,  or  in  secondary  /,  v  oniy. 

To  coalesce  primary  and  secondary  circuits  one  requires  an  explicit  form  of  the  transduction 
matrix.  The  elements  of  this  matrix  relate  ew,  iw  to  fw,  \w  Fig.  1.2.1.  For  almost  all  applications  in 
acoustic  transduction  the  relation  is  either  linear,  because  of  the  inherent  physical  laws,  or  made  linear 
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by  procedures  that  come  under  the  name  of  "polarization".  In  either  case  the  formation  of  a  unified  cir¬ 
cuit  requires  the  selection  of  an  analogy.  It  is  convenient  here  to  choose  the  current-force  (/-/)  anal¬ 
ogy.  Thus  the  mechanical  circuits  we  shall  draw  will  be  VF  (that  is,  velocity  is  the  across-variable  and 
force  the  through-variable).  The  physical  laws  of  transduction  can  then  be  reduced  to  two  general 
forms: 


VF 


(1)  ew-yfw 


Gyrator 


VF 

or  Ideal 
Transformer 


(3) 

(4) 


‘w  -  *  fw  ' 


(1.23.2) 


In  Eqs.  (1),  (2)  of  1.23.2  the  primary  across-quantity  ew  is  linearly  related  to  the  secondary  through- 
quantity  fw\  and  the  primary  through-quantity  iw  is  linearly  related  to  the  secondary  across-quantity  vw. 
These  relations  define  a  VF  form  of  gyrator.  In  Eqs.  (3),  (4)  primary  across-quantities  are  linearly 
related  to  secondary  across-quantities,  and  primary  through-quantities  are  linearly  related  to  secondary 
through-quantities.  These  relations  define  a  VF  form  of  ideal  transformer. 

The  procedure  of  coalescing  primary  and  secondary  circuits  can  now  be  easily  described. 

Case  of  the  Ideal  Gyrator 

In  the  case  of  the  gyrator,  Eqs.  (1),  (2)  of  1.23.2  can  be  combined  to  read: 

(1-23.3) 

w  vw 

in  which  zm  is  the  mechanical  impedance  of  the  secondary.  This  equation  states  that  mechanical 
impedances  are  converted  to  electrical  impedances  by  multiplication  with  y2.  Assuming  that  the  masses 
m ,  compliances  n  and  mechanical  conductances  h  have  the  same  velocity,  we  can  write  Eq.  1.23.3  in  the 
form. 


•  ,  1  ,  1 
jcom  +  - —  +  — 
joon  h 


(1.23.4) 


When  force  is  the  through-quantity  (as  here  assumed),  the  impedance  zm  is  recognized  as  3  parallel 
branches  in  which  are  flowing  fm,  f„  and  fh  respectively.  Now  to  form  an  electrical  equivalent  circuit, 
choose  by  inspection  the  electrical  primary  elements  L,  C,  R  such  that 


ew  .  r  .  1 

—  =  Jo>L  +  —p 

lw  J<°C 


+  R 


L  =  y2nr,  C  =  —5-;  R  =  —r . 


(1.23.5) 


With  this  choice  the  transduced  secondary  circuit  elements  appear  electrically  is  series.  Thus  secondary 
elements  connected  mechanically  in  parallel  (meaning  they  have  the  same  velocity)  become  primary 
elements  in  series,  with  the  analogs  being  mass/inductance,  compliance/capacitance, 
conductance/resistance.  This  switching  from  parallel  to  series  is  traceable  to  the  gyrator  nature  of  the 
transduction  coefficient,  and  the  use  of  the  /-/  analogy  in  the  secondary  circuit. 
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Next  we  assume  the  secondary  elements  have  a  common  force,  that  is,  they  are  mechanically  in 
series.  The  velocities  across  them  are  then, 


Qrn  “  //>"»;  Qn  -  ndf/dt\  qh  -  fh. 
Using  the  gyrator  transduction  again  one  has, 


iw  1 


1 


Jtam 


+  jon  +  h 


(1.23.6) 


(1.23.7) 


If  we  apply  the  conespondences  (analogies)  given  by  1.23.5  and  solve  for  iw ,  that  is,  if  we  set. 


(1.23.8) 


it  is  seen  that  the  primary  elements  are  in  parallel.  Thus  secondary  elements  that  are  mechanically  in 
series  appear  as  elements  in  the  primary  connected  in  parallel. 

Now  we  reverse  the  roles  of  primary  and  secondary  components  and  apply  Eq.  (2)  of  1.23.2.  This 
shows  that  if  the  electrical  elements  are  connected  in  series  (namely  having  common  electrical  current) 
they  will  appear  in  the  secondary  to  be  connected  in  parallel  (namely  having  common  mechanical  velo¬ 
city).  In  symbols, 


j(aLE 


1 


j<aCEy2  y2 


Re  1  1 

+  — 5-  -  jtam  +  — -  +  — 

1  jean  h 


(1.23.9) 


from  which  one  can  make  the  same  equivalences  as  given  by  1.23.5.  Similarly,  from  the  relation  that 

(1.23.10) 

it  is  seen  that  primary  elements  in  parallel  become  secondary  elements  in  series. 


1  V* 

c w  Jw 


Summary.  When  the  transduction  matrix  is  a  gyrator  and  the  /-/  analogy  is  used,  all  mechanical 
elements  in  a  VF  circuit  representation  which  have  common  force  (i.e.  are  in  series)  are  transduced 
into  electrical  elements  which  have  common  voltage  drop  (i.e.  are  in  parallel).  This  behavior  mirrors 
Eq.  (1)  of  1.23.2.  Also  all  mechanical  elements  which  have  a  common  veloc:ty  (i.e.  are  in  parallel)  are 
transduced  into  primary  elements  a  common  through-quantity  (i.e.  are  in  series).  This  behavior  mir¬ 
rors  Eq.  (2)  of  1.23.2. 

Case  of  Ideal  Transformer  Transduction 

The  procedure  just  used  can  also  be  applied  to  Eqs.  (3),  (4)  of  1.23.2.  Thus  in  the  case  of 
transduction  through  an  ideal  transformer  it  is  seen  that  the  following  rules  in  the  i-f  analogy  hold: 

•  All  secondary  mechanical  elements  in  a  ^circuit  which  are  in  parallel  (i.e.  have  a  common 
velocity)  are  transduced  into  primary  elements  wheih  have  a  common  across  quantity  (i.e.  are  also  in 
parallel).  This  conclusion  is  drawn  from  the  equations, 
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iw  X2fw 


X 2 


.1.1 
jam  +  - —  +  — 
jan  h 


iw  X2fw  1 

— - —  -  jaC  +  -V  +  R 

ew  vw  jaL 


C  -  X2m ;  L\  -  R  **  -y- 


A  :  mAT's-1 

units  n  :  mAT1  A"2  :  m-4  K^AT's-1 
m  :  Ns2m~l 


(1.23.1!) 


•  All  secondary  mechanical  elements  in  a  VF  circuit  representation  which  have  a  common  force 
(i.e.  are  in  series)  are  transduced  into  primary  elements  which  have  a  common  through  quantity  (i.e. 
are  in  series).  This  conclusion  is  drawn  from  the  following  sets  of  equations, 


l w 


x~2 


_1_ 

X2 


(-~ — +  jan  +  A) 
Jam 


~  ■■  ~r~p  +  jaL  +  R~l.  (1.23.12) 

iw  jaC 

These  conclusions  show  the  advantage  of  the  /-/analogy  which,  in  transformer  type  transduction, 
allows  parallel-parallel,  and  series-series  element  transformations  in  unifying  primary  and  secondary  cir¬ 
cuits. 

1.24  EXAMPLE  OF  TRANSFER  OF  SECONDARY  CIRCUITS 
INTO  PRIMARY  CIRCUITS 

As  an  example  of  circuit  unification  we  select  the  case  of  a  condenser  microphone  Fig.  1.24.1. 
The  cascade  of  matrices  (Fig.  1.2.1)  applied  to  this  case  appears  as  Fig.  1.24.2. 


Fig.  1.24.1  —  A  condenser  microphone 
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Fig.  1.24.2  —  An  equivalent  circuit  representation  based  on  current/force  analogy  of  Fig.  1.24.1 
in  which  the  mechanical  branch  is  in  VF  representation 


For  purposes  of  this  section  we  consider  the  secondary  circuit  to  consist  of  two  components:  the 
mechanical  diaphragm  membrane  and  the  acoustic  impedance.  We  start  the  cascade  at  terminals  7-7’. 
The  driving  source  is  a  force  generator  Fb  created  by  incident  pressures  acting  over  area  S,  in  parallel 
with  the  radiation  admittance  kn  Fig.  1.13.2  and  Eq.  1.14.5.  The  mass  m,  compliance  n  and  conduc¬ 
tance  h  of  the  secondary  mechanical  storage  represent  the  diaphragm  of  the  microphone.  All  have  the 
same  velocity.  A  notable  feature  of  this  storage  matrix  is  that  the  mechanical  compliance  is  increased 
by  the  coupling  factor  k2  (for  explanation  see  Sect.  1.37  thru  1.40).  The  primary  storage  is  an  electrical 
capacitor  Cb,  and  the  primary  load  is  a  passive  impedance  (generally  a  resistor)  in  parallel  with  the  capa¬ 
citance  Cs  of  the  attached  lead-in  wires.  The  transduction  component  3,3’  -  4,4’  is  taken  to  be  a  VF 
form  of  gyrator  (see  Eqs.  1,  2  of  1.23.2). 

We  desire  to  convert  the  secondary  coordinates  /,  v  into  primary  coordinates  e,  i  using  the 
methods  of  the  previous  section.  First  the  free  source  Fb  in  parallel  with  the  radiation  admittance  hr 

becomes  a  voltage  source  e  -  y  Fb  in  series  with  an  electrical  impedance  Z  -  (units  of  hr:  m/Ns\ 

"r 

units  of  y2:  Vm/NsA\  units  of  Z  -  V/A).  Second,  the  parallel  elements  of  secondary  storage 
represented  by  damping  h ,  compliance  n  (units:  m/AO,  and  mass  m  (units:  Ns2/ m)  become  series  ele¬ 
ments  of  primary  storage  represented  by  resistance  y2/b,  (units:  V/A),  capacitance  n/y2  (units:  AS/  V), 
and  inductance  y2m  (units:  Vs/ A).  The  equivalent  circuit  with  secondary  elements  transferred  to  pri¬ 
mary  elements  thus  becomes  Fig.  1.24.3:  Note  that  terminals  5,5’  have  replaced  4,4’  and  3,3’.  The 
electrical  equivalent  circuit  is  now  complete.  It  is  readily  seen  that  a  purely  mechanical  circuit  is  also 
possible  and  can  be  constructed  similarly  by  the  methods  of  the  previous  section. 


Fig.  1.24.3  —  An  all-electrical  representation  of  the 
condenser  microphone  of  FiR.  1.24.1 
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1.25  METHODS  OF  ANALYZING  ONE-CONNECTION  AND 

MULTIPLE-CONNECTION  MECHANICAL  SYSTEMS 

As  noted  in  Secs.  1.0,  1.1  a  mechanical  system  may  be  defined  as  an  assembly  of  mechanical  ele¬ 
ments  connected  to  each  other  in  series/parallel  form.  They  may  be  categorized  as  active  systems  if 
they  have  energy  sources,  or  passive  systems  if  they  do  not.  Each  system  has  a  minimum  of  two  termi¬ 
nals  (often  more)  which  allow  them  to  be  connected  to  other  systems,  or  to  a  rigid  immovable  frame, 
here  called  the  "ground,"  in  analogy  to  electrical  systems. 

Mechanical  systems  are  conveniently  divided  into  one-connection  systems,  or  multiple-connection  sys¬ 
tems.  Their  properties  are  discussed  next. 

1.26  GENERALIZED  ONE-CONNECTION  SYSTEMS  AND 
THEIR  THEVENIN  AND  NORTON  EQUIVALENTS 

These  systems  have  two  terminals,  Fig.  1.26.1,  of  which  one  (labelled  2)  is  permanently  attached 
to  ground,  and  the  other  (labelled  1)  is  available  for  external  connection.  Thus  they  have  only  one  set 
of  energy  coordinates,  Fu  Vj.  In  applications  such  systems  often  appear  as  sources  or  loads.  The 
mechanical  impedance  Z  (units:  Ns/m)  is  the  ratio  of  an  applied  force  F  at  point  1  to  the  resultant 
velocity  Vx.  In  complex  circuits  the  calculation  of  Z  is  tedious.  Circuit  simplification  is  then  highly 
advantageous.  This  is  done  by  use  of  circuit  equivalents  explained  next. 


v, 


Fig.  1.26.1  —  A  one-connection  mechanical  system  [16] 


When  the  system  containing  Z  includes  sources  of  force  and  is  attached  to  a  load  one  may  reduce 
it  to  a  single  constant  force  generator  in  parallel  with  a  single  impedance  connected  to  the  load.  This  is 
the  Thevenin’s  equivalent  system  and  is  experimentally  obtained  by  these  steps: 

•  the  load  is  replaced  by  an  infinite  mechanical  impedance  and  the  force  exerted  by  the  system  at 
the  point  of  attachment  is  measured  as  the  clamped  force  Fc. 

•  the  load  is  disconnected  and  the  free  velocity  v f  is  measured  at  the  point  of  attachment. 

Thevenin’s  equivalent  system  is  then  a  force  generator  of  magnitude  Fc  in  parallel  with  a  single 
impedance  Zs  =  Fj\f.  This  is  shown  in  Fig.  1.26.2. 


Fig.  1.26.2  —  Thevenin’s  equivalent  of  Fig.  1.26.1  [16] 


In  a  similar  way  a  1 -connection  system  containing  sources  may  be  converted  to  a  Norton’s 
equivalent  in  which  v^  is  the  equivalent  veiocity  source  in  series  with  the  internal  impedance  Zs.  This 
is  shown  in  Fig.  1.26.3. 
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Fig.  1.26.3  -  Norton’s  equivalent  of  Fig.  1.26.1  [16] 


It  is  useful  in  transducer  analysis  based  on  equivalent  circuits  to  convert  a  source-network-load 
into  a  Thevenin  (or  Norton)  equivalent.  The  procedure  is  this:  we  suppose  the  equivalent  circuit  has 
several  meshes,  with  possible  active  elements  (=  sources)  in  one  or  more  of  these  meshes.  Further¬ 
more  we  suppose  there  is  a  pair  of  terminals  on  this  network  to  which  a  load  may  be  attached.  We  first 
disconnect  any  load,  and  measure  the  voltage  V0c  across  the  (exposed)  terminals  due  to  operation  of  all 
internal  active  elements.  Next,  all  the  internal  active  elements  are  replaced  by  their  internal  impedance 
and  the  impedance  Zm  looking  in,  as  measured  at  the  terminal  pa:r  in  question,  is  measured.  The  vol¬ 
tage  Voc  in  series  with  the  impedance  Z,n  then  constitute  the  Thevenin  form  of  the  equivalent  source. 
When  connected  to  the  load  ZL  the  combination  source-load  constitute  the  Thevenin  equivalent  circuit. 

In  a  similar  way  one  can  derive  the  form  of  the  Norton  equivalent  circuit.  The  two  (uncon¬ 
nected)  terminals  are  short-circuited  and  the  current  Isc  is  measured.  All  active  elements  are  then 
replaced  by  their  internal  admittances  and  the  admittance  K,n  of  the  entire  network  looking  in  from  the 
terminals  is  measured.  The  current  Isc  in  parallel  with  the  admittance  Fjn  constitutes  the  Norton  form 
of  the  equivalent  source.  When  connected  to  the  load  Z^  the  combination  source-load  constitutes  the 
Norton  equivalent  circuit. 

Actually  the  word  "terminals"  in  the  above  statement  can  mean  any  two  distinct  points  in  a  net¬ 
work  between  which  there  are  active/passive  elements. 


Summary.  The  Thevenin  and  Norton  equivalent  sources  are  mathematical  representations  which 
generate  the  same  across-quantity  V  and  through  quantity  I,  at  a  pair  of  terminals  to  which  a  load  can 
be  attached.  As  such  they  are  completely  interchangeable. 

1.27  BOND  GRAPHS  OF  EQUIVALENT  SOURCES 

Bond  graphs  of  Thevenin  and  Norton  equivalent  source  are  shown  in  Fig.  1.27.1.  In  these  graphs 
mechanical  velocity  is  the  "effort",  and  mechanical  is  the  "flow." 
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1.28  ANALYSIS  OF  ONE-CONNECTION  SYSTEMS 

The  generalized  impedance  Z  of  Fig.  1.26.1  is  composed  of  chains  of  "black  boxes”  connected  in 
series  and/or  in  parallel.  In  this  assembly  one  can  identify  points  of  common  velocity  among  the 
boxes.  These  correspond  to  force  nodes.  Analysis  of  mechanical  systems  consists  in  finding  these 
nodal  velocities  when  the  system  is  driven  by  given  sources.  The  procedure  for  doing  this  is  based  on 
the  assumption  that  all  impedances  of  the  component  black  boxes  are  explicitly  known.  The  steps  are: 

•  at  each  point  of  unknown  common  velocity  ( Vc )  multiply  each  impedance  by  Vc  and  add  them 
together;  then  multiply  each  of  these  same  impedances  by  the  velocity  at  its  other  connection  point  and 
subtract  these  from  the  sum.  The  algebraic  result  of  additions  and  subtractions  is  set  to  zero.  As  an 
example  let  the  following  Fig.  1.28.1  be  a  part  of  a  mechanical  system  under  analysis: 


Fig.  1.28.1  —  (a)  A  simple  example  of  nodal  law  analysis  of  a  mechanical 
system.  This  is  a  VF  network  (b)  bond  graph. 

For  velocity  Va,  following  the  above  cited  rule,  one  obtains, 

Va  [Z,  +  z2  +  Z3  +  Z4]  -  Vb  Z,  -  Vc  Z2  -  Vd  Z3  -  VeZ4  -  0.  (1.28.1) 

Since  for  the  entire  system  (of  which  the  above  is  a  part)  there  are  as  many  of  these  equations  as  unk¬ 
nown  velocities,  the  latter  are  obtainable  by  solution  of  a  set  of  simultaneous  algebraic  equations. 
When  all  velocities  are  so  determined  one  may  find  all  forces  by  considering  each  point  in  succession, 
noting  that  the  net  force  at  a  point  is  equal  to  the  algebraic  sum  of  products  of  impedance  and  velocity 
for  each  impedance.  The  net  force  at  point  a  in  the  above  example  is  therefore  Va  [Z,  +  Z2  +  Z3  + 
Z4], 

The  directions  of  these  forces  may  be  assigned  by  use  of  the  following  convention:  a  force  (at  a 
node)  pointing  in  an  arrow  direction  is  equal  in  magnitude  to  the  product  of  the  associated  impedance 
and  the  velocity  difference  across  it  between  head  and  tail  of  the  arrow.  Thus  the  force  at  a  due  to  Zx 
is  Z\(Va—  Vb )  pointing  into  a.  Similarly  the  forces  at  a  due  to  Z2,  Z3,  Z4  each  pointing  away  from  a 
are  Z2(VC  -  Va),  Z2(Vd  —  Va),  Z4(Ve  -  Fa).  Using  the  nodal  law  of  forces  at  point  a  one  arrives 
again  at  Eq.  1.28.1. 

In  an  alternate  procedure  of  analysis  one  deals  directly  with  unknown  forces  regarded  as  flowing 
around  loops.  The  steps  of  analysis  are: 

•  first,  one  calculates  the  number  of  independent  forces  in  the  mechanical  system  and  assigns  an 
arbitrary  direction  to  each  of  them. 

•  next,  a  set  of  velocity  loops,  corresponding  in  number  to  these  forces,  is  constructed.  These 
velocities  are  regarded  as  potential  drops. 

•  in  each  loop  one  sums  velocities  by  multiplying  each  admittance  encountered  in  the  loop  by 
the  loop  force  flowing  into  it  in  a  clockwise  direction.  If  the  loop  force  agrees  with  an  assigned  force 
direction,  a  plus  sign  is  attached  to  this  "velocity  drop”.  Otherwise  a  minus  sign  is  attached.  The  alge¬ 
braic  sum  of  all  velocities  in  any  one  loop  is  set  to  zero. 
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Figure  1.28.2  is  an  example  of  loop  analysis  of  a  mechanical  system  driven  by  a  velocity  source 


Fig.  1.28.2  —  A  simple  example  of  loop 
analysis  of  a  mechanical  system.  This  is  a 
VF  network.  [161 


The  loop  equations  are. 


Y,  F,  +  Y4(F,  -  F3)  =  K 

Y2F2  +  Y3(F2-  F3)-0  (1.28.2) 

Y 3(F3  -  F2)  +  Y4(F,  -  F3)  -  0. 

Since  there  are  as  many  unknown  forces  (here  Fx,  F2,  F3)  as  loops  the  forces  may  be  obtained  by  solu- 
'ion  of  a  set  of  simultaneous  algebraic  equations.  The  velocities  at  each  node  (here  only  Va)  are  then 
given  by  products  of  admittance  and  force, 


K  -  K~y iFx 


(1.28.3) 


An  important  thing  to  note  is  that  in  one-connection  mechanical  systems  the  element  of  mechani 
cal  mass  must  have  one  terminal  fixed  at  the  rigid  reference  frame  (similar  to  be  "grounded"  in  electri¬ 
cal  circuit  theory)  (see  Sect.  1.6). 


1.29  ANALYSIS  OF  TWO-CONNECTION  SYSTEMS  BY 
USE  OF  EQUIVALENT  n  OR  T  NETWORKS 

These  systems  feature  two  points  of  external  connection:  one  point  allows  energy  to  be  received 
from  a  source  and  the  other  point  allows  energy  to  be  delivered  to  a  load.  Fig.  1.29.1.  Thus  they  have 
two  sets  of  energy  coordinates,  F\,  Vx  and  F2,  V2.  While  the  system  itself  is  fixed  to  "ground",  its  ter¬ 
minals  are  "off-ground".  The  source  and  load  to  which  this  system  may  be  connected  are  considered 
one-connection  systems. 
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Fig.  1.29.1  —  A  two-connection 
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If  a  two-connection  system  is  composed  of  chains  of  linear  bilateral  (that  is,  reciprocal),  mechani¬ 
cal  elements  in  series/parallel  form,  it  can  be  represented  by  either  of  two  equivalent  systems:  the  it 
system  Fig.  1.29.2a  or  the  F system,  Fig.  1.29.2b. 


(a)  (b) 

Fig.  1.29.2  —  (a)  A  ^-equivalent  of  Fig.  1.29.1  and  (b)  a  f-equivalent  of  Fig.  1.29,1 


In  both  figures  one  impedance  Za  (or  admittance  Y*)  is  associated  with  Fu  V\  and  a  second 
impedance  Zb  (or  admittance  Yg)  is  associated  with  F2,  V2.  A  third  impedance  Zc  couples  Vx  to  V2, 
and  a  third  admittance  Yz  couples  the  force  Fx  to  Fy. 

The  it  equivalent  impedances  (Z0,  Zb,  Zc )  are  found  in  the  following  way: 

•  terminal  2  is  first  clamped  ( V2  =  0)  by  being  connected  to  a  rigid  reference  frame,  and  a  force 
F)  is  applied  to  terminal  1.  The  ratio  Zn  -  Fi/K]  is  then  calculated  or  measured  in  an  experiment. 
Similarly,  a  force  F|  is  applied  to  terminal  1  to  keep  it  from  moving  and  the  ratio  Zl2  =  F[  /  V2  is  meas¬ 
ured,  or  calculated. 

•  terminal  1  is  clamped  ( Kj  =  0)  and  the  ratio  Z22  -  F^j  V2  is  measured  (or  calculated)  for  any 
applied  force  F2.  Then  a  force  F2  is  applied  to  terminal  2  to  keep  it  from  moving,  and  the  ratio  F2/Vx 
is  measured  (or  calculated). 

These  procedures  give  Zlb  Z12,  Z2l,  Z22.  To  relate  them  to  Za,  Zb,  Zc  it  is  noted  that  when  K2  is 
clamped,  Zb  =  0  and  Za,  Zc  are  in  parallel.  Hence,  for  mechanical  circuits, 

Zji  =  Za  +  Zc. 

When  V\  is  clamped,  Zb  and  Zc  are  in  parallel  because  Za  =  0.  Hence, 

Zn  =  Zb  +  Zc. 

Again,  when  Vx  is  clamped  by  applying  Fj,  the  impedance  Za  is  short-circuited  making  Zc  =  Z12  = 
Fj/F2.  Similarly,  Zc  =  Z2i  =  Ft]Vv  Solving  all  equations  simultaneously  leads  to  the  ir  system 
equivalents: 


Za  =  Z„  -  Z12;  Zb  =  Z22  -  Z21;  Zc  -  Z12  -  Z21. 


(1.29.1) 


The  T equivalent  admittances  are  found  in  the  following  way: 


?Kv! 


S 
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•  first,  terminal  2  is  made  free  (F2  -  0),  and  a  force  Fx  is  applied.  The  ratio  Yi-  ~  V\/F\  is 
then  measured.  Similarly,  terminal  1  is  made  free  (Fx  -  0)  and  a  force  F2  is  applied.  The  ratio  F-J  V2 
is  then  measured. 

•  again,  terminal  2  is  made  free  and  Ft  is  applied.  The  ratio  Y2  -  V^Fi  is  measured.  Similarly, 
terminal  1  is  made  free,  and  F2  is  applied.  The  ratio  Y12  -  VjF2  is  measured.  When  F2  is  zero,  the 
admittances  Y*,  Yz  are  in  series.  Hence, 

Y„  -  Yx  +  Yz\  Y12  -  Yz 

When  F\  is  zero,  the  admittances  Yz,  Yy  are  in  series.  Hence, 

Y22- Yz  + Yy;  Y2!  =  Yz 


Solving  all  equations  simultaneously  leads  to  the  T system  equivalents: 

Y,  -  Y„  -  Y12;  Yy  -  Y22  -  Y21;  Y21  -  YI2  -  Yz. 


(1.29.2) 


The  it  and  T  equivalent  systems,  when  applied  to  systems  with  two  connections,  are  accompanied 
with  sources  and  loads.  In  the  it  system  the  source  is  a  force  source,  and  the  load  is  a  load  impedance. 
In  the  T system  the  source  is  a  velocity  source,  and  the  load  is  an  admittance. 

1.30  ANALYSIS  OF  TWO-CONNECTION  SYSTEMS 
BY  USE  OF  FOUR-POLE  PARAMETERS 

Let  the  energy  coordinates  (force  and  velocity)  at  terminals  1,  2  be  related  to  each  other  through 
a  2  x  2  matrix  of  coefficients  atf: 


in  which 


Ft  _  au  a12  F2 
V\  a21  a22  V2 


F\  Fx  Vx 

au  -  —  ;  a12— —  ;  a21  ”  » 

F2  k2-o  V2  |fj-o  F2  Kj-o 


(1.30.1) 


V2  M 


These  are  the  four-pole  parameters  of  the  two-connection  system.  They  describe  the  system  in  the  ter¬ 
minology  of  input  and  output,  that  is,  if  terminal  1  has  a  force  F}  and  velocity  Vx  on  it,  then  terminal  2 
has  a  force  F2  and  velocity  V2.  Here,  F2  is  the  transmitted  force,  and  V2  is  the  transmitted  velocity. 

The  four-pole  parameters  of  simple  mass,  spring,  damper  mechanical  elements  are: 

mass  m:  Pn,  -  (J  j\m\ 


spring  k\  Pk 


1  0 

IPL  1 

k 

v  ) 


(1.30.2) 


damper  c:  Pc  —  J  j 
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In  complex  mechanical  systems  these  simple  elements  are  combined  in  series/parallel  networks.  If  the 
entire  system  is  regarded  as  a  two-connection  system,  the  input-output  relation  between  F\ ,  V2  and  F2 , 
V2  can  be  found  by  use  of  these  rules: 

•  in  series-connected  systems  where  the  mechanical  elements  form  a  chain  of  P,  P\  P",  —  the 
relation  reduces  to  a  product  of  matrices: 


V\ 


F2 

V2 


(1.30.3) 


A  key  feature  in  series-connected  four-pole  parameter  treated  systems  is  that  dynamic  mass  can  appear  in 
series  (that  is,  not " grounded ').  This  is  quite  different  from  one-connection  sources  and  loads  analyzed 
by  impedance  parameters  where  mass  must  be  connected  to  "ground." 


•  in  parallel-connected  systems  where  P,  P\  P"  ...  form  parallel  branches  between  cause  Fu  V\ 
and  effect  F2,  V2 ,  the  relation  is, 
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(1.30.4) 
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Because  there  is  no  velocity  difference  across  a  mass,  this  formulation  does  not  allow  a  mass  to  be 
in  parallel  with  a  spring  or  damper  unless  it  is  "grounded."  When  four-pole  analysis  is  used  in  conjunc¬ 
tion  with  sources,  the  coordinates  Fh  Fj  can  be  constructed  directly  from  the  Thevenin’s  or  Norton’s 
equivalents,  repeated  for  convenience  as  Figs.  1.26.2,  1.26.3. 

In  Fig.  1.26.2  one  has  F\  -  Fc  -  Zs  Vi;  in  Fig.  1.26.3,  /j  -  Zs(vc  -  Vj). 

1.31  ANALYSIS  OF  TWO-CONNECTION  MECHANICAL  SYSTEMS 
BY  IMPEDANCE  AND  ADMITTANCE  PARAMETERS 

If  the  mechanical  elements  inside  the  system  of  Fig.  1.30.1  are  linear  and  bilateral  it  is  often  con¬ 
venient  to  relate  forces  and  velocities  by  use  of  impedance  parameters  ZtJ: 


where. 


F\ 
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Z22 

V2 

(1.31.1) 


F: 


r 

n 

r> 

r. 

7  -  i  1 

z“  kT 

k2-o’ 

7  _  J  1 

~2 

vrf 

r  2 

v2-  o’ 

r 

63 


T-f  “V  - sr‘-.’^' ”-.Tv  <  - '  -v  v  *-  -.  --(V'  .*■  v-v-  * v*’-  -  ■  •  -  -., 

Zij 


m 

IsS 


Representation  and  Analysis  of  Acoustic  Transducers 

Alternatively,  the  relations  can  be  written  in  terns  of  admittance  parameters  Y 

Fi]_|YnYi2]K 

^2  "  Y21  y22  f2 


(1.31.2) 


A  .  v  _Zl  .  v  2i 

I?  5  1  12  r-  i  *  21  ~  r 

J  1  |Aj-0  r2  |f,-0  Fy 


;  y22  = 


Generalized  two-connection  system  with  source  and  load  attached  can  then  be  represented  by  the  much 
simplified  diagrams,  Figs.  1.31.1a,  1.31.1b. 

All  electromechanical  energy  converters  connected  to  loads  can  be  modeled  by  either  of  these  general¬ 
ized  systems. 


Fc 


(b) 


Fig.  1.31.1  —  (a)  A  two-connection  mechanical  system  represented  as  a  "black-box" 
driven  by  a  Thevenin’s  equivalent  source  and  loaded  by  impedance  ZL.  (b)  A  two- 
connection  mechanical  system  represented  by  a  "black-box"  driven  by  a  Norton’s 
equivalent  [16] 


1.32  CONVERSION  OF  ONE-CONNECTION  INTO 

TWO-CONNECTION  SYSTEMS  AND  COMBINATIONS  OF  SIMPLE  SYSTEMS 

A.  One-connection  systems,  customarily  appearing  as  sources  and  loads,  can  be  regarded  also  as 
transmission  systems  if  simple  modifications  are  made  to  the  formulas  describing  their  performance. 
The  method  can  be  explained  by  examples. 

Consider  first  a  one-connection  system  in  series  form.  A  series  form  is  defined  in  this  treatise  as 
a  mechanical  system  in  which  all  elements  have  a  common  force.  The  appropriate  equation  of  perfor¬ 
mance  is  a  surm nation  of  velocities: 

V  =Y*V‘  =  F  'LY>-  (1.32.1) 

i  i 

To  convert  this  expression  from  a  one-connection  to  a  two-connection  system  we  replace  Fby  V\  -  V2: 

V\  -  ^2  +  faZyr  (1-32.2) 
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Simultaneously  the  VF  representation  implicit  in  Eq.  1.32.1  is  replaced  by  an  FV  representation.  Then 
Eq.  1.32.2  is  recognized  as  a  nodal  equation  in  velocities.  The  subscript  on  F,  namely  a,  is  momen¬ 
tarily  left  undetermined. 

We  next  consider  a  one-connection  system  in  parallel  form.  In  this  treatise  such  a  form  is  defined 
as  a  mechanical  system  in  which  all  elements  have  a  common  velocity.  Its  appropriate  equation  of 
peformance  is  a  summation  of  forces, 


F- K  £Z,.  (1.32.3) 

i  i 

To  convert  this  expression  from  a  one-connection  to  a  two-connection  system  we  replace  Fby  F\  —  Ff. 

F\  -  F2  +  Vp  £  Z,.  (1.32.4) 

t 

Simultaneously  the  VF  representation  implicit  in  Eq.  1.32.4  is  replaced  by  an  FV  representation.  Then 
Eq.  1.32.4  is  recognized  a.  » loop  equation  in  forces.  The  /3  subscript  on  Fis  left  undetermined  at  this 
point. 


B.  Two  equations  (1.32.2  and  1.32.4)  are  now  available  as  building  blocks  of  a  combined  system. 
To  couple  them  we  must  choose  a,  /3  to  be  either  the  integer  1,  or  integer  2.  Suppose  we  select  a  «  2 
and  /3  »  1.  Then  we  obtained  a  set  of  coupled  equations  which  describe  the  combined  system: 

F,  -  K,  £  Z,  +  f2  (1.32.5a) 

t 

V\- Ft  £  +  Vi  (1.32.5b) 

t 

In  an  FV  representation  the  impedances  Z,  form  a  series-connected  branch  and  the  admittances  Y,  form 
a  parallel  (or  "shunt")  branch.  An  FV  (symbolic)  circuit  that  features  this  set  of  equations  is  sketched 
in  Fig.  1.32.1a.  If,  next,  we  select  a  -  1,  /3  -  2  then  we  obtain  the  set  of  equations: 


Ft  =  F2  +  V2  £  Z( 

i 


(1.32.6a) 


Vt  -  V2  +  Ft  £  Y,. 

i 

An  FV  (symbolic)  circuit  that  features  these  equations  is  shown  in  Fig.  1.32.1b. 


(1.32.6b) 
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Fig.  1.32.1  —  (a)  FV  representations  of  two-connection  systems  constructed  from  two 
one-connection  systems,  (a)  circuit  of  Eqs.  1.32.5,  (b)  circuit  of  Eqs.  1.32.4 
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Several  physical  embodiments  of  Fig.  1.32.1  are  discussed  next. 

C.  Example  1.  We  consider  the  acoustic  system  of  Fig.  1.32.2.  Here  a  pressure  differential  p,  - 
Pi  drives  a  volume  velocity  {/,  into  a  cavity  K,.  The  equations  which  describe  this  system  are: 


Pi  =  Pi  +  ZA  Ux 


U\=  U2+  YAp2. 


v  u2. 


Fig.  1.32.2  —  An  acoustic  system  consisting 
of  a  hole  and  a  cavity 


These  equations  correspond  to  Eqs.  1.32.5a.  At  low  enough  frequency  one  may  use  lumped  parameter 
representations  of  ZA  and  YA.  For  the  acoustic  impedance  of  a  hole  (=  orifice)  we  use  Table  1.12.1, 


Zj-R+jwM 


(units:  Ns/ms) 


(1.32.7a) 


Ya~ 


(units:  m5/Ns) 


in  which 
R 

M 

P 

co 

dv 

b 

2h 

So 

Do 


po)dv 

4  Tib2 
pDo 


4S0 

-  mass  density  (Ns2/m4) 

-  radian  frequency  (s'1) 

-  viscous  boundary  layer  thickness  (m) 

-  radius  of  circular  hole  (m) 

-  thickness  of  plate  (m) 

-  area  of  orifice  (m2) 

-  perimeter  of  orifice  (m) 


(1.32.7b) 


Fig.  1.32.3  is  an  FV  representation  of  Eqs.  1.32.7a,  1.32.7b. 


P2 


Fig.  1.32.3  —  FV  representation  of 
Fig.  1.32.2 
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St 


Example  2. 

We  consider  next  periodic  structures  of  holes  and  cavities,  shown  in  Fig.  1.32.4a.  The 
corresponding  circuit  representation  is  a  periodic  repetition  of  Fig.  1.32.3  shown  in  Fig.  1.32.4b.  Such 
structures  contain  acoustical  mass  in  series  branches  and  acoustical  stiffness  in  shunt  branches.  They 
act  as  acoustical  filters.  A  study  of  filters  is  made  in  Secs.  2.28,  2.29. 


p 


(a)  (b) 

Fig.  1.32.4  —  (a)  Periodic  structure  of  holes  and  cavities  and 
and  (b)  FV  representation 


Example  3. 

A  one-connection  series  damper  and  spring  together  with  its  two-connection  representation  are 
shown  in  Fig.  1.32.5(a,b). 


Fig.  1.32.5  -  A  simple  spring-damper  system,  (a)  a  two-terminal  VF  diagram 
and  (b)  a  four-terminal  FV  diagram 


A  second  simple  system  of  a  damper  and  mass  in  parallel  is  shown  in  Fig.  1.32.6(a,b). 


Fig.  1.32.6  —  A  simple  parallel-connected  mass-damper  sys¬ 
tem,  (a)  its  two-terminal  VF  diagram  and  (b)  its  four- 
terminal  FV  diagram 


The  separate  (=  uncoupled)  equations  describing  these  systems  are: 


series  connected:  V\  =  Fa  Y  +  V2 


(1.32.8a) 


parallel  connected:  F\  =  Vp  Z  +  F1 


(1.32.8b) 
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Let  us  first  coupie  these  equations  through  the  velocity  by  making  Vp  -  V2  and  Fa  -  F{.  Then  the 
branch  Y  directly  is  across  F\  and  the  branch  Z  is  in  series  with  V2  flowing  through.  Figure  1.32.7a 
shows  the  circuit,  while  Fig.  1.32.7b  shows  a  physical  interpretation  of  the  circuit. 


Fig.  1.32.7  -  (a)  FV  diagram  of  the  two  systems  of  Figs.  1.32.5  and  1.32.6 
coupled  through  velocity  F2,  (b)  a  possible  physical  counterpart 


We  next  couple  the  Eqs.  1.32.8  through  the  force,  that  is,  we  write  a  -  2  and  >3—1. 

V{  -  F2  Y  +  V2  (1.32.9a) 


F\  -  F,Z  +  F2. 


(1.32.9b) 


Figures  1.32.8a,  1.32.8b  give  the  corresponding  circuit  descriptions  of  this  coupled  system. 


Ft 


Fig.  1.32.8  —  (a)  FV  diagram  of  two  systems  coupled  through  F, 
(b)  a  possible  physical  counterpart 


1.33  BASIC  THEORY  OF  COUPLED  ELECTRICAL  CIRCUITS 


The  theory  of  transduction  from  a  primary  energy  form  (and  storage)  to  a  secondary  energy  form 
(and  storage)  has  been  trca'cd  from  earliest  times  as  a  branch  of  the  theoiy  of  tuupieu  eieciricai  cir* 
cuits.  We  consider  here  the  basic  elements  of  this  theory.  Although  the  symbols  and  concepts  are 
electrical  we  can  also  apply  the  results  of  analysis  to  mechanical  networks  by  use  of  a  simple  elec¬ 
tromechanical  analogy.  The  one  most  commonly  used  is  e  “  F,  /  —  V.  Thus  the  following  exposition 
applied  to  mechanical  networks  in  FKform  (=  force  across,  velocity  through). 
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1.34  BASIC  FORM  OF  MUTUAL-INDUCTIVE  COUPLED  CIRCUITS; 

SPECIFIC  CASES  OF  SIMPLE  PRIMARIES  AND  SECONDARIES 

Figure  1.34.1  shows  two  RLC  circuits  coupled  through  inductance.  This  simple  basic  elementary 
form  reveals  the  underlying  theory  in  sufficient  detail  to  be  useful  in  many  applications. 

In  the  general  analysis  let 

Zp  =  series  impedance  of  the  primary  circuit  when  considered  by  itself 
Zs  =  series  impedance  of  the  secondary  circuit  when  considered  by  itself. 


Fig.  1.34.1  —  Basic  form  of  coupled  circuits. 
M  is  the  mutual  inductance. 


M- 


The  applied  voltage  e  drives  a  current  ip  around  the  primary  circuit  through  the  impedance  Zp. 
Also  because  of  coupling,  it  induces  the  voltages  e's,  es  in  the  primary  and  the  secondary  circuits, 
respectively.  In  turn,  es  drives  the  current  4  through  Zs  around  the  secondary  circuit.  The  loop  equa¬ 
tions  describing  this  coupling  are, 


in  which, 


e  'pZp  +  Tps  4 
0=  Tsp  ip  +  isZs 


(1.34.1a) 

(1.34.1b) 


Tpsis  =  es  =  jo>Mis\  Tsp  ip  =  e's  =  juMip.  (1.34.1c) 

This  type  of  coupling  makes  Tps  =  Tsp  ~  jt»M.  Substitution  of  Eq.  1.34.1b  into  1.34.1a  leads  to, 

c o2M2 


e  =  t„ 


Ze  + 


Zs 


(1.34.2) 


This  describes  the  equivalent  primary  circuit,  the  secondary  having  been  eliminated.  Similarly  we  can 
rewrite  Eq.  1.34.1b, 


-j(oMip  =  isZs. 


(1.34.3) 


This  is  the  equivalent  secondary  circuit,  the  primary  having  been  eliminated.  A  third  form  of 

equivalent  circuit  may  be  formed  by  (1)  opening  the  secondary  so  that  4  =  0  and  eoc  =  (2) 

Zp 


ailUl  l!ii£  UUl  V  bV  Uidl 
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Thus  the  equivalent  impedance  as  viewed  from  the  open-end  secondary  terminals  is 
ZM  *  Zj  +  (a>M)2/Zp.  The  open  circuit  voltage  eoc.  in  series  with  the  short  circuit  impedance  Zss  con¬ 
stitute  an  alternate  equivalent  for  the  secondary  circuit,  the  primary  having  been  eliminated. 

The  three  equivalent  circuits  are  shown  in  Fig.  1.34.2 


(a)  (b)  (c) 

Pig.  1.34.2  —  (a)  Equivalent  primary  circuit  of  Fig.  1.34.1,  (b)  equivalent  secondary  circuit, 
and  (c)  equivalent  secondary  circuit  (alternate  form) 


Now  from  Eq.  1.34.2  the  voltage  coupled  from  the  secondary  into  the  primary  .'s  (w2  M2/ Zs)  ip.  It 
remains  to  classify  simple  cases  by  specifying  Zs. 

Case  1.  Assume  the  secondary  self  impedance  Zs  of  Fig.  1.34.1  is  a  pure  inductance  Zs  =  y'wZ.5. 
Then  the  impedance  coupled  into  the  primary  circuit  is  to2M2/jboLs.  A  useful  parameter  which 
expresses  this  impedance  as  an  inductance  in  the  primary  circuit  is  the  coefficient  of  coupling,  A, 
defined  by  the  relation, 


w2M 2 
u)Ls 


=  k2u>Lp  or  k 


M 

■J  LsLp 


(1.34.4) 


According  to  the  induction  law  of  Lenz  the  coupled  voltage  must  oppose  the  applied  voltage,  hence  the 
modified  primary  inductance  is  0  -  k2)Lp. 

Case  2.  Assume  Zs  =  Rs  +  joLs.  Then  the  coupled  impedance  is 


Rc  +  jtoLc 


(coM)2 
Rs  +  jto  L, 


( coM )2 
Rs2  +  u)2L2 


[Aj  -  j(»Ls]. 


(1.34.5) 


As  before  the  coupled  inductance  is  obtained  by  letting  Rs  =  0.  The  coupled  resistance  is, 


(ojM)2  Rs  k2Lp  k2t»Lp 
R2  +  (u2L2  ~ *  Ls  Rs~  Qs 


(1.34.6) 


provided  one  assumes  R2  «  co2L /.  Thus  as  a  result  of  inductive  coupling  the  secondary  circuit 
inserts  an  inductance  -k2Lp  and  a  resistance  k2ooLp/Q<  in  series  in  the  primary  circuit. 

Case  3.  Assume  the  secondary  is  tuned,  Zs  =  Rs  +  jwLs  +  1  ljt»Cs.  In  this  case  the  coupled 
impedance  is 
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Rc  +  j(oLc 


(toM)2 

l  -  JQs 

1 - t| 

y  J| 

R. 


1  +  &2 


1  - 


co 

COq 


(1.34.7) 


Again  one  may  substitute  (wAf)2  -  k2w2LpLs  and  thus  find  the  coupled  resistance  Rc  and  inductance 
Lc  effectively  inserted  as  series  elements  in  the  primary  circuit.  Of  particular  utility  is  the  determina¬ 
tion  of  the  voltage  Vc  developed  across  the  secondary  capacitor  at  resonance  totf  -  1/ LSCS.  When 


Rp  »  Lp  this  is 


Vc~ 


co  M 


RPRS  +  (coAf)2 


u)Ls. 


(1.34.8) 


In  mechanical  terms  Vc  is  analogous  to  the  force  across  the  compliance  of  the  mechanical  circuit,  here 
considered  to  be  the  secondary  of  the  transducer.  Since  M  is  propo^ional  to  coupling  coefficient  (A)  it 
is  found  that  when 


CO 


M  “  V RpRs  ”  k(o-J LpLs 


the  voltage  Vc  is  maximized.  The  tuned  secondary  thus  serves  to  amplify  the  force  applied  to  the  pri¬ 
mary  when  the  transduction  is  equivalent  to  an  ideal  transformer.  When  the  transduction  is  equivalent 
to  a  gyrator  the  tuned  secondary  serves  to  amplify  the  velocity  across  the  secondary  spring.  However 
the  Qcft  of  the  amplification  curve  is  less  than  the  Q  of  the  secondary  tuned  circuit 


Qcft  “  Qs 


I 


1  + 


(c oM)2 


R,RP 


(1.34.9) 


When  c oLp  is  not  negligible  we  may  use  the  equivalent  circuit  shown  in  Fig.  1.34.1c  with 


Zp  -  Rp  +  jcoLp.  The  effect  of  the  primary  upon  the  secondary  is  displayed  by  the  term  (coA/)2/Z„. 


This  term  increases  the  effective  secondary  resistance  (thus  loweting  the  Q  of  the  secondary).  Also, 
since 


1 


Rp  -  j<oLp 


Rp  +  (uLp)2 


the  secondary  inductance  Lt  is  decreased,  thus  raising  the  resonant  frequency. 


Case  4.  Assume  both  primary  and  secondary  are  tuned  to  the  same  frequency.  By  rearrangement 
of  Eqs.  1.34.1a,b,c  one  obtains  the  voltage  Ec  across  the  secondary  condenser: 


£. 


-1  IX  k 

1 

M 

<1 

J-l 

A 

k2  +  1 

QpQs 

i-Jrl 

y 

+  j 

1  — 7 
y 

-L  +  -L 

QP  Qs 

n  ta  in) 


71 


V. 


•  #  * 


v  *  * 

-  w  • 


r  v. 

»■  *  *  to 


. 

*  *  A  * 


fr/.c “VVfVW -■  -------  ■  - -  •  -  -  •->  -  -  • -•  -  ^  h  Ji  •  ■- — — 


Representation  and  Analysis  of  Acoustic  Transducers 


Fig.  1.34.3  —  Curves  showing  variation  of  primary  and  secon¬ 
dary  current  with  frequency  for  different  coefficients  of  coupling 
when  the  primary  and  secondary  are  separately  tuned  to  the 
same  frequency  [11].  F.  E.  Terman,  Radio  Engineers  Handbook 
(1st  ed)  (1943),  ®1943  McGraw-Hill  Book  Co.;  by  permission. 

where 

y  ~  <o/wo- 


When  tile  coupling  is  small  the  secondary  has  iittle  effect  on  the  primary.  The  primary  current  is  then 
that  of  a  series  resonant  circuit,  Fig.  2.25.3a.  The  secondary  current  is  small  and  shows  the  same  single 
peak  as  the  primary.  Fig.  1.34.3.  As  the  coupling  increases  the  primary  current  decreases  and  the 
secondaiy  current  increases.  Also  both  resonance  curves  broaden  out.  The  maximum  secondary 
current  is  reached  when  the  coupled  secondary  resistance  is  equal  to  the  primary  resistance.  The  mag¬ 
nitude  of  k  is  then  the  critical  coupling  magnitude  given  by. 


kc  = 


V  QpQs 


l. 


(1.34.11) 


For  this  value  of  coupling  both  primary  and  secondary  currents  exhibit  dn-bie  peaks.  As  the  coupling 
increases  (even  more)  the  double  peaks  spread  out  farther,  Fig.  1.34.3.  The  condition  for  the  existence 
of  double  peaks  in  the  secondary  is  the  same  as  the  condition  foi  two  maxima  in  Eq.  1.34.10, 
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The  location  of  the  peaks  is  found  by  further  analysis  to  be  given  by, 


/peak  “  ft) 


1  ±  k 


1  - 


k[_ 
2  k1 


QP 


1/2 


-1/2 


y  pfo  ■ 


(1.34.13) 


This  equation  is  used  to  find  the  frequency  difference  between  peaks  relative  to  the  resonant  frequency 
of  the  circuits,  Fig.  1.34.4.  Substituion  of  yp  from  Eq.  1.34.13  into  Eq.  1.34.10  allows  one  to  obtain  the 


Fig.  1.34.4  —  Curves  from  which  the  separation  between  peaks  can  be  determined 
for  the  case  of  two  coupled  circuits  resonant  at  the  same  frequency  [111.  F.  E. 
Terman,  Radio  Engineers  Handbook  (1st  ed)  (1943),  ®1943  McGraw-Hill  Book 

■  k<> 
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height  of  the  peaks  by  first  obtaining  Ec ,  then  calculating  the  secondary  current  through  the  capacitor 
Cy  The  maximum  possible  voltage  Ec  corresponds  to  the  maximum  possible  current,  and  is  given  by, 


(£<-)max  -  e~ 


L  fk 


(1.34.14) 


Equations  1.34.10  and  1.34.14  can  be  used  together  to  allow  calculation  of  universal  curves  of  the 
ratio  EC/(EC) Max  versus  the  ratio  of  cycles  off  resonance  to  the  resonant  frequency.  These  curves  are 
shown  in  Fig.  1.34.5a,b  for  the  cases  kc  -  0,  kc  =  0.05,  and  Qp/Qs  =1,5. 
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Fig.  1.34,5a  —  Universal  curves  giving  phase  and  relative  magnitude  of  the  voltage  across 
the  secondary  condenser  for  the  case  of  two  coupled  circuits  resonant  at  the  same  fre¬ 
quency  and  having  a  Q  ratio  of  unity  fill.  F.  E.  Terman,  Radio  Engineers  Handbook  (1st 
ed)  (1943),  ®1943  McGraw-Hill  Book  Co.,  by  permission. 
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Fig.  1.34.5b  —  Universal  curves  giving  the  phase  and  relative  magnitude  of  the  voltage 
across  the  secondary  condenser  for  the  case  of  two  coupled  circuits  resonant  at  the  same 
frequency  and  having  a  Q  ratio  of  5  [11],  F.  E.  Terman,  Radio  Engineers  Handbook  (1st 
ed)  (1943),  *1943  McGraw-Hill  Book  Co.;  by  permission. 


Case  5.  Assume  the  coupled  primary  and  secondary  circuits  are  tuned  to  different  frequencies. 
The  response  of  the  circuits  to  applied  voltage  depends  on  the  degree  of  detuning,  the  coupling,  and 
the  circuit  Q's,  Fig.  1.34.6. 

a.  if  the  detuning  is  slight  and  the  Q  of  the  primary  equals  the  0  of  the  secondary  then  the 
response  ol  the  secondary  is  the  same  as  if  the  two  circuits  were  exactly  tuned,  but  at  a  higher  value  of 
coupling  and  with  a  slightly  reduced  peak  level. 
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Fig.  1.34.6  —  Curves  illustrating  the  effect  produced  on  the  shape  of  the  response  curve 
by  detuning  primary  and  secondary  circuits  when  the  primary  and  secondary  ciruits  do 
not  have  identical  Q's  [171.  F.  E.  Terman,  Radio  Engineers  Ha,idbook  (1st  ed)  (1943), 
c1943  McGraw-Hill  Book  Co.;  by  permission. 


b.  if  the  detuning  is  slight  and  the  circuit  Q’s  are  not  the  same  the  secondary  response  is  no 
longer  symmetrical  about  the  mean  frequency.  The  relative  heights  of  the  peaks  are  given  by  the  rules: 


low-frequency  peak  depressed  when 


'/o(s)  >  /o(p) 

IQ*  >  QP 


/o(l)  <  /o(p) 

or  Qs  <  Qp 


high-frequency  peak  depressed  {  otherwise 


c.  if  the  detuning  is  large  and  the  0’s  are  greatly  unequal  the  primary  current  curve  will  have 
only  one  peak  even  though  the  secondary  shows  two  peaks. 

Case  6.  Assume  circuit  coupling  is  deliberately  made  variable  with  frequency,  that  is,  the  circuits 
are  tunable  over  a  wide  frequency  range.  Usually  the  designer  is  required  to  maintain  an  approximately 
constant  response  over  the  tunable  range.  Several  methods  are  available  for  doing  this.  A  simple  pro¬ 
cedure  is  to  combine  capacitive  and  inductive  coupflng  between  primary  and  secondary  circuits.  At  low 
frequencies  the  coupling  is  capacitive,  while  at  high  frequency  it  is  inductive.  In  between,  over  a  nar¬ 
row  range  the  coupling  is  zero. 

Case  7.  Assume  the  coupled  circuits  are  to  be  used  as  bandpass  filters.  The  design  of  such  filters 
is  discussed  in  Section  2.28.  Here  one  has  available  Eqs.  1.34.10  through  1.34.14  to  assist  in  calculation 
of  filter  parameters.  In  general  the  width  of  the  top  of  the  response  is  determined  primarily  by  the 
coefficient  of  coupling  and  the  flatness  of  the  top  depends  on  the  circuit  0’s.  Wide  top  require  large 
k' s;  low  0’s  round  off  tops,  while  high  0’s  give  pronounced  double  peaks. 

1.35  CAPACITIVE  AND  DIRECT  INDUCTIVE  COUPLING  OF 

PRIMARY  TO  SECONDARY  CIRCUITS 

In  Section  1.34  the  theory  of  energy  conversion  1  om  primary  to  secondary  circuits  was  reviewed 
in  the  light  of  coupled  circui*  theory  with  mutual  induction  acting  as  the  coupling  agent  In  this  section 
we  briefly  review  capacitive  and  direct  inductive  coupling. 

Figure  1.35.1  shows  the  two  types  of  coupling  and  their  coupling  coefficients.  The  analysis  of 
these  two  types  of  coupling  closely  follows  the  analysis  of  coupling  via  mutual  inductance,  Section  1.34. 
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(a)  <*» 

Fig.  1.35.1  —  (a)  Coupling  via  a  capacitor  CM 
and  (b)  coupling  via  an  inductor  Lm 


In  the  case  of  direct  inductive  coupling  one  substitutes  Lm  for  M  in  all  the  relevant  equations  and 
applies  the  resultant  equations  without  further  change.  In  the  case  of  capacitive  coupling  one  substi¬ 
tutes  l/ja)Cm  for  jcoM  in  the  equations  of  coupling  by  mutual  inductance  and  again  applies  them 
without  further  change.  The  performance  of  these  with  the  values  of  k  given  in  Fig.  1.35.1  is  substan¬ 
tially  the  same  as  the  performance  of  circuits  coupled  by  mutual  inductance:  the  secondary  current 
displays  two  peaks  if  k  is  large,  and  one  peak  if  k  is  small. 

1.36  DUAL  CIRCUITS  AND  SERIES-PARALLEL  INVERSIONS 

Let  E,  /  be  generalized  across-and  through-variables  respectively.  The  relation  £(/),  read  "ZTis  a 
function  of  /,"  is  expressed  in  impedance  form,  that  is, 

E(t)  =  al  +  0  4  +  y  f  I  dt  (1.36.1) 

dt  ° 

in  which  a,  fi ,  and  y  here  the  dimensions  of  across  variable  divided  by  through  variable.  In  electrical 
systems  a  ->  R,  fi  =  L,  y  -  S  =  1  /Ce. 

The  dual  of  Eq.  1.36.1  is  obtained  by  replacing  E  by  /  and  expressing  1(E)  ir.  admittance  form, 
that  is,  by  defining  new  coefficients  8,  c,  and  £: 

lit)  =  5£  +  e  +  £  f  Edt  (1.36.2) 

dt  J 

in  which  8,  c,  and  £  have  the  dimensions  of  through  variable  divided  by  across  variable.  In  electrical 
systems  8  =  (7,  €  =  C/,  £  =  T.  The  descriptive  words  often  used  to  identify  these  symbols  are  shown 
in  Table  1.36.1.  it  is  noted  that  while  dual  networks  have  the  same  mathematical  form  they  are  written 
with  different  coefficients,  dependent  variables  and  driving  forces. 

Table  1.36.  i  —  Electrical  Network  Duals. 

RLS  Network  GQT  Network 

resistance  R  conductance  G 

inductance  L  capacitance  Cj 

elastance  S  reciprocal  inductance  F 

voltage  /  current  / 

open  circuit  condition  closed  circuit  condition 
loop  current  node-pair  voltage 

voltage  source  current  source 
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When  Eqs.  1.36.1  and  1.36.2  refer  to  the  same  physical  system  they  are  true  duals.  Then  the  dual 
replacements  of  Table  1.36.1  apply.  When  the  equations  refer  to  different  physical  systems  they  are 
analogs.  Since  for  a  given  physical  system  one  may  generate  two  analogs  in  a  second  physical  system 
(namely  across  is  the  analog  of  across,  across  is  the  analog  of  through),  we  may  apply  column  #1  ( RLS 
Network)  of  Table  1.36.1  for  the  direct  analog,  and  column  #2  (GC/T  Network)  for  the  dual  network. 

In  the  steady  state  let  £(/)(—  Em  cos  (cot  +  t li))  and  /  (r)  (—  Im  cos  ( tut  4-  </>))  be  applied  quanti¬ 
ties.  Then,  regarding  Eq.  1.36.1  as  a  series  circuit  we  solve  for  through- variable  /(cu), 

/(cu)  —  Em(G  —  jB)  -  £mY  (1.36.3) 


G 


co/3-1- 

CO 


~T'D 

T 

a2  + 

a,0 

a2  + 

0)0  — 

0) 

(0 

Here  G  is  the  real  part  of  the  admittance  Y.  In  general  it  is  not  equal  to  a-1.  Also,  B  is  the  imaginary 
part  of  Y.  It  is  not  in  general  equal  to  (co/3  -  y/cu)-1.  Eq.  1.36.3  is  an  inversion  of  Eq.  1.36.1.  When 
we  compare  it  with  the  (dual)  Eq.  1.36.2, 


Im(co) 


E 


8  +  j(x)€  + 


jL 

y'to 


(1.36.4) 


We  see  that,  because  there  is  no  exchange  of  vaiiables  in  the  process  of  inversion,  the  dual  of  Eq. 
1.36.1  and  its  inversion  are  completely  different  quantities.  Thus  the  solution  of  series-parallel  net¬ 
works  of  impedance  by  use  of  inversions  generates  conductance  functions  Gand  susceptance  functions 
£  which  are  not  in  genera!  reciprocals  of  differential  coefficients  in  dual  networks.. 

A  similar  discussion  can  be  applied  to  Eq.  1.36.2  in  comparison  with  Eq.  1.36.1,  that  is,  compar¬ 
ing, 


E-Im(R  +  jX)  =  ImZ 


R 


_  L 

or 


82  + 

a*  -  i 

b2  + 

l 

cut  — ^ 

(0 

> 

CO 

with 


a  +  j 


we 


JL 

CU 


Again  it  is  seen  that  in  general  a  does  not  equal  R,  and  (cut  —  £/&>)  does  not  equal  X. 
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DUAL  CIRCUIT  ELEMENTS 


In  constructing  duals  of  existing  circuits  one  encounters  the  question,  what  is  the  numerical  value 
of  a  dual  element,  and  what  are  its  units?  Dual  electrical  circuits  have  simple  rules  in  this  regard:  the 
numerical  value  remains  unchanged  while  the  units  (in  mks)  conform  to  the  units  of  dual  exchanges. 
For  example;  a  resistor  of  10  ohms  becomes  a  conductance  of  10  mhos;  and  inductor  of  1  henry 
becomes  a  capacitor  of  1  farad:  a  capacitor  of  1  farad  becomes  a  inductor  of  1  henr; .  A  voltage  sources 
e(t)  in  series  with  an  impedance  Z,  becomes  a  current  source  in  parallel  with  an  admittance  Ys  -  \/Zs. 

A  second  question  is  the  inclusion  of  mutual  inductance  M  as  a  circuit  element.  Figure  1.36.1 
shows  two  loops  coupled  by  inductance  M  between  two  inductors  L\,  L2.  In  the  dual  circuit,  Fig. 
1.36.2,  M  becomes  a  capacitor  CM  joining  the  two  nodes  which  represent  the  duals  of  these  loops. 
Each  inductance  becomes  changed  into  a  capacitance  C|  ±  CM,  C2  ±  CM  which  join  these  nodes  to  the 
ground  node. 


Loop  1 


4 

Loop  2 


C+C 


c±cM 


Fig.  1.36.1  —  Two  loops  coupled 
by  mutual  inductance 


Fig.  1.36.2  —  Two  (dual)  nodes  coupled 
by  mutual  capacitance 


1.37  COEFFICIENT  OF  ELECTROMECHANICAL  COUPLING 

The  theory  of  coupled  electrical  circuits  is  extensively  used  in  the  theory  of  electromechanical 
transducers.  To  exemplify  the  latter  it  will  be  useful  to  employ  figures  and  terminology  appearing  in 
Sections  1.45  and  2.29. 

In  the  theory  of  a  2-mesh  canonical  equivalent  circuit  of  an  electromechanical  transducer 
impedances  (both  electrical  and  mechanical)  can  be  positioned  in  shunt  or  series  position,  according  to 
the  rules  outlined  in  Section  1.44,  1.45.  We  consider  first  Fig.  1  45.2  in  which  the  electrical  impedance 
Ze  is  in  shunt  position  and  the  mechanical  impedance  zm  is  in  series  position.  The  mechanical  mesh 
equation  corresponding  to  this  figure  is  Eq.  1,45.1,  which  is  repeated  here  for  convenience  of  the 
reader, 

r,  ,  FmeE 

F~  2---zT  ”  +"5T 


If  £is  set  to  zero,— meaning  the  electrical  terminals  are  short-circuited,  then 


(1.37.1) 


T2  _  T  T 
‘  1  me  1  em 


1 1  *\\ 
yi.ji.z/ 


Let  us  apply  this  to  that  of  an  electrostatic  transducer,  Fig.  2.39.1,  this  time  using  the  notation  of  Hunt 
[4],  The  objective  will  be  to  determine  the  coupling  coefficient  of  this  coupled  circuit. 
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(a  )r  = 


ywCf, 


Fs  /VS 

units:  — ,  or  — 
m  C 


(b)  Z,  = 


1 

j<oC0 


.  Ks 
units:  — 


n  r!  1 

(c)  ~7~  =  ~ 7T 

ZP  ;wC' 

C2 

(d)  C1  =  -pr-  (units:  m/AO. 

<-o 

The  units  here  require  careful  attention.  One  must  choose 


(1.37.3) 


so  that  C1  has  the  units  of  compliance  (=  m/N)  as  shown.  Thus  Eq.  1.37.3  shows  that  the  mechanical 
impedance  is  altered  by  a  negative  compliance.  The  net  compliance  impedance  is  then 


1  ^  |  _  Cm  ,2  _  C0Cm 

ja>cyLm~  1  ~k2'k  ~  C}m 


(1.37.4) 


It  is  clear  that  k2  must  be  less  than,  or  equal  to,  unity  for  otherwise  the  net  compliance  would  be 
negative,  — meaning  that  an  applied  force  would  produce  a  displacement  in  a  direction  opposite  to  the 
force.  Also,  since  k 2  cannot  be  negative  its  lower  bound  is  zero. 


Neglecting  R  and  L  in  Fig.  2  39.1,  and  assuming  the  applied  external  force  Fis  zero  (  =  mechani¬ 
cal  ‘short  circuit’)  the  electrical  equivalent  circuit  is  given  by  Fig.  1.37.1. 


i  4=vC/c,„ 


Fig.  1.37.1  —  Simplified  equivalent  circuit  of  an  electrostatic  transducer  with  zero 
applied  force,  driven  by  an  electric  field  E 
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Within  the  frequency  limits  of  the  velocity  of  this  circuit  we  first  allow  the  drive  frequency  to  be 
‘high’  enough  (namely,  greater  then  the  antiresonant  frequency)  so  that  the  impedance  jt»lm  C}J C2 
controls  the  mechanical  branch.  The  mechanical  velocity  v  then  becomes  negligible— meaning  the 
mechanical  branch  is  ‘clamped’.  A  measurement  of  capacity  then  yield-:  C0.  It  is  given  the  name  of 
clamped  capacity.  We  next  allow  the  drive  frequency  to  be  ‘low’  enough  (namely,  less  than  the 
resonant  frequency)  so  that  the  impedance  (1  /jtoC^)  {C}JC2)  controls  the  mechanical  branch.  The 
velocity  v  is  then  a  significant  quantity  contributing  to  (mechanically  derived)  electrical  capacity 
C'm{C2JC2l  This  latter  quantity  is  given  the  name  motional  capacity  (=  CM0T).  Since  the  two  capaci¬ 
ties  C0,  Q/or  are  electrically  in  parallel  they  are  additive.  The  sum  of  the  two  is  given  the  name  ‘free’ 
capacity 


,  Q2 


Cfree  “  C0  +  Q/OT  C0  +  C„  —y  -  C, 


1  + 


Cc0 


c2 


By  use  of  Eq.  1.37.4,  <^ne  can  put  this  expression  in  a  more  illuminating  form, 


■'free  “  '-'0 


1  + 


Cm  Cq 


c2  (1  -  k 2) 


-  Q 

k2 

1  +  — K—r 

1  -  k2 

^clamped 

i  -  *2 


It  is  thus  seen  that 


1  -  k2 


Cciamped 

Cfree 


Cp 

Co  +  Cyor 


From  this  one  can  derive  the  following  list: 


(1.37.5) 


(1.37.6) 


(1.37.7) 


C?)  k2 


'MOT 


Co  +  C: 


MOT 


(b) 


1  c0  +  CM0T 
1  -  k2  “  Co 


(1.37.8) 


kL  CM0T 
1  -  k2  "  C0 


(d) 


1  -  k 2  __  C0 
k 2  CMot 


These  formulas  indicate  that  a  transducer  which  is  designed  to  exhibit  motion  when  excited,  may 
be  characterized  for  excellence  by  the  magnitude  of  its  coefficient  of  electromechanical  coupling,  since 
this  is  an  indication  of  energy  transfer. 


1.38  EXPERIMENTAL  DETERMINATION  OF  ELECTROMECHANICAL  COUPLING 

The  dynamic  response  (meaning  transducer  displacement  or  velocity)  of  an  electromechanical 
transducer  under  forced  drive  may  be  inferred  by  measurement  of  its  input  electrical  impedance 
ZjnO"  E/I)  or  its  electrical  admittance,  Tjn  =  I/E.  In  general  a  transducer  with  distributed  parameters 
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shows  an  indefinite  number  of  impedance  (or  admittance)  maxima  and  minima.  Usually  the  first  max¬ 
imum  and  minimum  as  of  chief  interest,  and  can  be  readily  measured  when  the  designer  makes  a  trans¬ 
ducer  design  in  which  these  are  distinctly  separated  (in  frequency)  from  the  next  higher  occurring  max¬ 
imum.  We  consider  here  this  special  case  of  a  single  mode. 

In  Section  1.37  it  was  shown  that  in  the  single  mode  case  of  an  electrostatic  transducer  there  are 
two  impedance  (or  admittance)  asymptotes.  These  asymptotes  are  properties  not  only  of  electrostatic 
transducers  but  (with  change  of  units)  appear  in  all  types  of  piezoelectric  transducers  that  effectively 
operate  in  a  single  mode.  On  a  log-log  plot  of  Zin  (or  Tin)  versus  frequency  (/),  these  asymptotes 
appear  as  straight  lines.  This  is  a  mathematical  result  which  is  due  to  the  fact  that  in  a  linear  plot  of 
impedance  (or  admittance)  these  asymptotes  appear  as  hyperbolae  (5).  Between  these  asymptotes,  the 
measured  input  impedance  in  the  first  mode  exhibits  a  minimum  /f(-  resonant  frequency)  followed  by 
a  maximum  /„(-  anti  resonant  frequency).  Fig.  1.38.1.  At  a  frequency  ‘far  enough’  below  fa  (say 

—  /„)  labelled  here  as  /( !ow),  one  measures  the  capacity  C(/(|0w))  and  inteprets  it  as  the  free  capacity 

(C0  +  CM0T).  Similarly  at  a  frequency  "far  enough"  above  fa  (say  2 /„,  or  4 /„)  one  again  measures  the 
capacity  C  (/(hi|h))  and  interprets  it  as  the  clamped  capacity  C0.  The  ratio  of  these  two  numbers  is  seen 
from  Eq.  1.37.7  to  be 


Cp 

Co  +  CMot 


1  -  k 2,  k 2  <  1. 


(1.38.1) 


In  this  way  the  actual  coupling  k 2  may  be  determined. 

A  plot  of  log  magnitude  of  admittance  versus  by  frequency,  Fig.  1.38.2,  may  be  used  in  a  similar 
way  to  measure  k1. 


Fig.  1.38.1  —  Log  magnitude  of  input  impedance  versus  log  frequency  of  an  electrostatic  transducer 

in  the  lowest  mode 
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Fig.  1.38.2  —  Log  magnitude  of  input  admittance  versus  log  frequency  of  an  electrostatic  transducer 

in  the  lowest  mode 


In  actual  practices  the  determination  of  the  asymptotes  at  the  upper  frequency  /(hlgh>  is  made  un¬ 
certain  by  interference  of  the  next  succeeding  mode.  It  is  therefore  desirable  to  determine  k 2  from  fr 
and  fa.  A  simple  procedure  is  to  measure  fa  —  fr  and  make  it  nondimensional  by  writing 


k2 


const  x 


fa~  fr 
fa 


«*  const 


fa2  ~  fr 
fa2  +  fafr  ' 


(1.38.3) 


Most  transducers  in  the  unloaded  conditions  are  designed  to  make  f}  approximately  equal  to  fafr. 
Thus  if  the  constant  is  chosen  to  be  2  one  arrives  at  the  conventional  definition  of  the  effective  coupling 
coefficient  of  an  electromechanical  transducer  operating  in  a  single  mode: 


(1.38.4) 


This  definition  implies  that  k2  is  a  measure  of  transfer  of  energy  from  the  electrical  mesh  to  the 
mechanical  mesh,  as  may  be  inferred  from  the  electrostatic  case  given  by  Eq.  1.37.8a, 


1 


k2 


'MOT 


E2  C 


MOT 


Cn+  C 


MOT 


J  F?C*  +  J  £2cmot 


mechanical  energy  of  motion 
total  energy  in  the  mode 


(1.38.5) 


l  hus,  whenever  ii  is  possib. .  io  measuie  tunambiguouMyy  the  itsonani  and  amiresunani  frequency  of  a 
single  mode  in  a  multi  mode  transducer  one  can  determine  the  coefficient  of  electromechanical  coupling 
for  that  mode. 
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1.39  MATERIAL  COUPLING  COEFFICIENTS 


In  a  theoretical  analysis  of  the  dynamic  response  of  a  piezoelectric  transducer  based  upon  the 
piezoelectric  equation?  of  state  (Section  2.5),  the  mechanical  compliance  stJ  (or  stiffness  cv),  and  the 
electric  permittivity  (or  inverse  permittivity  are  modified  by  the  presence  of  piezoelectric  cou¬ 
pling  expressed  in  the  form  of  a  material  coupling  coefficient.  Examples  of  these  coefficients  appear  in 
Section  2.6  as  k3i,  k33,  jt|0,  fc15,  etc.  The  theoretical  value  of  these  coefficients  depends  on  the 
stress/strain  distribution  in  the  body  of  the  active  ceramic  as  may  be  inferred  when  the  equations  of 
state  are  used  to  formulate  the  dynamical  equations  of  motion. 

In  many  piezoelectric  transducers  the  state  of  mechanical  stress  during  motion  cannot  be  known 
with  sufficient  accuracy  to  permit  calculation  of  the  material  coupling  coefficient.  This  is  true  when  the 
motion  is  due  to  a  mixture  of  modes,  so  that  the  stress  distribution  is  not  only  nonuniform  but  cannot 
be  known  with  certainty.  It  is  then  desirable  to  measure  these  coefficients  by  relating  their  values  to 
measurements  of  resonant  and  antiresonant  frequency  in  a  dominant  mode  (which  may  have  other 
modes  within  its  band).  Even  when  the  stress  distribution  is  uniform  it  is  usual  to  measure  these  fre¬ 
quencies  and  infer  from  them  the  material  coupling  coefficient,  a  knowledge  of  which  then  permits  the 
formulation  of  the  dynamical  equation  (s)  of  motion. 

In  practice  both  theory  and  experience  are  required  to  determine  the  material  coupling  coefficient 
of  piezoceramic  transducers,  particularly  those  constructed  in  odd  shapes.  Table  1.39.1,  abstracted  and 
codified  from  a  report  of  Berlincourt  [6],  presents  a  list  of  coupling  coefficients  for  shapes  most  often 
used  in  applications. 

In  all  other  transducer  shapes  and  stress  conditions  not  covered  by  this  table  it  may  be  possible  to 
measure  the  free  capacity  CT  and  the  clamped  capacity  Cs  oy  techniques  noted  above.  In  these 
instances  the  material  coupling  coefficient  ky  takes  on  the  form 

*’-,--2. 

"  c; 

in  which  ij  is  the  mode  in  question. 

1.40  COEFFICIENT  OF  ELECTROMECHANICAL  COUPLING 
AS  A  MEASURE  OF  WORK  DONE  IN  A  WORK  CYCLE 

The  theory  of  the  vibration  of  a  piezoceramic  bar  in  forced  drive  is  based  on  the  theory  of  cou¬ 
pling  between  primary  and  secondary  circuits  of  a  coupled  system.  This  coupling,  expressed  as  a 
coefficient,  is  a  measure  of  mechanical  work  done  in  a  cycle  of  forced  drive. 

A  piezoceramic  bar  polarized  in  the  3-direction  and  electroded  on  its  ends,  is  first  short  circuited, 
Fig.  1.40.1a,  while  being  subjected  to  a  compressive  stress  increasing  from  0  to  T3.  The  work  done  in 
generating  strain  S3(1)  is 

W'tot-  T3SP  -  sf3Sj'» 

The  electrodes  are  then  open  circuited  and  the  stress  allowed  to  reduce  from  T3  to  zero,  Fig.  1.40.1b. 
The  work  done  is 


W,  -  sfi 

Aiihougn  D3  -  0  in  this  figure  there  is  a  charge  accumulation  on  the  electrodes. 

Finally  an  electrical  load  is  connected  to  the  terminals,  Fig.  1.40.1c.  This  completes  the  cycle 
showing  that  the  work  done  in  reducing  S3(2)  to  zero  against  a  zero  stress  is  zero  mechanically  but 
nonzero  electrically. 
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Table  1.39.1  —  Piezoelectric  Material  Coupling  Coefficients  ( t  =  wall 
thickness,  d  =  diameter,  /  =  length,  w  =  width,  r  =  radius,  Kp  =  planar 
material  coupling  coefficient,  L  =  lateral  dimension  relative  to  axis 


Shape 

Conditions  of 
Validity 

Direction  of  Applied 
Electric  Field 

Material  Coupling  Coefficient 

spherical  shell 

(motion  radial) 

d  >  St 

parallel  with  radius, 

(electrodes  on  inner  and 

outer  surfaces) 

1  ^ 

1 

thin-walled  ring 

(motion  radial) 

d  >  5t 

d>5l 

parallel  to  the  radius 

(electrodes  on  outside 
and  inside  surfaces) 
or 

parallel  to  axis  of  ring 
(electrodes  at  ends  of 
the  length  dimension) 

t/1  Ja  Jr 

Mi  -  j 

Ja 

thin-walled  ring 

(motion  radial) 

d>  5t 

d>5l 

tangential  to  axis 

(striped  electrodes 
parallel  to  the  axis) 

is  1  fa  ~  ft' 

Kh »  j 

Ja 

(*in  practice,  measured 

K) 3  <  2/3  of  the  above  formula 
particularly  for  walls  thicker 
than  0  2  times  distance  between 
stripes 

thin-walled  i.ng 

(motion  radial) 

d>5t 

d>5l 

paraded  to  axis 

(striped  electrodes  at 
ends  of  the  length  dimension) 

f2—  f 1 

K]x  -  Ja  /' 
fa1 

(*see  note  above) 

bar 

(motion  in  length 
direction) 

/>  3r 

t>  hv 

parallel  to  t 

or 

parallel  to  w 

Ki  1  IT  /«  TT  A/| 

1  -Kh  2  f,  2  f, 

When  ^j-  «  1, 

is2~  n1  kf 

1  -Kii  c  4  ft 

TT2  .  f} 

8  fa) 

tube 

(motion  in  length 
direction) 

1  >  4d 

d>3l 

parallel  to  radius 

(electroded  on  inner 
and  outer  surfaces) 

segment  of  a 
tube 

(motion  in  length 
direction) 

l  >  3  w 
l>'St 

(curved  in  either 
length  or  width 
direction) 

parallel  to  i 
(electroded  on 
inner  or  outer  surfaces), 

1>2.5L 

parallel  to  axis 

( r»l rrv/l<%P  oj 
iviwkivvivj  u  » 

ends  of  length  dimension) 

A£ 

2  fa  2  fa 

i 


v  •  ’ 
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Table  1.39.1  —  Piezoelectric  Material  Coupling  Coefficients  it  -  wall 
thickness,  d  -  diameter,  /  -  length,  w  -  width,  r  -  radius,  Kp  -  planar 
material  coupling  coefficient,  L  -  lateral  dimension  relative  to  axis  (Continued) 


Material  Coupling  Coefficient 


(motion  in  length 
direction) 


(motion  in  length 
direction) 


thin  wall  cylinder 

(motions  in  radial 
and  axial  modes  are 
coupled) 


thin  disc 
if  i  -  lowest 
mode) 


Conditions  of 

Validity 

Direction  of  Applied 
Electric  Field 

r>4rf 

tangential  to  axis 

d>  5t 

(stripe  electrodes 
parallel  to  axis) 

1  >  Ad 

parallel  to  axis 

d>3t 

stripe  electrodes 
parallel  with 
circumference) 

f<'< « 

parallel  to  radius 

Case  7:  // d  <  1.4, 
higher  frequency 
mode  is  in  length 

Case  II :  //</>  1.8, 

high  frequency  mode 

is  radial 

Caselll  -.  1.4  <  l/d 
<  1.8,  two  separate 
resonance  and 
antiresonance  frequencies 

Case  I  d>  lOr 

Case  II:  t  >  0.2<7 

parallel  to  thickness 
(electrodes  on  major 
surfaces) 

Case  I:  ~^0.\ 

a 

Case  II:  4>01 
d 

parallel  to  thickness 

(electrodes  on  major 
surfaces) 

<o>  2t 

1,  w  arbitrary 

parallel  to  thickness 
(electrodes  on  major 

surfaces) 

JL  A£ 
2  f, 


Yl  _  ST  fr  rr  A / 

U  Ti 

(‘see  note  above) 


When  two  modes  are  measurable 

(K},  K2)  the  planar  coupling 
is,  Kp  -  Ki 2  +  K},  where 
K]-(f')i-(fr)l/(f.)} 


K?  n  (/»)/  .  ft  ibf)t 
l-*,2"  2  (fr),  2  if,), 


For  case  III 

tf-ul/i-/,2//.2) 


Case  I  (Fig.  3  of  [6])  gives 
Kp  versus  A/// 

Case  II:  (Fig.  4  of  161)  gives 
negative  %  correction  to  Kp  of 
Case  I. 


Case  I:  Multiple  Kp  of  Fig.  (3)  of  [6] 
by  1.05 

Case  11:  Use  negative  correction 
given  by  Fig.  4  of  [61 


Kp2-Kt+Kj 


K}  i r  (fa) i 
1  -  K?  “  2  (frh 


IT  (/a)  1  IT  (A/)  1 

2  Or).  2  (/r), 


(fa) 2  .  TT_  (A/), 

i-^"W2(/,)2  2  cr,)2 
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Fig.  1.40.1  —  Work  done  in  increasing  or 
reducing  mechanical  strain  (a)  at  zero 
electrical  field  (b)  at  zero  electrical  dis¬ 
placement  (c)  connected  to  a  load 


The  difference  in  work  done  in  (a)  and  (b)  is  symbolized  by  the  difference  between  sE  and  sD, 
where  sD  -  s£(l  -  k1),  k  -  coefficient  of  coupling. 

1.41  EFFECTIVE  COEFFICIENT  OF  ELECTROMECHANICAL  COUPLING  (keff) 

The  determination  of  ktff  by  measurement  is  effected  by  use  of  parameters  illustrated  in  Fig. 
1.41.1. 


In  these  illustrations  the  distinction  between  electrical  and  mechanical  resonance  must  be  observed.  To 
calculate  ke we  use  the  following  rules: 


(a)  electric  field  transducers:/:2^  = 


(1.41.1) 


(b)  magnetic  field  transducers:/:!*  =  1  - 
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Constant  I- drive 


Cor.-.'.  ipT.  H  Jrive 


(elec)  (elec) 

(a) 

(elec)  (elec) 

(b) 

Constant  E- drive 

/ 

)  Constant  "B-j 

(elec)  (elec) 

(c) 


(elec.')  (elec) 

(d) 


Fig.  1.41.1  —  (a)  Plot  of  IZl  vs  /for  a  piezoelectric  transducer,  (b)  Plot  ol  |Z|  vs  /for  a  magnetic  field  transducer, 

(c)  Plot  of  I Y I  vs  / for  a  piezoelectric  transducer,  <d)  Plot  of  I  FI  vs  / for  a  magnetic  field  transducer 

An  important  observation  is  the  fact  that  the  impedance  plot  clearly  shows  fa(elec)  to  occur  at  the 
frequency  of  maximum  impedance,  which  is  easily  measurable,  while  a  measurement  of  fr(eiec)  is  more 
ambiguous  becausel  it  is  close  to  the  clamped  impedance.  Similarly,  fr(elec)  is  easily  measured  on  the 
admittance  chart  while  /a(w«c)  is  ambiguous.  Since  keff  is  defined  as  frequency  separation  relative  to 
/r(<fec)>  it  is  best  to  use  admittance  data  in  determining  kt ff.  One  can  deduce  that  for  magnetic  field 
transducers  where  f\f2  -  f\, 


jut  - 
Keff 


fi  -  A  __  f\  +  f\  -  A  f2  __  (/2-/1)2 
/?  ’  A2  f\ 


so  that 


Kfj  - 


~  Llz_Ll 

fi 


(1.41.2) 


.  1-.  <\ « 

1  1 


•*-  •*-  A 


Wk 


88 


Representation  and  Anatysis  of  Acoustic  Transducers 

f  2  “  fr(*tcc)>  f  1  “  ^a(elec) 

Thus  keff  is  approximately  equal  to  the  nominal  separation  of  frequencies  divided  by  iht  upper  fre¬ 
quency,  fr(eltc). 


When  impedance  data  are  available  the  frequency  falelee)(  =  /,)  is  more  easily  measured.  Then, 


Hence, 


fl  ~  fl  __  fl  —  f  ? 


fl 


ft 


IL~ 

fi  ~  A 


(1  -  k}ff)  -  k}jf. 


fi ~  f\  __  1  C/2-/1)2  s  k'jj 

A  2(1  —  k}fp  °  fl  1  —  k}j 


(1.41.3) 


Thus  the  nominal  separation  of  frequencies  divided  by  the  lower  frequency  is  not  ke j;  but  a  larger 
number,  namely  k?///(l  —  k2eff)2.  These  formulas  are  closely  analogous  to  formulas  for  coupling  of 
p-'.ss  band  filters.  This  is  discussed  next. 


1.42  STATIC  AND  DYNAMIC  ELECTROMECHANICAL  COUPLING  FACTORS 


The  relation  between  these  coupling  factors  is  illustrated  by  the  behavior  of  a  magnetostrictive 
toroidal  ring. 

The  coupling  of  elastic  (—  stres3/strain)  fields  with  magnetic  (—  magnetic  induction/magnetic, 
intensity)  fields  is  expressed  by  constitutive  relations  in  the  form  of  a  pair  of  basic  equations.  As  an 
example  we  write  the  following  set  of  matrix  forms  for  magnetic  coupling: 


T  =**  CBS  —  h,B 


H  -  -  hS  +  ysB. 

Upon  elimination  of  B  and  simple  rearrangement, 

T  «  C8(l  -  M(yi)-1(C8)-‘]S  -  h,{y')-'H. 


In  the  specific  case  of  the  toroidal  ring  in  which  there  is  simple  uniform  radial  motion, 


Ti 


Cf,  (1  -  k1]  - 


(1.42.1) 


(1.42.2) 


k2  = 


hii'hn 
yficfi  ' 


(1.42.3) 


The  factor  k  is  the  static  (or  material)  coefficient  of  electromechanical  coupling,  so  designated  because  it 
is  obtained  directly  from  the  basic  set  of  constitutive  relations  for  the  static  state. 


We  turn  next  to  the  dynamic  relations  of  a  toroidal  ring  vibrating  near  resonance.  From  Eqs. 
(2.10.4)  and  (2.10.12)  it  will  be  found  that  the  resonant  frequencies  at  constant  B  and  constant  H  obey 
the  relation 


< 


i 


< 


i 

'VV, 
V  V 
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(l)H  =  (Og(l  -  k2) 

or  ^ 

*>-1-4-  I  -4-  (1.42.4) 

«!  fi 

By  identifying  fH  with  the  frequency  of  maximum  motional  impedance  and  fs  with  the  frequency  of 
maximum  motional  admittance  one  sees  directly  that 


k2  -  k2ff 


where  k^  is  the  dynamic  (■>  effective)  coefficient  of  electromechanical  coupling.  Hence  for  a  toroidal 
ring  the  dynamic  coefficient  is  the  same  as  the  material  coefficient.  This  identity  of  the  two  coefficients 
is  due  to  the  uniformity  of  elastic  stress  in  all  parts  of  the  transducer  at  any  instant  during  vibration. 


In  other  types  of  transducers  the  elastic  stress  varies  from  point  to  point  at  any  instant.  The 
material  coefficient  of  electromechanical  coupling  is  then  different  from  the  effective  coefficient.  For  a 
magnetic  field  transducer  the  latter  is  always, 


kin 


(1.42.5) 


while  the  former  static  case)  depends  on  the  basic  set  of  constitutive  relations.  As  an  example  of 
this  difference  we  refer  to  the  case  of  the  longitudinal  vibrator  in  Sections  2.19  through  2.23  of  Chapter 
2. 


1.43.  INDUCTANCE  COUPLED  INTO  THE  ELECTRICAL  MESH 
FROM  THE  MECHANICAL  MESH  OF  A  TWO-MESH  SYSTEM 


A  coupling  coefficient  such  as  discussed  above  in  previous  sections  actually  is  the  basis  of  the 
transfer  of  a  portion  of  the  mechanical  impedance  structure  from  the  secondary  to  the  primary.  We 
quote  here  a  case  from  Sect.  2.10  which  the  reader  is  directed  to  see. 


From  Eq.  2.10.15  it  is  seen  that  in  the  absence  of  mechanical  dissipation 


-MOT 


■  Z 2 

*  ‘-etn 


jcoM  + 


2irN2A2h\\ 

«/(yfi)2 


jU)C/ 


M 


Thus  at  low  frequencies  for  which, 


one  has, 


jwM  <  < 


1 

JojCm 


Z MOT  Jwk' 


-  _  £1T  A" 

L  =  Z2Cu  =  - r— x 


a  l(yf i)2 


1 


Re  Cf i 

277  A 

h}\  Re 

rn 

2trA 

a 

(Reyi5, 

2 

+ 

Cm"/ u 

1  a 

V- 
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V*y*  V 


>%A' 


1  %  t 

W- 


This  L'  is  the  low  frequency  inductance  coupled  into  the  electrical  mesh.  It  is  a  useful  parameter  in 
defining  canonical  circuits  for  magnetic  field  transducers.  The  coupling  of  mechanical  elements  into  the 
electrical  mesh  gives  neeaed  flexibility  to  transducer  design  procedures. 

1.44  CANONICAL  CIRCUITS 
Introduction 

The  analysis  of  electroacoustic  transduction  by  use  of  analogous  coupled  electrical  circuits  can 
reveal  its  behavior  with  good  accuracy  over  selected  frequency  ranges.  A  number  of  such  basic  (canon¬ 
ical)  circuits  form  the  foundations  of  mathematical  modeling  of  most  electroacoustic  transducers.  We 
discuss  canonical  circuits  in  the  following  Sections. 

In  the  simplest  case  (the  one  most  sought  after  by  designers)  the  coupled  circuit*  are  two-mesh 
models  of  the  set  of  linear  equations, 


E  -  lZe  +  Ttm\ 


F-TmI  +  Zm\ 

Vs  Ns 

The  units  are,  Tem: — \Tme:~.  The  transduction  coefficients  are  either  symmetrical,  Tt 
m  C 


(1.44. ia) 


(1.44.1b) 


’  -  T 

em  1  me 


or  anti-symmetrical,  Tm  -  -  Tme.  The  distinction  between  these  coefficients  is  significant  and  can  be 
traced  to  physical  grounds.  We  discuss  both  topics  next. 

1.45  TWO-MESH  CIRCUITS  WITH  SYMMETRICAL  TRANSDUCTION 

Equations  1.44.1  can  be  represented  by  a  two-mesh  electro-mechanical  network  coupled  by  a  T- 
network  with  the  transduction  impedance  Tin  shunt  position,  Fig.  1.45.1. 


Fig.  1.45.1  —  A  two-mesh  equivalent  circuit  representing 
Eqs.  1.44.1a, b 

This  circuit  is  advantagous  because  the  T-network  allows  several  convenient  network  transformations  to 
be  made.  A  simple,  but  very  useful,  transformation  consists  in  replacing  the  T-network  with  an  ideal 
transformer  having  a  step  up  ratio  of  1:  d>2.  The  applied  torce  is  then  F  —  <f>E ,  and  the  current  I  -  <f)\. 
Thus  the  units  of  <f>  are  N/  V  or  Cl m.  Several  cases  occur. 

Case  I.  Transformation  of  Ze  to  Shunt  Position. 

Assume  we  derive  Ze  to  be  in  shunt  position  in  the  electrical  mesh  with  no  other  electrical 
impedance  preser*’  Wp  first  snjvp  fnr  /  in  Fq  1  44  la  and  substitute  into  F.o  y  44  1  h. 


T  T  T 

o  1  me  lem  .  ‘me  r 

— v+  t;e 


(1.45.1) 
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From  this  it  is  deduced  that  <f>  -  T^./Z,  -  T/Zt.  Also,  sine*-  v  is  a  through  variable  and  E  is  an  across 
variable  it  is  seen  that  Ze  is  in  shunt  [-'.si  >  ion  as  required. 

The  equivalent  2-mesh  circuit  f  rq.  1.45.1  is  sketched  in  Fig.  1.45.2.  It  shows  that  when  Z,  is 
moved  to  the  shunt  position  an  impet  *nce-  T2lZt  appears  in  series  in  the  mechanical  branch. 


Fig.  1.45.2  —  A  two-mesh  equivalent  circuit  with  Z, 
in  shunt  position,  corresponding  to  Eqs.  1.44.1 


Case  II:  Transformation  of  Zm  to  Series  Position 

Suppose  next  we  desire  Zm  to  be  the  (only)  mechanical  impedence  in  ser.es  position  in  the 
mechanical  mesh.  According  to  the  rules  of  turns  ratio  manipulation  (see  below  Table  1.47.1)  we  can 
transfer  -R2/Ze  of  Fig.  1.45.2  to  the  electrical  mesh  by  noting  that 

^electrical  "  ^mechanical/ 

or 

■^electrical  *“  ~  *  "pf  **  ~Ze  (1.45.2) 

This  transfer  places  —  Z,  in  series  position  in  the  electrical  mesh. 

The  equivalent  2-mesh  circuit  of  Eqs.  1.45.2,  is  shown  in  Fig.  1.45.3  corresponding  to  Eqs.  1.44.1. 


Fig.  1.45.3  —  A  two-mesh  equivalent  circuit  with  zm  in 
series  position,  corresponding  to  Eqs.  1.44.1 


Case  III.  Transformation  of  Zm  to  Shunt  Position 

A  third  transformation  can  be  constructed  if  we  specify  Zm  to  be  the  mechanical  inpedence  in 
shunt  position.  To  accomplish  this  \vc  solve  Eq.  1.44.1b  fui  v  and  substitute  it  into  tq.  1. 44. la, 


E  = 


Ze~ 


T  T 

1  em  1  me 


/  + 


(?m/Tem)  ' 


(1.45.3) 
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From  this  it  is  deduced  that  the  turns-ratio  is, 

<b  =  zjTem  =  ym/T.  (1.45.4) 

Also,  since  /  is  a  through  variable  and  F  is  an  across  variable  the  mechanical  impedance  zr  must  be  in 
shunt  position,  and  the  impedance  -  T2/zm  must  be  in  series  position. 

Thus  the  equivalent  2-mech  circuit  of  Eqs.  (1.45.3)  is  shown  in  Fig.  i.45.4.  One  concludes  that 
when  zm  is  moved  to  the  shunt  position  an  electrical  impedance  -  7*/zm  appears  in  series  in  the  electri¬ 
cal  branch.  It  is  noted  here  that  the  turns  ratio  of  the  ideal  transformer  can  be  changed  from  1  :  d> 2 
into  n2 :  1,  where  n  and  <t>  are  related  by  fi(f>  -  1.  This  is  discussed  in  Section  1.47  and  Table  1.47.1. 


Fig.  1.45.4  —  A  two-mesh  equivalent  circuit  with  zm  in 
shunt  position,  corresponding  to  Eqs.  1.44.1 


1.46  TRANSDUCTION  COEFFICIENTS  fN  RECIPROCAL 
TRANSDUCTION  SYSTEMS 

In  Eqs.  1.44.1  the  coefficients  Te„t,  Tme  have  the  units  of  Vs/m  and  Ns/C  respectively.  For 
reciprocal  systems  these  are  equal  and  appear  in  equivalent  circuits  as  ideal  transformers  with  factor  T2. 
It  is  useful  to  define  two  quantities  Te,  T'm  atsociated  with  electromechanical  coupling  such  that 

TX=T2=Z;Z'M  (1.46.1) 

Here  Ze  is  a  component  electrical  impedance  of  that  part  of  the  total  electrical  impedance  Ze  associated 
with  transduction,  that  is,  associated  with  transducer  motion.  Similarly  ZM  is  a  component  of  the  total 
mechanical  impedance  zm  associated  with  transduction,  that  is,  with  coupling  to  the  electrical  field. 
Those  impedances  of  the  coupled  branches  which  are  not  associated  with  transduction  are  Ze"  respec¬ 
tively.  They  are  branch  self-impedances.  Thus,  in  Fig.  1.44.1  one  can  replace  Ze  by  Ze"  +  Zf',  and  zm 
by  Zm"  +  zm\ 

Suppose  now  the  network  transformations  in  Figs.  1.45.7,  3,  4  are  redrawn  to  show  ideal 
transformer  action  on  Z,’,  ZM'  alone.  This  means  that  in  the  ideal  transformer  ratios  of  Fig.  1.45.2,  3, 
4,  Ze  is  replaced  by  Ze',  ZM  by  ZM'  and  t1  by  Eq.  1.46.1.  As  an  example,  starting  with  Fig.  1.44.1  we 
set  Ze  —  Ze"  in  the  series  branch  and  then  choose  the  transformation,  Ze'  in  shunt  position.  According 
to  Fig.  1.45.2  a  mechanical  impedance  -T1/ Zt'  (-  -  Zw'  by  use  of  Eq.  1.46.1)  then  appears  in  series 
position  in  the  mechanical  branch.  This  cancels  the  +ZM'  already  there,  leaving  only  the  uncoupled 
component  of  mechanical  impedance,  ZM".  Thus  the  net  effect  of  electromechanical  coupling  is 
modeled  as  a  blocked  electrical  impedance  (Ze")  in  series  position  and  the  coupled  electrical  impedance 
7J  in  shunt,  both  in  the  electrical  mesh  of  the  2-mesh  equivalent  circuit.  The  mechanical  mesh  con¬ 
sists  of  Zm"  in  series  position  plus  the  load  impedance  ZL  in  shunt. 
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A  reciprocal  system  can  also  be  represented  by  placing  the  coupling  impedance  in  the  mechanical 
branch.  Thus  Z,'  is  moved  from  shunt  positon  in  the  electrical  mesh  to  shunt  position  in  the  mechani¬ 
cal  mesh  by  use  of  the  formula 

ZM'-<t>2Ze'  (1. 46.2a) 


that  is, 


(1.46.2b) 


The  mechanical  branch  then  consists  of  the  coupling  impedance  T2/Ze'  in  shunt,  the  uncoupled 
mechanical  impedance  Z„"  in  series,  and  the  load  impedance  ZL  in  shunt.  The  electrical  mesh  consists 
of  Ze"  in  series  position. 


In  Summary.  The  cononical  elementary  equivalent  circuit  of  an  electromechanical  device  is  a  2- 
mesh  circuit,  one  electrical  and  one  mechanical.  If  we  adopt  a  E/F,  I/V  analogy,  the  electrical 
impedance  Ze  is  in  series  position,  and  the  mechanical  impedance  zm  is  also  in  series  position.  The 
meshes  are  then  coupled  by  a  symmetrical  f-network  (-T,  —T,  +7). 


If  we  desire  Zt  to  be  in  shunt  position,  the  two  meshes  become  coupled  through  an  ideal 
transformer  and  a  coupling  electrical  impedance-  T2!Ze  appears  in  series  position  in  the  mechanical 
branch. 


If  we  desire  the  mechanical  impedance  zm  to  be  in  shunt  position  the  two  meshes  become  coupled 
through  an  ideal  transformer  and  a  coupling  mechanical  impedance  -T2/zm  appears  in  series  position  in 
the  electrical  branch. 

If  we  break  up  Ze  into  coupled  part  Ze‘  and  uncoupled  part  Zc",  and  break  up  zm  into  coupled  part 
zm'  and  uncoupled  part  z„",  then  zm"  can  appear  in  series  position  coupled  through  an  ideal  transformer, 
while  Z^  and  zm‘  can  be  transformed  to  shunt  positions  as  described  above. 

In  transforming  elements  from  series  positions  to  shunt  positions  the  rules  to  be  observed  are:  a 
series  electrical  RLC  network  transformed  to  shunt  position  in  the  electrical  branch  is  associated  with 
the  appearance  of  a  parallel  GCT  network  in  the  mechanical  branch  multiplied  by  the  turns  ratio  (as 
required).  A  series  mechanical  rm  lm  cm  network  transformed  to  shunt  position  in  the  mechanical 
branch  is  associated  with  the  appearance  of  a  parallel  g„  cm  ym  network  in  the  electrical  branch,  multi¬ 
plied  by  an  appropriate  turns  ratio.  When  applying  this  rule  to  components  Ze\  Ze",  and  zm',  zm"  one 
can  follow  the  auxiliary  rules, 

a.  if  blocked  Zt"  is  in  series  position  in  the  electrical  branch  the  motional  impedance  due  to  zm'  is 
reflected  into  the  electrical  branch  as  a  parallel  network  in  series  position. 

b.  if  blocked  Ze"  is  in  shunt  position  in  the  electrical  branch  the  coupled  impedance  Ze'  is 
reflected  into  the  mechanical  branch  as  a  series  network  in  series  position. 


1.47  TURNS-RATIO  DISCUSSION 

Electromechanical  transducers  modeled  by  the  linear  set  of  equations, 

E  =  7eI  +  Tem  v  (1.47.1a) 
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F  =  zm  v  +  Tme  I  (1.47.1b) 

have  equivalent  circuit  representation  as  an  electrical  mesh  coupled  to  a  mechanical  mesh  through  an 
ideal  transformer  or  ideal  gyrator.  In  either  case  the  turns  ratio  of  transformation  has  the  representa¬ 
tion  of  Fig.  1.47.1. 


ELECTRICAL 

MESH 


MECHANICAL 

MESH 


ELECTRICAL 

MESH 


MECHANICAL 

MESH 


Fig.  1.47.1  —  Turns  ratio  in  two-mesh  equivalent  circuits 


The  rules  governing  the  transfer  of  variables  across  the  coupling  structure  are  listed  in  Table 
1.47.1. 


Table  1.47.1  —  Rules  Concerning  Turns  Ratio  Manipulations 


Electrical  Mesh 

1 

Mechanical  Mesh 

Turns  ratio 

1 

! 

<t> 2 

<f>x  electrical  across  variable 

— 

—  mechanical  across  variable 

Rules: 

\/<f>  x  electrical  through  variable 

— 

-  mechanical  through  variable 

<f>2  x  (across/through) 

— 

-  (across/through) 

Turns  ratio 

M2 

1 

1 

electrical  across  variable  — 

— 

H  x  mechanical  across  variable 

—  x  mechanical  through  variable 

Rules: 

electrical  through  variable  - 

- 

(across/through)  - 

- 

pi1  x  (across/through) 

Relation  of  /x, 

M  “  1 

Example 

A  case  of  basic  importance  is  the  2-mesh  representation  of  an  electromechanical  system  exhibiting 
electromagnetic  coupling,  Fig.  1.47.2. 


R2:1 
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Fig.  1.47.2  —  A  two-mesh  representation  of  a 
transducer  with  electromagnetic  coupling 
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The  analysis  of  this  circuit,  in  which  v  is  across  and  F  is  through,  reveals  important  details.  One 


From  Table  1.47.1, 


E-ZeI  +  Ea 


Ea  =  vM 


Since  v  is  an  across  variable  we  must  transform  it  into  a  function  of  F.  Now  the  node  law  for  the 
mechanical  mesh  is 

E  =  Fi  +  Fp\  F\  =  vZm; 

From  Table  1.47.1  Fp  =  -  Ifi  (the  negative  sign  means  F,  /are  opposite  in  direction).  Thus, 

F+  la 


Hence, 


E  =  Ze  +  ■>—  I  +  -§*- 
e  Zm  Z„ 


(1.47.2) 


From  Eq.  1.47.1a  we  can  identify  fi  with  Tem.  The  equations  of  electromagnetic  coupling  are  therefore, 


r 2  T 

E=  Ze  +  ~~  I  +  F 


r  r 

v  =  l  + 


(1.47.3) 


Arbitrarily  add  and  subtract  (without  regard  to  dimension)  in  order  to  insert  a  T-circuit,  Fig. 


1.45.1.  Then 


T2  T  T  T 

r  7  i  gffl  1  em  .  em  T  .  c  1  em 

t-  Ze  +  --—+  l  A  F  ~ 


1  T  T  T 

__  1  1  em  1  em  «  ,  1  em  . 

7  ~  7  7  t  7  lt 


The  transformation  to  Fig.  1.47.2  is  then  easily  accomplished.  These  equations  will  be  used  in  formu¬ 
lating  models  of  magnetic  field  transducers,  Sec.  1.5.1. 

1.48  TRANSDUCTION  COEFFICIENTS  IN  ANTIRECIPROCAL  SYSTEMS 


In  antireciprocal  systems  the  underlying  transduction  mechanism  requires  that  Tem  have  the  same 
magnitude  as  Tme  but  be  opposite  in  sign.  This  is  the  case  of  electromagnetic  transduction.  When  an 


>v  • 


T  *7V5 ’i  vvv 


A 


>  V* 


•v 


■  *V  ' 
«•  **  »\ 
\  •S,  4 

r*  "  k 

>VvV 

r.vCVi 


Representation  and  Analysis  of  Acoustic  Transducers 

attempt  is  made  to  construct  a  2-mesh  equivalent  circuit  of  Eqs.  1.47.1  with  Tem  -  -  Tme  it  is  found 
that  as  long  as  force  F  is  an  across  variable  the  attempt  fails  to  generate  the  required  canonical  set  of 
equations  if  loop  analysis  is  used.  However  when  Eq.  1.47.1b  is  solved  for  velocity  v  in  terms  of  elec¬ 
tric  current  /  and  force  F,  thereby  making  F  a  through- variable,  and  when  this  solution  for  v  is  substi¬ 
tuted  into  Eq.  1.47.1a,  one  obtains  the  set, 


E  = 


TmeTem 

Zm 


/  + 


F\ 


(1.48.1) 


Since  Tem  =  -  Tme  it  is  found  that  an  equivalent  2-mesh  circuit  can  be  constructed  which  yields  the 
required  canonical  set  Eqs.  1.47.1.  The  mechanical  branch  however  must  appear  in  mobility  form  (that 
is,  one  in  which  force  is  the  through-variable  and  velocity  is  the  across-variable.  The  equivalent  circuit 
for  this  case  is  reviewed  in  Sect.  1.47.  There  it  is  noted  that  in  the  case  of  electromagnetic  coupling  the 
physical  relations  of  voltage,  velocity,  force  and  current  are. 


Fa-~  fa 


(1.48.2) 


in  which  the  negative  sign,  arising  from  assignment  of  directions  of  current  and  force  in  the  equivalent 
circuit,  is  purely  conventional.  The  symbol  fi  is  the  transduction  coefficient.  Its  explicit  value  depends 
on  the  nature  of  the  transduction.  Several  forms  of  p.  will  be  discussed  in  later  chapters  of  this  treatise. 


1.49  INTRODUCTION  TO  ANALYSES  OF  TRANSDUCERS  BY  VARIATIONAL  METHODS 


The  analysis  of  energy-conversion  systems  containing  many  components  is  laborious.  One  pro¬ 
cedure  for  reducing  the  labor  is  to  employ  variational  calculus  of  Lagrange  and  Hamilton.  Its  use  has 
the  additional  advantage  of  defining  the  natural  boundary  conditions  of  such  multifield  components. 
We  review  the  chief  elements  of  this  procedure. 

1.50  GENERALIZED  COORDINATES,  GENERALIZED  FORCES, 

VARIATIONAL  PRINCIPLE 


When  an  operating  dynamical  system  (electrical,  mechanical,  hydraulic,  etc)  is  momentarily 
frozen  in  time  its  state  can  be  specified  by  a  set  of  coordinates  which  define  its  configuration  relative  to 
a  reference  frame.  Examples  of  this  configuration  are  spatial  points,  angles,  electric  charge,  flux,  ther¬ 
modynamic  pressure,  entropy,  etc.  These  coordinates  are  selected  to  conform  to  admissible  changes  in 
configuration  in  the  next  instant  of  time.  A  set  of  coordinates  is  complete  when  the  "location"  of  all 
components  in  a  configuration  state  are  accounted  for,  and  is  independent  when  any  one  coordinate  is 
not  a  function  of  any,  or  all,  of  the  rest  of  the  coordinates.  When  a  configuration  undergoes  a  physi¬ 
cally  admissible  variation  the  coordinates  undergo  generalized  (infinitesimal)  variations.  These  consti¬ 
tute  the  variational  variables  of  the  system. 


Generalized  coordinates  are  related  to  the  energy  coordinates  of  a  field.  When  a  system  under¬ 
goes  an  admissible  variation  work  is  done  by  the  components  of  the  system.  We  can  treat  the  general¬ 
ized  coordinates  as  extensive  variables  of  energy  and  associate  with  each  an  intensive  variable  such  that 
the  product  of  the  two  gives  the  work  done.  Table  1.50.1  summarizes  the  expressions  for  the  work 
done  in  various  systems  of  importance  to  acoustic  transduction.  The  complementary  expressions  for 
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entry  of  column  #2  is  called  coenergy  and  is  written  with  an  asterisk  ( W*)  in  contrast  to  the  energy  W 

each  entry  of  each  entry  of  column  #1.  In  using  variational  methods  it  is  necessary  to  express  the  vari- 
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Table  1.50.1  —  Formulas  for  Work  Done  in  Energy  Systems 


System 

Extensive  Coordinate 

Intensive  Variable 

(#1)  Variational 
Work  Done 

(#2)  Complementary 
Work  Done 

mechanical 

R  (displacement  (m)) 

F  (force  (AO) 

F  -  SR 

R  dF 

electrical 

q  (charge  (C)> 

E  (electric  potential 
difference  (units  ( V)) 

Edq 

qdE 

magnetic 

X  (magnetic  flux 

/  (electr 

c 

Idk 

kdl 

linkage  (Vs)) 

current 

c 

s 

) 

fluid  flow 

V  (flow  volume  (m3) 

P  (fluid 

N 

pressure  — j 

PSV 

Vdp 

(acoustical) 

elastic 

t0  (strain) 

III 

o-y  (stress  N/ m 2) 

(T0S(0 

(units:  Nm/m3) 

fud<T(J 

ational  principle  in  selected  choices  of  energy  or  coenergy  of  the  system  in  question.  This  is  best  seen 
in  the  electrical  case.  Suppose  one  chooses  electrical  charge  q,  q  as  the  generalized  coordinate.  The 
energies  are  then  J  edq  (-  intensive  x  differential  of  extensive),  and  J  X  dq  (==  extensive  x 
differential  of  intensive). .  Thus  the  energy  of  the  magnetic  field  is  expressed  in  coenergy  form.  Simi¬ 
larly  if  one  choose  X,  X  as  the  generalized  coordinate,  the  energies  are  J  qdk  (-  extensive  x 
differential  of  intensive)  and  J  idk  (intensive  x  differential  of  extensive).  The  electric  field  is  then  in 
coenergy  form. 

The  expression  for  the  work  done  allows  one  to  construct  a  variational  principle:  When  a  system 
changes  from  configuration  at  time  t,  to  another  configuration  at  time  t2  it  traces  out  a  history  of 
energy  content  'W at  every  instant  such  that 

8!  =  /('2S  r  rfr  =  0  (1.50.1) 

provided  every  variation  of  coordinates  is  "geometrically  permissible,"  that  is,  the  system  does  not 
violate  the  constraints  built  into  it. 

The  usefulness  of  this  principle  for  each  system  in  Table  1.50.1  is  discussed  ir.  the  following  cases. 

A.  Variational  Principle  for  Mechanical  Systems 

The  admissible  change  in  the  configuration  of  a  mechanical  system  from  time  t\  to  lime  r2  act¬ 
ing  under  external  and  internal  forces  F  is  such  that  the  integral 

81  =  f  2  F  ■  dR  dt  (1.50.2) 

°  'i 

vanishes.  The  forces  F  are  characterized  as: 

•  inertial  forces  acting  on  masses  (F,„),  which  in  time  t2  —  t\  contribute  to  the  energy  integral  I 
in  the  amount, 


in  which  T*  is  the  coenergy, 
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T*  =  f  pdv  (units:  Nm). 
u  0 

Here  p  is  the  momentum  (units:  Ns)  of  the  mass,  and  v  is  the  velocity. 

•  conservative  forces,  or  forces  Fk  exerted  on  masses  by  ideal  springs.  They  have  the  charac¬ 
teristic  feature  of  being  derivable  from  a  potential  energy  U.  When  work  is  done  by  such 
springs  the  potential  energy  decreases.  Hence  the  variation  of  the  work  of  these  conservative 
forces  contributes  to  I  in  the  amount, 


2  -  8  U  dt  (units:  Nm) 

•  nonconservative  forces  f,  acting  through  displacements  f,.  7'hey  contribute  to  I  in  the 
amount, 

J,  f,  n 

,,  I 

Accordingly,  the  variational  principle  states  that  allowable  changes  in  configuration  of  the  mechanical 
system  require  that, 


81  = 


(ST* -8U  -t-  £f,  •  b(,)dt  =  0. 
i 


(1.50.3) 


Here  T*  is  the  sum  of  all  the  kinetic  energies  of  the  masses  of  the  system,  and  U  is  the  sum  of  all  the 
potential  energies  of  the  system.  The  forces  f,  are  called  generalized  forces  of  the  system.  Equation 
1.50.2  is  the  formulation  of  Hamilton’s  variational  principle  for  a  lumped-parameter  mechanical  system. 
Noting  that  T*,  U  are  functions  of  generalized  coordinates  one  can  apply  the  method  of  the  cal¬ 
culus  of  variations  to  obtain  Lagrange’s  equations  for  n  coordinate  displacements, 


d_  _9L_ 
dt  9  kj 


QL  _  f  t  0 

fj*  J  1,2  . , .  n 


(1.50.4a) 


Uij,  O  =  T*(ij,  ij)  -  U  (£,,  ij).  (1.50.4b) 

Forces  fj  are  of  two  types:  internal  forces,  corresponding  to  friction,  viscosity,  mechanical  hysteresis 
etc.  These  are  given  a  negative  sign;  external  forces,  corresponding  to  applied  forces.  These  are  given 
a  positive  sign. 


In  continuous  mechanical  systems  both  T*  and  U  may  be  integrals  over  spatial  and  temporal  coor¬ 
dinates.  Since  the  variation  operation  (8)  commutes  with  both  space  and  time  differentiation, 


8 


K\  =  M. 

dr  dt 


ii]  =  9(8£) 

dxj  dx 


0  5Q  5) 


one  may  eliminate  these  quantities  by  integrating  by  parts  over  the  domain  of  the  spatial  and  temporal 
variables.  By  Hamilton’s  principle  the  variational  quantity  81  vanishes  at  the  end  points  of  integration 
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while  the  spatial  integral  sets  boundary  conditions  to  the  problem  at  the  end  points  of  the  spatial 
domain.  These  are  the  natural  boundary  conditions. 

B.  Variational  Principle  for  Electrical  Systems 

Table  1.50.1  shows  that  one  may  choose  charge  variables  q,  (units:  C)  or  flux-linkage  variables  \j 
(units:  Vs)  as  generalized  coordinates  of  an  electric  system.  Suppose  first  we  choose  q,.  Then,  by 
definition  the  Lagrangian  function  is, 


L (q.  q)-K~  K 


in  which, 


magnetic  coenergy: 


(1.50.6a) 


(1.50.6b) 


1  q  *  /» q 

electrical  energy:  We  =  £  —  —  J  edq 

i  Z  {^2  U 


(1.50.6c) 


Here  the  summation  sign  is  over  all  inductances  Lj  and  all  capacitors  C,  ot  the  system.  Also, 
since  we  have  chosen  q ,  q  as  the  generalized  variables,  the  magnetic  energy  must  be  expressed  in  coen¬ 
ergy  form  Eq.  1.50.6b.  The  variational  principle  then  takes  the  form, 


81  =  J/2  [s(  Wm  -  We)  +  £  ej8 q\  dt  =  0. 

1  j 


(1.50.7) 


The  symbol  represents  the  generalized  voltages  corresponding  to  the  generalized  coordinate  8q,. 
They  consist  of  internal  voltage  drops  due  to  resistance  (hence  have  a  negative  sign)  and  external 
applied  voltages  (hence  have  a  positive  sign).  Lagrange’s  equations  corresponding  to  Eq.  1.50.7  are  the 
set, 


d  9L  dL 

dt  dqk  dqk 


where  Ek  contributes  to  the  work  term  as. 


=  Ek  k  =  1,2,  _ m 


(1.50.8) 


£  Ek  8 qk  =  Sum  of  external  work  minus  internal  work. 
* 

When  flux-linkage  variables  are  employed  the  Lagrangian  function  is 


(1.50.9) 


electrical  coenergy 


L(\,  X)  =  W’e-  Wm 


-//,*- I  Ce!-i  O.' 


(1.50.10) 


(1.50.11) 


magnetic  energy 


C  id\,  i  =  4- 


(1.50.12) 


{.• 

8 

s 

\l 

SI 

>-,N 

(41 

w 

s 


f.-' 

^  v 


£J 

£ 

i 


m 

wSSl 

rv 

M 


m 

*>£ 

i 

,NV» 

i^- 


SI 


1 

'^>•4 


Re;-esentat>0(i  and  Analysis  of  Acoustic  Transducers 


The  variational  principle  is  then, 

81  =  J/2  {8 1 -  Wm]  +  £  //A,U  =  0. 

1  i 

For  «  independent  flux-linkage  coordinates  \k,  Lagrange's  equations  become, 


(1.50.13) 


d_ 

dt 


0L 


dAi 


9L 

b\k 


=  4,  k  —  1,2.  . .  n 


(1.50.14) 


where  lk  are  the  generalized  currents,  which  contribute  to  ‘work  done’  as, 

k 


(1.50.15) 


The  generalized  currents  may  have  two  forms:  internal  currents  I,  =  \,/R„  and  external  (applied) 
currents  /,. 

Constitutive  Relations  In  Electrical  Systems 

In  electrical  systems  the  generalized  coordinate  (charge  q.  or  flux-linkage  X)  is  related  to  potential 
difference  e,  and  current  /.  For  the  case  of  charge  variables.  One  has, 


i{qj)  =  dqj/dt  j  =  1 ,  2 

e(qj)  =  e(qu  q2  ...) 
while  for  the  case  of  flux-linkage  variables, 


1.2- 


X(/})  =  (/’i,  i2,  ...). 


(1.50.16a) 


(1.50.16b) 


(1.50.17a) 


(1.50.17b) 


Electrical  passive  elements  for  which  these  constitutive  relations  are  linear  in  a  single  variable  are  the 
simplest  to  consider.  Their  energies  are  tabulated  here: 


a2  .  1 

linear  capacitor:  e  =  g/C;  fVe  -  W’ =  —  Ce 2 


X2  •  1 

linear  inductor:  X  =  Li\  Wm  =  — ;  W'm  =  —  Li2. 

ZL  Z 


(1.50.18a) 


(1.50.18b) 


Next  in  order  of  complexity  are  passive  elements  for  which  the  constitutive  relations  are  linear  in  two 
variables,  typified  by  mutual-inductance  between  two  coils  in  which  the  flux-linkages  are  Xh  X2  and  the 
currents  /■,  h.  Here,  Eq.  1.50.17  reduces  to  a  matrix  relation  of  column  vectors  (  1  and  sauare  matrices 

N, 


[L] 


,  ( L]  = 


^11  ^12 
L2\  L 22 


(1.50.19a) 
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with  :ts  inverse, 


I1  -  [r]  ,  [r] 

‘2  A 2 


r,i  r  12 

r  21  ^22 


(1.50.19b) 


The  energies  associated  with  mutual  inductance  are  formulated  as  products  of  a  matrix  by  a  row  vector 
and  a  column  vector, 


trjlt,  A2)-  \{ku  k2)  [r]  k' 


K(h.  /2)  -  y  {/i.  h\[L\ 


In  a  similar  way  one  can  construct  constitutive  equations  for  linear  mutual  capacitance, 

!'|  -  [ci  M  ic]  -  [S11 

Ql  ?2  Wl  '-'22 


(1.50.20a) 


(1.50.20b) 


(Z»  -  [C]->  -  D'2 

u 21  L>22 


(1.50.21a) 


(1.50.21b) 


The  energies  associated  with  mutual  capacitance  are  also  products  of  row  vectors  column  vectors  and  a 
square  matrix, 

WMu  <h)  “  y  (?i.  q2)  U>]  \\  (1.50.22a) 


K(e i.  e2)  “  T  <gi>  e2>  tC]  .  (1.50.22b) 

L  ” 2 


C.  Variational  Principle  for  Electromechanical  Systems 

When  electrical  and  mechanical  systems  are  coupled  together  the  expression  for  the  Lagrangian 
function  Lem  contains  terms  which  exhibit  coupling  between  the  generalized  coordinates  of  both  sys¬ 
tems.  Formally,  the  coupling  is  a  functional  /: 


4 m  ”  k<  q.  q.  fit,  k,  q.  q )) 


4m  =  L(f ,  A,  A  /(£,  f,  A,  A)) 


(1.50.23a) 


(1.50.23b) 


Hamilton’s  principle  then  takes  on  one  of  two  forms  (#1,  #2)  deoending  on  the  choice  of  generalized 
coordinates.  These  are: 
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Form  #1  uses  displacement  £  and  charge  q , 

81  -  f':  [8(r*  -  V  +  W'm  -  lFt)  +  1//  +  X  */  dt  “  0  (1.50.24a) 

The  work  expression 

£F,  5  £,  +  ££*  8?*  (1.50.24b) 

I  k 

defines  the  generalized  forces  F,  and  generalized  voltages  F*  of  the  nonconservative  elements.  The 
corresponding  equations  of  Lagrange  are, 

-TT-F,.  /-I,  2,  ...  (1. 50.25a) 


i.  flL 
*  |af, 


d  9L  8L  r»  #  to 

*  air 


(1.50.25b) 


Because  of  electromechanical  coupling  Eq.  1.50.25a  contains  generalized  coordinate  qk  and  Eq.  1.50.25b 
contains  generalized  coordinate  f ,. 

Form  #2  uses  displacement  £  and  flux-linkage  X, 

81  -  J*  '2  [8(7*  -  F  +  <-  lFm)  +  £//  8(,  +  £  ij8Xj]dt  -  0.  (1.50.26a) 

1  f  J 


The  work  expression 


X  +  £  48** 

;  * 


(1.50.26b) 


defines  the  generalized  forces  F,  and  generalized  currents  4  of  the  nonconservative  elements.  The 
corresponding  eauations  of  Lagrange  are, 


d  9L  9L  r 

~di  eT  ~Wi~F‘ 


(1.50.27a) 


d  8L  9L 

^  9x*  ax* 


4  *  -  1,  2, 


(1.50.27b) 


Because  of  electromechanical  coupling  the  force  equation  1.50.27b  contains  generalized  coordinate  X*, 
while  the  current  equation  contains  generalized  coordinate  I,. 


Transduction  Factors 


In  electromechanical  systems  one,  several,  or  all  of  the  terms  in  the  Lagrangian  L  are  functions  of 
the  generalized  coordinates  of  both  systems.  From  these  coupling  terms  we  can  derive  expressions  for 
transduction  factors. 
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a.  transduction  factor  Tor  capacitive  coupling  or  a  moving-plate  condenser 

Assume  first  the  electrical  energy  We  =  We{%,  q).  For  the  nonlinear  case,  Eq.  1.50.18  becomes, 


WM,  q)  =  (1.50.28) 

Here  the  dependence  of  the  capacity  C  on  separation  distance  £  serves  to  couple  the  electrical  proper¬ 
ties  of  the  capacitor  to  its  mechanical  properties.  Thus  the  incremental  force  fe  required  to  keep  the 
plates  of  a  movable-plate  condenser  separated  an  incremental  distance  dfj  is, 


,u  ,) - utk . - <? msn 

JM.  V  g{  2  c({)!  • 

Similarly,  the  potential  differences  across  the  capacitor  is, 

,,  *  *W‘ 

eit  q)  bq  c(0  • 

T.t  an  alternate  formulation  one  can  use  the  electrical  coenergy,  Eq.  1.50.10, 

K(€'  «)  =  7  C&e2 


(1.50.29) 


(1.50.30) 


from  which 


( 

e)  = 
Q 


bw;  1 


b  W* 
be 


dC 


2 

=  C(()e 


d£ 


(1.50.31) 

(1.50.32) 


Equation  1.50.29  may  be  used  to  determine  the  transduction  factor  (sometimes  called  the 
transduction  coefficient).  This  is  defined  in  terms  of  the  generalized  coordinates  chosen  to  describe  the 
system  —  in  this  case,  charge  q  and  displacement  £.  For  a  movable-plate  condensor  area  A  (m2)  dielec¬ 
tric  constant  c(C2/Nm2)  and  initial  unbased  spacing  d0  ( m )  one  assumes 


so  that 


C(!) 


€  A  .  dC(Q  _  eA 
do +  £  dg  d0  +  O2 


fe  ~ 


(units: 


A0 


(1.50.33) 


In  MKS  units  we  write  e  =  e0c’  where  eo  =  8.854  x  10  12(C2/Nm2),  and  e'  is  the  relative  permi- 
tivity  of  the  medium  between  the  plates  of  the  condenser.  To  obtain  linear  response  one  charges  the 
transducer  With  (large)  uc  chaise  which  establishes  an  equiiibiium  sepaiation  ^0  between  the  plates. 
In  addition  during  dynamic  motion  there  is  a  time  varying  charge  £|  (/)  imposed  by  the  generalized 
forces  of  the  system.  Thus,  in  biased  operation, 


Q  =  <7o  + 


(1.50.34) 
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and  so, 


_L_  r„2 


( Qo  +  2do<l\  +  ??1 


(1.50.35) 


By  making  qo  large  and  allowing  q\  to  be  small  relative  to  qo  it  is  seen  that  for  the  time  varying  com¬ 
ponent  of  force  one  has. 


fe(t)  -  q \(t)  =  Tm  ?|(t) 


(1.50.36a) 


.1  s' 

>VV 
•v.-’v 
■yv  v 


(qo/tA)  -  eo/(^0  +  £o)  (units:  V/m) 


(1.50.36b) 


in  which  e0  <s  'he  equilibrium  potential  difference  corresponding  to  charge  qo-  The  symbol  Tme  (sub¬ 
scripts  mean  met  hanical  to  electrical)  is  the  transduction  coefficient  for  the  choice  of  charge  as  general¬ 
ized  coordinate.  Since  /  -  dq/dt ,  the  transduction  coefficient  for  the  choice  of  (sinusoidal)  current  is, 


r“  -  jaw?  <uni,s:  Vs/m>' 


(1.50.36c) 


It  will  be  noted  later  by  examination  of  Lagrange’s  equations  of  dynamic  motion  of  an  electromechani¬ 
cal  transducer  with  electrostatic  coupling  that  the  transduction  coefficient  Tem  (electrical  to  mechanical) 
is  the  same  as  Tme. 

b.  transduction  factor  for  inductive  coupling  of  an  electrodynamic  coil 

A  coil  of  differential  length  dl  («  is  positive  in  the  direction  of  current  flow)  moves  with  velocity  v 
through  a  magnetic  field  with  flux  density  B.  The  increment  of  voltage  de  in  the  direction  of  current 
flow  is 

de  “  v  x  B  •  dl. 

If  vector  V,  B  and  1  are  at  right-angles  to  each  other  and  obey  Fleming’s  right-hand  rule  then  de 
represents  a  drop  in  potential  difference, 

de  =  -vBdl. 

At  the  terminals  there  is  therefore  a  rise  in  potential  of  amount 


.»  Vs’.\ 
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J  V*  .* 
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e  =  Temv,  Tem  ==  Bl  (units:  Vs/m). 


(1.50.37) 


Again,  a  coil  carrying  a  current  /  in  a  magnetic  field  with  flux  density  B  (units:  Vs/m2)  has  acting  on  it 
a  differential  force  of  amount, 

df  =  id\  x  B  (units:  V). 

The  coil  in  turn  acts  upon  an  external  constraint  with  a  force  of  opposite  sign.  The  total  constraint 
force  over  length  /  is, 


f=-/ 1  x  B. 
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If  vector  I,  B  are  at  right  angles  to  each  other  then  the  direction  of  /is  determined  by  Fleming’s  left- 
hand  rule  • 


/=-Tm,/  Tmf  =  Bl  (1.50.38) 

Eqs.  1.50.37,  1.50.38  constitute  the  transduction  relations  for  an  electrodynamic  transducer.  The  quan¬ 
tity  T  «  Bl  is  the  transduction  coefficient.  It  can  be  used  in  determining  the  magnetic  field  coenergy 
from  Eq.  1.50.37  one  has, 


e  =  ^  =  T 

dt  m  dt  ' 


Upon  integration  over  £, 


X  =  T,m(£  -  {„>. 


Since  d  W'J 9 /  —  X,  it  is  seen  that, 


K~  "  fo).  (1.50.39) 

One  should  compare  this  with  Eq.  1.50.18b  where  W'm  =»  yZ,(£)/2.  In  conventional  theory  of 

moving-coil  transducers  lme  =  — T,m.  The  negative  sign  is  traceable  to  customary  assignments  of  direc¬ 
tions  of  the  vector  quantities  involved  in  the  analysis.  Several  proposals  have  been  made  to  remove  it. 
They  will  be  discussed  in  Section  1.44. 

c.  transduction  factor  for  a  moving  armature  (magnetic)  transducer. 

A  coil  of  N  turns  o’ith  cross-sectional  area  5  is  threaded  by  a  time-varying  flux-density  B.  The 
induced  emf  in  the  coil  is 


E=NSB  =  NX  =  N^r  v,  v-d^/d:  (1.50.40) 

in  which  the  direction  of  E  is  determined  by  Fleming’s  right-hand  rule.  We  apply  this  formula  to  the 
interactions  of  a  magnetic  pole-piece,  area  S^  and  an  armature,  the  two  separated  by  an  air  gap  d.  The 
magnetic  flux  dens.ty  Bg  in  the  gap  is  assumed  normal  to  the  pole-piece  (no  leakage).  The  flux 
Xi^BSg)  depends  on  the  ratio  of  magnetomotive  force  ^"(units:  ampere  turns)  to  reluctance  5P(ur:ts: 
ampere  turns/ weber),  where 


J*  H  • 

dl,  (units:  C/s) 

(1.50.41a) 

H  -  Nil  l 

(units:  C/sm) 

0. 50.41b) 

M  =  //,,  „  9 

(imitc  2\ 

,  >  — ...w  W  *  / 

t\  Cfi  A\ 

\  A  .^V.  7  A  V/ 

/  =  length  of  fluxpath  (m2);  fi0=  x  10“7  (units:  Ns2/C2). 
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Since  the  force  acting  on  the  armature  is  proportional  to  the  square  of  the  flux,  the  response  of  the 
moving-armature  transducer  is  seen  to  be  nonlinear.  In  order  to  linearize  it  one  applies  a  large  bias  flux 
linkage  X0,  which  is  added  to  the  useful  flux  X,  of  the  magnetomotive  force  in  the  exciting  coil  due  to 
the  applied  current  /.  In  a  first  approximation  to  calculating  a  total  X  the  dominant  path  reluctance  is 
assumed  resident  in  the  air  gap,  with  a  small  correction  factor  8m  to  account  for  remainder  of  the  iron- 
core  paih.  Thus,  for  a  small  displacement  Z  of  the  armature, 


Xq  +  X]-,  Xq 


^qSs _ 

(d0  +  Z)  (1  +8J 


(d0  +  0  (1+0 


(units:  Vs).  (1.50.42) 


V  ■> 


Now  from  Eq.  1.50.40  it  is  seen  we  require  3X/9f  to  relate  E  to  v.  The  displacement  Z  introduces 
hysteresis  in  the  magnetic  circuit,  which  is  accounted  for  by  multiplying  pt0  by  the  nondimensional  com¬ 
plex  hysteresis  factor  Furthermore,  since  the  transduction  coefficient  can  be  evaluated  for  any  flux 
excitation  of  the  core,  we  set  i  -  0  and  write, 


.W/-1 


(in  which  8m  is  neglected).  Thus, 


PqPoxSg 
(d0  +  O2 


do  +  Z 


W 

SV>V- 

V.V.*. 


E  -  T,mv;  Te 


do  +  Z 


(units  of  T,m:  Vs/m). 


(1.50.43) 


In  the  conventional  theory  of  moving-armature  transducers  T„ 


The  reason  for  the  negative 


sign,  and  proposals  made  by  several  authors  to  remove  it  will  be  discussed  in  Sect.  1.44. 
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1.51  EXAMPLES  OF  ANALYSIS  OF  TRANSDUCERS 
BY  USE  OF  THE  VARIATIONAL  PRINCIPLE 

Electromechanical  transducers  in  current  use  are  complicated  structures.  Analysis  of  them 
requires  much  skill.  Experience  has  shown  that  the  use  of  a  variational  principle  can  serve  to 
illuminate  the  physical  aspects  of  transduction,  as  well  as  to  lighten  labor.  We  consider  here  two  exam¬ 
ples  of  electroacoustic  transduction.  Since  the  purpose  is  to  illustrate  procedure,  the  examples  are 
much  simplified. 

A.  Dynamical  Equations  of  a  Condenser  Microphone 


>.v>- 


11 


This  transducer  is  modeled  as  a  moving-plate  condenser.  Its  configuration  is  specified  by  a  single 
generalized  coordinate  in  space,  Z ,  and  a  single  generalized  coordinate  of  the  electrical  field,  charge  q. 
Mechanically,  the  (electroded)  moving  plate  is  a  diaphragm  modeled  as  mass  m,  spring  X,  and  damper  b 
which  are  idealized  to  have  the  same  velocity.  The  (electroded)  fixed  plate  is  charged  with  electric  vol¬ 
tage  e0  through  a  resistor  R. 

The  analysis  begins  with  the  variational  principle  Eq.  1.50.24a,  in  which  the  Lagrangian  L  (of  con¬ 
servative  press)  is  written  with  W'm  omitted  and  the  electromechanical  coupling  term  is  given  by  Eq. 
1.50.28, 


i-r-K-ir.-i- A 


(1.51.1) 
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The  expression  for  work  is  formulated  by  use  of  Eq.  1.50.24b.  We  recognize  two  nonconservative  gen¬ 
eralized  forces:  the  exterior  excitation  by  the  acoustic  field,  Fit)  and  the  interior  damper  force 
-  bid^/dt).  In  addition  there  are  two  generalized  voltages:  the  external  bias  field  e0  and  the  internal 
voltage  drop,  -  R  idq  /  dt).  Thus,  the  work  expression  is, 


-JL\ 


-  rM 


(1.51.2) 


Upon  application  of  Eq.  1.51.1  and  1.51.2  to  Lagrange’s  equations,  1.50.25,  one  obtains 


-y(m£)  +  kt  - 
at 


2idC  /  dxi) 
2  C2(0 


=  Fit)  -  b- 


(1.51.3a) 


—3.  -  =  e  -  R^- 
CiJO  0  dt 


(1.51.3b) 


The  terms  here  which  couple  f  and  q  are  clearly  in  evidence. 

Further  progress  in  the  analysis  can  be  made  if  one  assumes  C(£)  to  be  given  by  Eq.  1.50.33.  By 
rearrangement  of  terms  the  last  two  equations  then  reduce  to, 


«e  +  m  +  h  +  Ts— 

2  LX 


(1.51.4a) 


(1.51.4b) 


.■-W.V 

.-V-V- 


This  coupled  set  is  the  goal  of  the  variational  analysis.  Both  of  these  coupled  equations  are  seen  to  be 
nonlinear  in  the  terms,  q2  and  The  procedure  for  linearization,  together  with  a  more  realistic 
analysis,  is  presented  in  Sect.  2.38. 

B.  Dynamical  Equations  of  a  Moving  Coil  Loudspeaker 


>‘v'  A 


The  loudspeaker  is  modeled  as  a  diaphragm,  mass  m ,  spring  content  k ,  damper  b  assumed  to  be 
ideally  moving  with  the  same  velocity  £.  It  is  driven  by  the  force  of  a  voice  coil  generated  by  an 
applied  voltage  Eit)  acting  through  a  resistance  R  and  an  inductance  L.  Its  configuration  is  given  by 
generalized  coordinates  of  displacement  and  charge  i ;,q . 

The  analysis  begins  with  the  variational  principle  Eq.  1.50.24a  and  the  work  expression  1.50.24b. 
Since  the  transduction  does  not  involve  the  electric  field  the  term  We  in  the  Lagrangian  is  omitted. 
The  term  which  couples  q  and  £  is  W^,  given  by  Eq.  1.50.39.  Thus  the  Lagrangian  of  conservative 
press  is 


L  =  \m'e  -  \k?  +  Lq2  +  Blqit  ~  O 


(1.51.5a) 
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In  the  work  expression  we  recognize  two  nonconservative  mechanical  forces  namely  the  internal  damp¬ 
ing  force  -bd^/dt  and  the  reactive  force  (  -  pAS')  of  the  acoustic  pressure  pA  over  area  S.  There  are  in 
addition  two  nonconservative  electromotive  lorces,  the  external  applied  voltage  Eit),  and  the  internal 
voltage  drop  due  to  resistance  R.  For  arbitrary  variations  8q  and  8£  one  has: 


iEit)  -  Rq)dq  +  (  —  bt;  -  paS]  8£ 


(1.51.5b) 
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Application  of  Eqs.  1.51.5  to  Lagrange’s  Eqs.  1.50.25,  leads  to  the  coupled  set, 

mk  +  k%  -  Blq  =  -  b£  -  PAS 


Lq  4-  Bl%  =  E(t)  —  Rq 


(1.51.6a) 


(1.51.6b) 


This  coupled  set  is  the  goal  of  the  variational  analyses.  It  is  a  pair  of  ordinary  differential  equations 
with  constant  coefficients.  In  the  steady  state  (time  given  by  the  real  part  of  exp  jwt)  they  can  be 
reduced  to  the  set, 


“  PAS  =  Zmv  -  Bli 


E  =  Bl\  4  Ze  i 


(1.51.7a) 


(1.51.7b) 


in  which 


Zm  =  jo.'  m  4-  —co  4  b 


Ze  **  R  4  jcoL 


The  reactive  force  of  the  medium  is  proportional  to  the  diaphragm  velocity, 


pAS=  ZAv 


(1.51.8) 


ZA  -  mechanical  impedance  (units:  NS/m) 


The  electrical  inpedence  E/i  obtained  by  eliminating  v  from  Eqs.  1.51.7,  shows  the  effect  of  the  elec¬ 
tromechanical  coupling, 


-r  =  Ze  4  -(unit! ,:V/A) 

‘  Zm  +  ZA 


(1.51.9) 


A  more  realistic  analysis  of  moving-coil  transducers  will  be  presented  in  Sect.  2.35. 


To  summarize:  variational  methods  constitute  powerful  tools  for  extracting  sets  of  dynamical 
equations  that  describe  (coupled)  transducer  systems.  Although  applied  to  lumped  parameter  systems 
above;  they  are  equally  valid  for  distributed  systems.  Their  use  materially  reduces  the  labor  of  analysis. 

1.52  TRANSDUCER  ANALYSIS  VIA  SIGNAL  FLOW  GRAPHS 
AND  BLOCK  DIAGRAMS 

In  previous  sections  of  this  treatise  the  representation  of  transducers  by  equivalent  circuits  was 
expressed  by  electric  circuit  analogies  in  which  mass,  spring,  resistance-wave  symbolized  by  conven¬ 
tional  circuit  symbols.  Such  methods  are  highly  useful  whenever  ine  actuai  forces  anti  velocities  ot 
internal  components  are  needed  in  explicit  form.  The  transducer  designer  may  however  want  to  focus 
his  attention  on  overall  output  as  a  function  of  input.  While  it  is  true  that  an  initial  formulation  of  this 
goal  may  require  knowledge  of  all  intermediate  forces  and  velocities,  this  requirement  is  dispensed  with 
by  reduction  methods  inherent  in  the  technique  of  block  diagrams  and  signal  flow  graphs. 
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Since  all  circuit  representations  are  equivalent  to  relations  between  integral-differential  equations 
it  is  useful  to  formulate  the  / unction  of  elements  in  a  given  circuit  as  an  input-output  statement.  For 
conventional  circuits  the  following  rules  apply: 

1.  in  a  series  branch  between  two  points  1,  0  the  output  is  a  current  it  (/)  and  the  input  is  a 
potential  difference  et(t)  -  e0(t).  For  an  RLC  series  branch, 


e\(t)  -  e0(t) 

R  +  Li  +  jcSdl 


(1.52.1) 


in  which  the  circuit  parameters  are  in  operational  form. 

2.  in  a  shunt  branch  (to  ground)  the  output  is  the  voltage  to  ground  and  the  input  is  the  net 
current.  For  an  RLC  shunt  branch: 


e0(t)  -  [/,(/)  -  i2(t) ]  [R  +  L  ~  +  ~  f  dt] 


while  for  a  GCY  parallel  (shunt)  system: 


G  +  C 


/‘i  (/)  -  i2(t) 
d  i  t—  l 


4  +  r  f  dt 

dt  J 


(1.52.2) 


Figure  1.52.1  shows  the  two  rules  in  schematic  form: 


R-  L-  C- 


G  C 


V  S> 


Fig.  1.52.1  —  Illustration  of  input-output  formulation  of  a  circuit  component, 
(a)  series  circuit,  (b)  parallel  circuit 


Eas.  1.52.1  and  1.52.2  have  the  general  form, 


h  “  X  TJ a  e“  TJ>  ~  Zjl  •  ZJ<  ~  RJ<  +  LJ‘  (ft  +  c~  J  dt 


Uj'i"  UJ>  ”  ~T’  YJi~Gji  +  CJlj-  +  rjiJ 


(1.52.3) 


From  these  equations  one  may  construct  a  block  diagram  or  a  signal  flow  graph.  A  specific  example 
illustrates  the  method.  Figure  1.52.2  is  a  simple  conventional  2-mesh  electrical  circuit.  Applying  the 
rules  noted  above  one  derives  the  equations  in  the  figure. 
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i\  «  sC,e)  -  5Cie0 


<?o  =  f  'i  ”  "r  '2 


'2  ~  $C2e2 

e2  =*  5^/2. 


Fig.  1.52.2  —  A  two-mesh  network  and  its  associated 
equations  in  which  s  -  jc 0 


A  block  diagram  of  this  structure  in  which  the  operation  of  addition  or  subtraction  is  indicated  by  a  cir¬ 
cle  (summing)  symbol,  and  operation  of  multiplication  is  indicated  by  a  rectangular  box,  is  shown  in 
Fig.  1.52.3. 


=:§>.—]  jt'x 


Fig.  1.52.3  —  A  block  diagram  of  Fig.  1.52.2  in  which  operations  called  for  by  the 
associated  equations  are  represented  by  circles  and  squares 

A  further  simplification,  derived  again  from  Eqs.  1.52.3  is  the  signal  flow  graph.  In  this  construc¬ 
tion  the  symbols  eh  it,  e 0,  i2,  e2  are  interpreted  as  nodes  and  the  symbols  sC\,  s/T,  sC2,  sL2  are 
interpreted  as  directed  lines  or  branches  connecting  the  nodes.  A  straight  line  is  first  drawn  and  pro¬ 
vided  with  nodes  and  branches,  Fig.  1.52.4.  On  the  branches  are  placed  the  branch  transmittance  sym¬ 
bols,  sC\,  s/T,  etc. 


>/r 

1  A 

/&.  La  _ 

f  a  V 

W  ‘  V*! 

Fig.  1.52.4  —  Signal  flow  graph  of  Fig.  1.52.2 


The  graph  is  read  as  follows:  each  node  symbol  multiplied  by  the  directed  branch  symbol  (“  the 
branch  transmittance )  contributes  to  the  node  symbol  in  the  arrow  direction.  Gniy  contributions  entering 
a  node  are  listed. 

The  great  advantage  of  the  this  representation  is  the  ease  with  which  the  transfer  function  from 
input  to  output  is  obtained.  This  is  done  by  a  process  of  reduction  of  the  flow  graph.  To  illustrate  the 
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loop  4:  ^4  *  X$  *  X$\  ?9  =  7*45  7" 54 
loop  5:  X$  —• ■  X(>  — *  Xs\  T\q=  T56  T ^ 

loop  6:  X4  X$  —  X&  —*  Xf,  7’n  =  T 45  T 54 

A  similar  listing  can  be  made  for  signal  path  2. 

loop  7:  X1  -  X%  -  J9  -  J7; 

loop  8:  Afg  — *  Af9  ~ *■  Afgt 

loop  9:  AT7  —  ATg  —  AT,  —  AT6  - 


*7; 
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T\2  =  ^78  ^89  7"97 

f|3  =  7'g9  7’9g 

T\4  =  ^78  ^96  ?67- 


l' 


3.  Count  the  number  of  nontouching  feedback  loops  taken  2  a*  a  time.  These  are, 


in  path  1:  loops  1,  4 
1,  5 
1,  6 


2,  5 

3,  4 


;  in  path  2,  loops  8,9 


For  the  pair  1,4  one  has  the  products  T6  T9 
For  the  pair  1,5  one  has  the  products  Tg  ^10 
etc. 

A  similar  listing  can  be  made  for  signal  path  2. 

4.  Count  the  number  of  nontouching  feedback  loops  taken  3  at  a  time.  In  paths  1,  2  there  are  no 
groups  of  three  which  are  nontouching. 

5.  Calculate  A#  the  graph  determinant.  This  is  defined  as 

A#  =«  1  -  Sum  of  all  independent  feedback  loop  transmittances  taken  one 
at  a  time 

+  Sum  of  all  products  of  feedback  nontouching  loop  transmittances 
taken  two  at  a  time 

-  Sum  of  all  products  of  feedback  nontouching  loops  taken  tnree 
at  a  time. 

Here  the  words  "feedback  loop  transmittance"  means  a  product  of  the  loop  transmittances  e.g.  >  ^32  ^23- 
Thus, 

hg  “  1  -  [r6  +  7V  4-  Tg  4-  T9  +  Ti0  +  T\ [  +  Tn  +  Ti3_+  J\a  1 

Path  1  Path  2 

+  [t6  t9  +  t6  r, 0  +  r6  tu  +  t1  r10  +  r8  t9+  r13  rl4I 

Path  1  Path  2 

6.  Calculate  Ay,  j  =  1,  2.  By  definition  A 7  is  obtained  by  deleting  all  transmittances  of  feedback 
loops  from  Aj?  which  "touch"  path  ./.  Thus, 


A|  =  1  -  [T\2  +  T\i  +  7’14]  +  [7’u  r,4] 


A2  =  1  -  [T(,  +  Tf  4-  fg  +  7"9  4-  Tio  +  r„]  +  [7g  T9  +  Tf,  T ]0  4-  Tb  T\\  4-  T7  7’iq]. 
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The  overall  transfer  function  G(s)  defined  as  the  ratio  of  output  to  intput  {XJX\)  is  found  from 
the  notation, 


G(s)  =  T-  z  Tj  a,  =  -J-  [r,  a,  +  r2  a2). 


*«  j 

The  example  of  Fig.  1.52.2  will  serve  to  illustrate  this  procedure.  The  steps  are: 

1.  there  is  one  signal  path  X\  — 4  X2  — *  ^3  — 1 •  XA  — 1 •  Xs-  Thus  T\  =  T12  T23  r34 

2.  there  are  three  independent  feedback  loops 

t3  -  t2  -  *3;  r32  r23 
T4  - ’  T3  — ’  AV,  Tu  Tu 

x5-x4-  xs-  r54  r45 

3.  there  are  two  nontouching  feedback  loops 

X}  -  X2  -  *3;  Ys  -*  Y4  —  Ts 

4.  since  all  3  feedback  loops  touch  path  from  output  to  input  A }  =  1 

5.  the  graph  determinant  is 

ax  **  1  -  (r32  t23  +  743  7*34  +  T45  r54)  +  (r32  7^3  7’54  7,45) 


6.  the  overall  transfer  function  is 


cu4- C2 


7’i2  7’23  7’34  7'45 


X\  e\  1  -  (7’32  7’23  +  Tu  7'34  +  7’45  7’54)  +  (7’32  7’23  7’S4  7’45) 

This  result  is  the  same  as  would  be  obtained  by  solving  the  equations  of  Fig.  1.52.2  for  the  ratio  e-J et. 

To  summarize:  signal  flow  graphs  and  block  diagrams  can  be  used  in  transducer  analysis  to 
express  graphical  representations  of  the  differential/integral  relations  between  the  dynamic  response  of 
components.  Such  representations  help  in  finding  transfer  functions  from  input  to  output. 

1.53  DYNAMICAL  EQUATIONS  OF  TRANSDUCER  OPERATION  IN  ABSTRACT  FORM 
FOR  SYSTEMS  EXHIBITING  COUPLING  BETWEEN  n-MESHES 

Let  the  configuration  of  a  transducer  (that  is,  its  ‘state’  in  electrical,  hydraulic,  mechanical, 
acoustical  chemical,  etc.  coordinates)  be  described  by  the  generalized  coordinates  q,,  i  =  1,  2,  —  and 
for  each  such  coordinate  let  the  generalized  force  be  Qr  The  relation  between  Q )  and  q,  can  be 
expressed  as  operators  Ly,  or  inverse  operators  Lj"1,  describing  either  static  or  dynamic  force  balance: 


(a)  Lti  </;  +  2*  ij  “  Qi '  1  “  L  •  n 

J*i 

(b)  L[fl  Qi  +  ^LulQij  “  <h,  /  -  1,  2,  ....  n 

1 14 


(1.53.1) 
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In  these  equations  the  operators,  generalized  coordinates  and  generalized  forces  are  all  functions  of 
space  x  and  time  t. 

An  example  of  Eq.  1.53.1  is  the  single-mode  (lumped  parameter)  electrical- nechanical-acoustical 
transducer.  Table  1.53.1  lists  the  generalized  forces  and  coordinates  of  this  system. 

Table  1.53.1  —  Single  Mode  (Lumped  Parameter)  Generalized  System 
Energy  Field  Generalized  Coordinate  Generalized  Force 

electrical  /  (ampere)  E  (volt) 

mechanical  v  (meter/ sec)  F  (Newton) 

acoustical  u  (meterVsec)  P  (Newton/meter2) 


Inverse  Description 


electrical  e  (volt)  /  (ampere) 

mechanical  /  (Newton)  V  (meter/ sec) 

acoustical  p  (Newton/meter2)  V  (meterVsec) 

To  display  Eq.  1.53.1  in  simple  form  we  take  time  to  be  given  by  exp(-/car)  and  choose  a  3-mesh  sys¬ 
tem.  Then  the  operators  are  impedances  and  transduction  factors: 


Zeei  +  Temv+Tecu-  E 

Tmei  +  Zmv+Tmau-  F  (1.53.2) 

Taei  +  Tam  v  +  zaau  -  P 


In  many  transducers  the  volume  velocity  and  the  nominal  component  of  surface  velocity  v  are  easily 
related  to  each  other.  For  these  cases  the  contributions  Teeu  and  Tmu  are  incorporated  into  the  terms 
containing  v  in  the  £and  /’equations.  In  the  acoustical  the  term  Taei  is  not  directly  coupled  to  P,  while 
the  term  Tam\  is  left  as  a  boundary  condition.  Also,  because  acoustic  pressure  p  is  easily  measurable 
while  acoustic  velocity  is  difficult  to  measure  it  is  customary  to  use  the  inverse  discretion  involving  the 
inverse  operator  Yaa.  Thus  Eqs.  1.53.2  reduce  to  two  groups  of  equations,  one  for  the  transducer 
proper,  and  the  other  for  the  medium: 


transducer : 
medium : 


Zeei  +  Te„\  =  £ 

Tmei  +  Zmv  =  F 

yaap  =  Q 


An  equivalent  circuit  of  Eqs.  1.53.2  is  sketched  in  Fig.  1.53.1. 


1.54  ANALYSIS  OF  A  MULTIMODE  -  MULTIELECTRODE  PIEZOACTIVE  SYSTEM  BY 
USE  OF  GREEN’S  FUNCTIONS 

We  new  consider  a  piezoactive  system  which  is  distributed  in  spatial  coordinate  and  has  multiple 
force  input.  For  simplicity  in  following  the  analysis  we  consider  only  one  component  of  displacement 
and  take  it  to  be  a  function  of  one  spatial  coordinate  (say  x),  and  harmonic  time  exp  (-/car).  Tnus  in 
Eq.  (1.53.1)  we  set 

L  q(x,  ca)  =  Q(x,  c a).  (1.54.1) 
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Fig.  1.53.1  —  An  equivalent  circuit  in  the  force/ voltage/ 
pressure  analogy  of  Eq.  1.53.2 


To  visualize  a  mult’force  input  we  choose  a  piezoelectric  bar  with  J  electrode  terminals  and  K  mechani¬ 
cal  terminals.  A  force  developed  by  the  j  ’th  applied  voltage  is  designated  Fe(j)  (units:  N/m2),  while  the 
purely  mechanical  forces  are  designated  F^k) .  Thus  for  displacemnt  £  (units,  m) 

(1.54.2) 

J  k 

.Sfis  an  integro-differential  operator  (units:  N/mA).  It  is  of  second  order  involving  longitudinal  or  tor¬ 
sional  motion,  or  fourth  order  involving  flexural  motion.  To  keep  the  analysis  within  bounds  we  con¬ 
sider  here  only  longitudinal  motion.  Equation  (1.54.2)  is  an  inhomogeneous  equation  which  can  be 
solved  by  use  of  the  Green’s  function  G.  This  is  a  function  satisfying  the  boundary  conditions  £(x,,  o>) 
(at  x  =  0,  X  =  D  and  the  relation, 


F£‘  Gw(xix0)  =  -  Six  -  x0).  (1.54.3) 

Here  the  operator  &  has  been  altered  to  if'  in  order  to  make  G  have  the  units  of  a  displacement.  Since 
the  right  hand  side  has  the  units  of  meter-1  it  is  (for  the  above  reason)  convenient  to  give  force  the 
same  units.  Thus  we  multiply  both  sides  of  Eqs.  1.51.1  or  1.51.2  by  a  constant  a  (units:  m2/ AO,  and 
obtain, 


V  {Or,  <o)  =  «[£  Fy  +  £  F™ )  (1.54.4) 

J  k 

in  which  the  units  of  L'  are  m~2.  Thus  the  units  of  Gw  are  meter,  which  is  the  same  as  displacement  £. 
In  the  bounded  realm  0 <  x  <  /,  Gu  can  be  expanded  in  normalized  eigenfunction  <f>m  (units:  m1/2/s) 
of  longitudinal  motion: 


Gw  (x|x0)  = 


I 


<t>„  (x)  <f)n  (x0) 
2  2 


(1.54.5) 
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The  solution  of  Eq.  (1.54.2)  is  then 


C  Or,  <o)  =  aj  Gm  (a-|x0)  Q  (x0,  W)  dx0 


(1.54.6) 


Ox.  or)  -  «/'  £  [£  F/->Uo)  -r  £  FPbJdxo.  (1-54.7) 

0  n  ««  ~  «  l  j  k 

This  formula  shows  that  the  displacement  at  any  point  is  a  superposition  of  displacements  due  to  all 
electrical  and  mechanical  forces  exerted  over  all  the  electrodes  and  at  the  ends. 

We  now  specify  more  closely  the  nature  of  these  forces  as  externally  applied  to  the  bar.  First  let 
us  take  the  piezoelectric  equations  of  state  in  matrix  form  to  be: 


(a)  S=  sT+  dE 


( b )  D  =  dT  +  eE 


(see  Sec.  2.5).  Solving  (a)  for  T and  differentiating  with  respect  to  a- one  obtains 


(1.54.8) 


,  [s)-,  &L .  Is,-,  A  (W)£w,. 

dx  ax  ax 


(1.54.9) 


Thus  the  external  applied  electrical  forces  are  defined  as 

=  Fy  =  -M"1  -f  ([d)E^)  (units:  N/m3). 
dx  dx 


(1.54.10) 


It  is  noted  that  the  force  involving  the  strain  is  an  internal  force.  In  a  similar  way  we  can  represent  the 
applied  mechanical  forces.  For  simplicity  let  us  take  these  forces  to  be, 


F™  -  -F0  8(x0  -  0)  +  F,  8  Gc0  -  /). 


(1.54.11) 


(The  minus  sign  in  -F0  is  a  convention). 

With  these  expressions  for  the  applied  forces  it  is  seen  that  the  displacement  at  any  point  in  the 
bar  can  be  expressed  as  a  sum  of  characteristic  modes: 


iix,  o»)-a/0  £ 


'  £  ■M*)  <Mio)  £  jL  {[d]  £0)^)1 
n  -  "2  j=i  dx 


(1.54.12) 


00  ,</>,(*■) 

T'  I tr  a.  (t\  —  v  a.  (r.W  r - 

y,  it'll  *t I't'/jwi  2 

„  <»n  ~  ® 


(We  omit  here  ail  motion  of  center  of  mass.) 
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The  electric  current  Ip  in  the  //th  electrode  is  found  by  integrating  the  time-derivative  of  the  elec¬ 
tric  displacement  over  the  area  of  the  //th  electrode, 

Ip  =  —  id)  §  D(p)(x)  dA  (x). 

From  Eq.  (1.54.8), 

D  =  s~xdS  +  (e  —  s~xdd)E. 

By  definition 

c=l[^L  +  flit-LiL 

2  dxj  dx:  dx ' 

Thus, 

!„  =  -ia>  §  s~x  Id]  ~~  +  (c  -  s"1  [d][d])EXp)(x)  dA.  (1.54.13) 

Here  £(p)(x)  is  obtained  by  differentiation  of  Eq.  (1.54.12),  and  by  restricting  x  to  lie  in  the  //th  elec¬ 
trode.  Since  the  displacement  over  the  coordinate  x  of  the  p' th  electrode  is  due  to  all  J  voltages  cou¬ 

pling  to  all  rt  modes  it  is  seen  that  one  can  define  coupling  factors  A,  B,  C  by  performing  the  integra¬ 
tions  called  for  in  Eqs.  (1.54.13)  and  (1.54.12).  Then, 

/„  -  £  I  Apn  Anq  £<«>  +  Bpp  £<">  +  £  (C,“>  F0  +  C™  FI).  (1.54.14) 

n  fl-1  n 

In  this  equation  the  terms  on  the  right  hand  side  are  verbally  interpreted  to  mean: 

(a)  ...  the  voltage  £(,)  on  the  q\h  electrode  couples  into  the  n'th  mode  which  then  develops  a 
current  in  the  //th  electrode.  Summation  overall  modes  gives  the  total  contribution  due  to  Sum¬ 
mation  over  all  electrodes  gives  the  current  due  to  electromechanical  coupling  .... 

(b)  ...  the  voltage  E(p)  develops  a  self  current  in  the  //th  electrode  .... 

(c)  ...  the  force  F0  couples  into  the  nth  mode  v/hich  develops  a  current  in  the  //th  electrode. 

Summation  over  all  modes  gives  the  total  contribution  due  to  F0  ... . 

In  application  to  electroacoustic  transduction  it  is  a  usual  practice  for  one  of  the  mechanical  forces 
(say  F0)  to  be  designed  to  be  zero.  The  second  mechanical  force  F,  is  the  acoustic  reaction  force  and  as 
such  is  absorbed  into  the  first  term.  The  electrical  admittance  Tw  of  the  pth  electrode  due  io  the  vol¬ 
tage  E(q)  on  the  </th  electrode  is  then  derived  to  be: 

•<*  +  *"  (>-54-15» 


The  above  scheme  of  analysis  may  be  generalized.  For  example,  if  the  displacement  is  a  vector  q 
(x,  to )  with  3  components,  all  functions  of  one  space  coordinate,  then  we  again  use  a  constant  a  to 
modify  the  equations  of  motion  so  that 
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S£'  q  (x,  co)  —  aQ  (xo,  &>). 

The  solution  can  then  be  written  in  terms  of  a  Gieen’s  dyadic  G  which  satisfies  the  boundary  condi¬ 
tions  and  the  relation, 

if'  Gw  »  -/Six  -  xp),  /  -  idemfactor. 

The  vector  displacement  solution  is  then 

q  (x,  <o)  -  aj  9u(x\x0)  •  Q(x a)  dx0. 

Similarly,  if  the  displacement  is  a  single  component  of  flexure  of  a  plate  one  uses  a  constant  p 
(units:  m/N  )  so  that: 

if'  q ix,  y,  a>)  -  p  Q  Gc0,  >*o.  ") 
if'  G„ix,  y |*o,  .Vo)  -  -8(*  -  x0)8  O'  -  yo) 
qix,  y,  to)  -  p  fj  Gjx,  y  |x0,  y0)  Q  (*o.  .Vo.  «>)  ^o^Vo- 

In  addition  to  (normal)  forces  Q  there  will  possibly  be  benaing  moments  Mix.y)  distributed  over  the 
plate,  or  along  the  edges.  In  many  cases  these  are  applied  at  points.  For  each,  one  has. 

Mix,  y)  -  MSix  —  *0)  80>  -  j^). 


The  Green’s  function  Gu,  or  Green’s  dyadic  G  are  expanded  in  orthornormal  sets,  chosen  to  be  in  con¬ 
formity  with  the  boundary  conditions,  and  the  expansions  are  used  to  construct  the  displacements,  as 
already  indicated  in  the  method  above. 

STATE  MODELS  OF  DISCRETE  SYSTEMS 
1.55  LOW  FREQUENCY  ACOUSTIC  TRANSDUCTION 

The  generation  of  long  wavelength  sound  for  underwater  applications  in  the  frequency  range 
below  200  Hz  at  other  than  trivial  acoustic  power  requires  large  particle  velocity  in  the  medium  and 
hence  large  displacements  of  the  radiating  surface  of  the  generator.  A  survey  of  devices  that  can  be 
efficiently  driven  to  large  displacements  rules  out  the  use  of  unmodified  electroacoustic  converters  of 
the  electrostrictive  or  magnetostrictive  type  such  as  are  prevalent  in  high  frequency  generators.  This  is 
because  of  their  inherent  stiffness  in  the  usual  geometric  form  and  sizes  available  (bars,  rings, 
cylinders,  etc.),  resulting  in  unreasonable-size  structures  to  supply  the  large  energy  storage  needed. 
Often  convenient  modifications  are  devised  to  reduce  stiffness  reactance,  such  as  sandwiching  the 
piezoactive  material  between  masses  supplying  inertial  reactance,  or  using  piezoactive  material  to  drive 
plates  or  diaphragms  in  flexture.  While  feasible  these  structures  generally  are  stress  or  electric  field 
limited  hence  (may)  generate  inadequate  power  in  reasonable-size  packages. 

Instead  of  these  applications  of  high  frequency  technology  to  the  alien  demands  of  low  frequency 
sound  generation  it  has  been  a  well  justified  practice  for  the  designer  of  low  frequency  generators  to 
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resort  to  discrete  physical  systems  made  up  of  an  assembly  of  interconnected  electrical,  mechanical  or 
hydraulic  components  that  deliver  the  required  large  displacements  at  sufficient  force  to  radiate  long 
wavelength  sound  efficiently.  Low  frequency  generators  of  sound  therefore  generally  take  on  the 
appearance  of  electrical/mechanical/hydraulic  networks. 

Networks  designed  for  transmission  of  high  power  are  complicated  multiloops,  Fig.  1.2.1.  The 
analysis  of  such  systems  for  purposes  of  component  optimization,  prediction  of  performance,  and 
interpretation  of  field  experiment  require  the  application  of  powerful  tools  of  network  theory.  Often 
the  networks  can  be  simulated  on  an  analog  computer  and  all  response  characteristics  of  the  original 
system  studied  in  real  time  for  selected  choices  of  component  parameters.  Analog  simulation  of  major 
components  may  however  be  difficult  in  cases  where  component  performance  is  nonlinear,  or  exhibits 
negative  resistance,  or  where  the  interconnection  of  components  leads  to  mutual  coupling,  with  cou¬ 
pling  parameters  that  are  frequency  dependent.  When  networks  have  large  numbers  of  components 
connected  into  many  loops,  it  is  more  advantageous  to  employ  the  resources  of  digital  computers  to 
analyze  their  behaviour.  The  discipline  of  formulating  a  mathematical  model  of  these  networks  is  con¬ 
tained  in  the  Theory  of  Discrete  Physical  Systems.  The  purpose  of  the  following  Sections  is  to  outline  the 
major  concepts  of  this  theory  and  show  how  they  can  be  used  to  erect  a  mathematical  model  of  a  given 
system  that  can  be  submitted  to  efficient  numerical  calculation  on  a  digital  computer. 

1.56  MEASUREMENT  DIAGRAMS 

A  physical  system  (or  network)  can  be  considered  an  assembly  of  interconnected  subsystems  that, 
in  turn,  are  assemblies  (ultimately)  of  elementary  components.  To  characterize  components  with  a 
minimum  number  of  mathematical  symbols  we  consider  the  following  procedure.  When  a  subsystem  is 
removed  from  a  system  there  is  laid  bare  all  of  its  points  of  interconnection.  These  are  the  vertices  of 
the  subsystem  (or  component).  A  component  that  has  n  vertices  is  designated  an  //-terminal  com¬ 
ponent.  Each  pair  of  terminals  on  an  //-terminal  component  serves  as  a  port  through  which  power  flows: 
one  says  that  between  the  two  vertices  of  a  passive  port  there  is  resident  at  anv  time  t  an  instantaneous 
power  if  a  "driver"  (actual  or  conceptual)  is  connected  between  them.  Drivers  are  of  two  sorts:  (1)  the 
across-variable  or  e-driver,  which  maintains  a  specified  time  varying  physical  variable  E(t)  across  the 
two  vertices  of  a  port,  or  (2)  a  through-variable  (or  /-driver)  which  maintains  a  specified  physical  vari¬ 
able  lit)  flowing  from  one  vertex  to  the  second  of  the  port.  If  a  e-driver  is  connected  across  a  port,  it 
will  cause  the  flow  /(/)  of  the  through  variable  between  the  vertices.  The  instantaneous  power  in  the 
port  is  then  the  product  W(t)  =  E(t)  i  ( t ).  Since  £  or  i  may  be  negative  this  power  W(t)  may  be 
negative  part  of  the  time.  If  an  /-driver  is  connected  into  (not  across!)  the  vertices  of  a  port  it  will 
induce  an  across-variable  e(t)  across  the  vertices.  The  instantaneous  power  in  the  port  is  then 
W(t)  =  e(t)  I  (/).  Thus  a  port  of  a  disconnected  component  can  be  characterized  by  the  pair  of 
numbers  E(t),  i(i),  or  (alternatively)  l(t)  e(t),  obtained  by  connecting  a  e-driver  or  an  Adriver  and 
measuring  the  variable  that  is  complementary  to  the  driver  selected. 

The  measurement  of  i(t)  when  E(t)  is  specified,  or  e(t)  when  l(t)  is  specified  is  done  by  an  A 
meter  or  a  e-meter  respectively.  Such  meters  are  two-terminal  devices  that  can  give  either  positive  or 
negative  readings  depending  on  how  the  terminals  are  connected  to  the  vertices.  Since  a  e-driver  itself 
is  a  two  terminal  device,  it  is  required  that  when  E(t)  is  specified  to  be  positive  at  one  of  its  terminals 
the  e-meter  corrected  to  it  must  read  positive.  To  insure  this,  manufacturers  place  a  polarity  sign  (i.e., 
+  sign)  on  one  terminal  of  the  e-meter  which  if  connected  to  a  e-driver  at  a  time  of  positive  E(t )  will 
read  positive,  or  at  the  time  E(t )  is  negative,  will  read  negative.  Switching  terminals  will  give  a  nega¬ 
tive  reading  when  E(t)  is  positive,  and  a  positive  reading  when  £(/)  is  negative.  Similarly  manufactur¬ 
ers  fix  the  polarity  of  Ameters,  generally  by  an  arrow,  such  that  when  the  through-variable  is  specified 
to  flow  in  the  uiieciioii  of  the  ariow,  ine  metei  wiii  reaU  positive,  whereas  il  it  flows  in  the  contrary 
direction,  it  will  read  negative. 
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Now  when  an  /-driver  with  specified  lit)  is  placed  inbetween  two  vertices  of  a  component  and  an 
associated  /-meter  reads  positive  at  the  time  7(f)  is  positive,  the  polarity  sign  of  the  /-meter  can  be 
inserted  as  an  arrow  connecting  the  two  vertices  and  pointing  in  the  direction  of  positive  flow.  Natur¬ 
ally  when  the  flow  reverses,  the  /-meter  so  connected  is  in  correct  orientation  to  give  a  negative  read¬ 
ing.  Furthermore,  when  the  7(f)  is  positive,  a  e-meter  connected  across  the  vertices  should  read  posi¬ 
tive  induced  e(f)  if  its  +  terminal  is  connected  to  that  vertex  which  is  at  the  tail  of  the  arrow  already 
oriented  to  show  positive  flow.  Thus  a  complete  description  of  a  terminal  pair  driven  by  an  /-driver  is 
an  arrow  stretching  between  the  terminals,  and  a  +  sign  at  the  tail  ol  the  arrow.  (It  is  important  to 
note  this  arrow  is  a  measurement  sign  of  a  single  port:  it  is  not  a  system  sign  indicating  flow  in  the  con¬ 
nected  network).  Similarly  when  this  same  terminal-pair  is  driven  by  a  e-driver  having  a  specified  E(t ) 
at  one  of  its  own  terminals,  a  +  sign  is  placed  on  that  terminal  of  the  terminal-pair  connected  to  £(/), 
and  an  arrow  is  stretched  from  this  +  sign  polarized  vertex  to  the  ether  vertex  to  indicate  that  an  /• 
meter  will  read  positive  when  the  induced  /(/)  is  positive,  and  negative  when  the  induced  /(f)  is  nega¬ 
tive. 

Thus  each  terminal-pair  of  a  component  can  be  represented  as  an  oriented  line  called  an  edge 
between  two  vertices,  and  a  +  sign,  Fig.  1.56.1.  Associated  with  this  edge  is  a  e-number  e(f)  indicating 
the  magnitude  of  the  induced  across- variable  resulting  from  an  applied  /-driver,  7(f);  and  an  /-number, 
/(f),  indicating  the  magnitude  of  the  induced  through-variable  resulting  from  an  applied  e-driver,  £(/). 
Figure  1.56.1  represents  any  terminal  pair  of  an  //-terminal  component.  In  particular,  it  represents  a  2- 
tcrminal  component  of  a  network.  It  is  called  a  measurement  diagram  of  a  terminal-pair  of  one  edge 
and  two  vertices. 


+  v(t) 

O - - - O 

itt) 

Fig.  1.56.1  —  A  terminal  pair  re¬ 
presented  by  an  oriented  line 

The  measurement  diagram  forms  the  basis  for  construction  of  a  mathematical  model  of  the  termi¬ 
nal  pair.  This  is  done  by  plotting  the  measured  induced  /(f)  versus  the  driver  £(f),  for  the  range  of  f 
under  consideration;  or  plotting  the  measured  induced  e(f)  versus  the  driver  7(f),  for  the  range  of  f 
under  consideration.  The  plots  thus  obtained  can  generally  be  cast  in  the  idealized  mathematical  form, 

e(t)  =  Z[7(f)};  /(f)  =  T{£(f)} 

in  which  Z  and  Y  are  integro-differential  operators.  These  equations  constitute  the  mathematical  model 
of  the  terminal-pair,  with  Z,  Y  fully  known  by  experiment. 

From  the  method  of  constructing  Fig.  1.56.1  we  can  infer  that  a  component  with  //-terminal  pairs 
can  be  represented  by  a  connected  graph  of  n  -  1  oriented  lines.  Figure  1.56.2  shows  a  measure  at 
diagram  of  a  4-terminal  graph.  There  are  three  terminal-pairs  (or  oriented  lines) ,  three  induced  e- 
variables,  ej,  e2>  e3  and  three  induced  /-variables  i\,  i2,  /'3.  The  mathematical  model  for  such  an  //- 
terminal  component  relates  a  column  vector  of  applied  e-drivers  E(f)  with  a  <\i!jmn  vector  i  (r)  of 
induced  /-variables;  or  alternatively,  a  column  vector  of  applied  /-drivers  1(f)  with  a  column  vector  of 
induced  v-variables.  The  model  becomes, 

i(f)  =  YE(f);e(f)  =  ZI  (f). 

The  symbols  Z,  Y  are  now  a  matrix  of  integral-differential  operators  with  elements  Zpg,  Ypg  respec¬ 
tively.  These  are  determined  (as  before)  by  measurement.  First  each  terminal-pair  of  the  component 
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Fig.  1.56.2  —  A  measurement  diagram  of  a  4-terminal  graph 


is  provided  with  its  own  /-driver  (/t,  I2,  To  measure  Z,u  P-1.  all  the  7?  aio  set  to 

zero  (that  is,  the  /-drivers  are  open-circuited)  except  I\(t),  and  the  plots  of  e\(t),  e2{t)  ...  e„{t)  versus 
I\(t)  are  made.  The  slopes  of  these  plots  at  specific  time  tx  are  the  values  of  Zxx{t),  .T21(ri),  etc.  The 
process  is  then  repeated  for  each  Iq  until  all  Z„  are  obtained.  These  values  of  ZN  are  called  the  open- 
circuit  parameters  of  the  component  equations.  Secondly,  each  terminal-pair  of  the  component  is  pro¬ 
vided  with  its  own  e-driver  (£j,  E2  ....  En).  To  measure  YpX,  p  -  1,  2  . . .  n,  all  Eq  are  set  to  zero 

(that  is,  the  e-drivers  are  short-circuited)  except  £j,  and  plots  of  ix(t),  i2(t) . /„(/)  versus  £j(/^  are 

made.  The  slopes  of  these  plots  at  specific  time  t\  are  the  values  of  Kn(fi),  K2i (r2)  ...  ^(t)).  The 
process  is  then  repeated  for  each  Eq  until  all  Yn  are  obtained.  These  values  of  Ypg  are  called  the  short- 
circuit  parameters  of  the  component  equations.  Figures  1.56.3(a)-3(c)  illustrate  the  method. 

In  summary  we  see  that  the  mathematical  model  of  each  terminal-pair  is  constructed  by  exciting 
with  i—  (or  e~)  drivers  and  measuring  the  induced  e  (t)  or  i(t)  variables  as  functions  of  time.  Since 
this  procedure  can  always  be  carried  out  it  is  a  well-justified  assumption  in  network  analysis  that  the 
mathematical  model  of  each  terminal-pair  is  known. 


(c) 

F:g  1  56.3  —  Prcccuuic  fui  uuidiuing  measurement  grapns  (a)  open  circuit  parameters 
(b)  short  circuit  parameters  (c)  measurement  of  slopes 
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1.57  IDEALIZED  TERMINAL-PAIRS  AND  THEIR  COMPONENT-EQUATIONS 

The  graphical  plots  of  /(/)  versus  Eit),  and  eit)  versus  lit)  that  constitute  the  model  of  the  ter¬ 
minal  pairs  can  be  approximated  by  algebraic,  differential  or  integral  equations.  With  sufficient  idealiza¬ 
tion  it  is  found  that  three  distinct  types  of  terminal  pairs  can  be  described.  In  the  first,  or  dissipator 
type,  the  slope  of  measured  l(t)  versus  Eit )  is  a  constant  over  an  extended  range  of  time,  making  this 
a  (r-terminal  pair  with  an  algebraic  component  equation.  The  dissipator  also  has  a  constant  slope  of 

eit)  versus  lit),  and  is  then  called  an  algebraic  R-terminal  pair.  In  the  second,  or  C-storage  type,  the 

/> 

idt  versus  (£■  (r2)  -  £(h)l  is  a  constant 

f  1 

O.  In  the  third,  or  L-storage  type,  the  slope  of  eit)  versus  dl/dt  is  a  constant  L  (alternatively,  the 

;►  *2 

edt  versus  [/(r2)  -  7(/i)l  is  a  constant  L).  While  a  terminal-pair  is  idealized  as  an  R  (or 

t\ 

G),  C,  or  L  type,  it  generally  partakes  in  real  fact  of  a  mixture  of  types.  When  a  combination  of  these 
three  types  in  a  terminal-pair  cannot  be  neglected,  its  mathematical  model  is  a  sum  of  them,  as  for 
example,  in  the  presence  of  a  e-driver,  the  induced  /-variable  of  a  combined  type  is  given  by, 

iit)  =  iG  +  C  ~)Eit) 
at 

Similarly  in  the  presence  of  an  /-driver  the  induced  v-variable  of  a  combined  type  is  given  by, 

e(t)-(R+L  4 >/(/ > 
dt 


Although  components  may  have  n-terminals,  the  2-tcr  .inal  component  has  served  as  building 
blocks  for  analysts  of  discrete  systems.  Table  1.57.1  lists  the  building  blocks  of  2-terminal  hydraulic, 
electric  and  mechanical  system  modeling  that  are  of  focal  interest  here: 


Table  1.57.1  —  Two-Terminal  Components 


System 

e-variable 

/-variable 

A-Component 

Z-Component 

C-Component 

Hydraulic 

P 

8 

P  =  Rhiit) 

g-cA 

*  h  dt 

Electric 

e 

i 

v  -  Rmi 

i  & 

V= LJt 

~dv 
t  =  C— 
dt 

Translational 

Mechanical 

8 

f 

*'7,' 

i-if 

k  dt 

Rotational 

Mechanical 

9 

T 

II 

-H- 

A  I  dT 
k  dt 

T  =  J  ~ 
dt 

p  =  pressure  (Newton/meter2) 
g  =  volume  flow  (meter3/sec) 

8  =  mechanical  velocity  (meter/sec) 
/  =  mechanical  force  (Newtons) 


e  =  electric  potential  (volts) 

/  =  electric  current  (ampere) 

9  =  anguiar  velocity  (radians/ sec) 
T  —  torque  (Newton-meter) 


The  symbols  Rh,  H,  Bf,  BT  are  defined  by  the  equations  in  which  they  appear.  These  building  blocks 
are  clearly  descriptive  of  linear  small  amplitude  models,  suitable  in  modeling  small  departures  of  the 
variables  from  an  operating  point  on  a  e-variable  versus  /-variable  plot.  The>  are  helpful  in  constructing 
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first  models  of  large  systems- models  that  can  later  be  modified  to  include  large  amplitude  effects.  It  is 
noted  that  the  building  blocks  are  couched  in  differential  form  only.  This  is  done  with  the  object  of 
constructing  models  that  can  be  numerically  evaluated  on  digital  computers  which  can  execute  numeri¬ 
cal  differentiation  faster,  with  less  error  in  given  time  then  numerical  integration.  Thus  in  an  n- 
terminal  component  those  terminal-pairs  that  are  L-component  are  written  with  open  circuit  parameters 
ZM,  and  those  that  are  C-component  are  written  with  short  circuit  parameters  Y M.  This  method  of 
writing  the  component  equations  has  additional  advantages  to  be  discussed  in  the  following  sections. 

1.58  MIXED  (OR  HYBRID)  COMPONENT  EQUATIONS 

The  generic  form  of  the  equations  of  a  multiterminal  component  derived  earlier  had  the  form, 

e(r)  =  Z{I(r)};  i(r)  =  Y{£(/)}. 

We  assume  now  that  the  vector  e  can  be  partitioned  into  e-variables  that  pertain  only  to  types  R.  L  ter¬ 
minal  pairs,  forming  subvector  e2,  and  the  remainder  forming  et.  Similarly  we  assume  the  vector  i  can 
be  partitioned  into  a  subvector  ej  whose  elements  pertain  only  to  types  G,  C  terminal  pairs,  and  the 
remainder  i2.  Thus,  in  accordant  with  this  partition,  the  model  is  written, 


The  e  —  /  set  constitutes  the  open-circuit  model,  and  the  i  —  E  set  constitutes  the  short-circuit  model. 
We  first  solve  for  I]  in  terms  of  ei  and  I2,  then  substitute  the  result  into  the  equation  for  e2  to  obtain, 

It  Hu  H12  e!  Hii  =  Zjj' ;  H)2=Zn1Z12 

e2  H2i  H22  I2  ’  H2i  =  Z2iZ|T*  ;  //22  = -Z2IZf11Z13  4- Z22 

This  is  an  intermediate  set  of  equations  and  has  the  drawback  that  applied  and  induced  variables  appear 
together  on  the  left  hand  side.  However  we  apply  a  reciprocity  theorem  for  power  flow  in  a  physical  sys¬ 
tem  which  states  that  the  roles  of  driver  variables  and  induced  variables  can  be  interchanged  in  a  linear 
passive  system.  Leaving  the  discussion  of  reciprocity  for  Sects.  1.46  and  1.48,  we  proceed  to  rewrite 
the  above  set  of  equations,  replacing  It  by  ii  and  ei  by  Et: 

ii  Hu  H12  E! 

e2  H21  H22  1 1  ' 

By  comparison  of  this  set  with  the  i  —  E  set  of  component  equations  it  is  seen  that  some  elements  of 
the  II  matrix  have  open-circuit  parameters  (e.g.,  H22),  and  others  have  short-circuit  parameters  (e.g. 
Hu).  This  set  is  therefore  called  the  mixed  (or  hybrid)  component  equations. 

Several  forms  of  hybrid  equations  play  an  important  role  in  the  modeling  of  multiterminal  com¬ 
ponents.  For  example,  setting  Hu  =  0  =  H22  and  H2]  =  -  H{2  ( T  =  symbol  of  transpose)  leads  to  a 
mathematical  model  of  a  linear  perfect  coupler ,  exemplified  by  the  common  lever  in  mechanical  systems 
and  the  transformer  in  electrical  systems.  Figure  1.58.1  shows  the  lever  modeled  as  a  3-terminal 
coupler,  and  Fig.  1.58.2  shows  the  transformer  as  a  4-terminal  coupler. 

Note  that  in  Fig.  1.58.2  if  the  measurement  diagram  with  vertices  c,  d  had  been  modeled  with 
reversed  polarity,  the  negative  sign  in  the  matrix  of  the  component  equations  would  have  been  changed 
to  a  positive  sign,  indicating  a  flow  of  the  through  variable  toward  vertex  c  on  the  assumption  that  the 
through  variable  is  flowing  away  from  a.  In  perfect  couplers  the  H  (or  "coefficient")  matrix  is  skew- 
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Fig.  1.58.1  —  Lever  modeled  as  a 
3-lerminal  coupler 


Fig.  1.58.2  —  Transformer  modeled  as  a 
4-terminal  coupler 


symmetric  (i.e.,  the  diagonal  elements  are  zero  and  the  off-diagonal  elements  have  opposite  signs). 
From  this  it  is  concluded  that  the  net  power  input  to  the  component  vanishes,  at  least  in  the  ideal 
models  of  Figs.  1.58.1  and  1.58.2.  In  more  realistic  models  mechanical  friction  and  mass  (or  electrical 
friction  and  energy  storage)  make  the  diagonal  elements  nonzero  and  therefore  make  the  power  input 
finite. 


We  return  now  to  the  i  -  E  (i.e..  short-circuit)  model  and  make  the  Y  matrix  skew-symmetric, 


[o  Y12 

E. 

»2 

1 

*< 

O 

E2 

Contrary  to  ideal  transformers  the  /-variable  here  transforms  to  a  e-va’iable,  i.e.,  there  is  a  variable 
switch.  This  set  of  equations  describes  the  ideal-gyrator  model,  ideal  because  the  net  power  input  to  the 
model  vanishes,  and  gyrator  because  the  equations  (by  switching  its  variables)  closely  resemble  those  of 
a  mechanical  gyroscope  under  simplifying  comditions.  By  making  the  drivers  E\,  E2  belong  to  different 
physical  systems  the  designer  can  adopt  the  gyrator  to  serve  as  a  model  of  transduction  devices.  For 
example  [7]  a  hydraulic  ram  converts  fluid  pressure  into  mechanical  force.  Figure  1.58.3  shows  a 
schematic  diagram  of  the  ram  driven  by  an  incompressible  fluid  and  loaded  by  a  restraining  spring, 
together  with  its  associated  measurement  diagram.  By  choosing  the  hydraulic  v-driver  as  the  pressure 
P2(t)  and  the  mechanical  v-driver  as  the  velocity  A](/),  an  elementary  gyrator  model  can  be  written  in 
the  form, 


A 

0  A 

Ai 

.82 

-A  0 

A. 

in  which  A  is  the  area  of  the  piston  subject  to  pressure  P2.  In  this  model  the  mechanical  force  flows 
from  the  piston  plunger  A  to  ground  B  while  the  hydraulic  fluid  flows  from  inlet  C  to  outlet  D.  The 
negative  sign  in  the  coefficient  matrix  Y  is  explained  in  this  way:  if  terminal-pair  cd  is  made  part  of  a 
closed  loop,  the  flow  of  g  (as  drawn)  is  clockwise,  while  the  flow  in  a  closed  loop  constructed  on 
terminal-pair  nh  wnnlrl  he  roiinterrlnrkwUe  Thus  the  mechanic?.!  displacement  is  made  to  be  opposite 
in  sign  to  the  hydraulic  flow. 
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Fig.  1.58.3  —  Hydraulic  ram  illustrating  construction  of  a  measurement  diagram 


1.59  ENERGY-CONVERSION  TRANSDUCERS  AS  TWO-PORT  COMPONENTS 

Energy  conversion  transducers  may  be  modeled  as  a  e  -  /  (i.e.,  open-circuit  parameter)  two-port 
set.  Taking  variables  with  subscript  1  to  refer  to  the  first  physical  system  and  subscript  2  to  refer  to  the 
second  physical  system,  we  write  the  component  equations  in  the  general  form 

e,  =  V\(l\,  12) 
e2-  K2(/„  /2). 

Here,  as  before,  e1(  e2  are  induced  variables,  and  I\,  /2  are  driver  variables.  In  most  physical  systems 
the  driver  variables  operate  in  the  vicinity  of  an  operating  point.  We  designate  these  points  with  sub¬ 
script  0.  Near  the  operating  point  the  component  equations  may  be  formulated  as  expansions  in  Taylor 
series,  viz.,  for 

ei  “  V\(h\>  fa)  +  (fa’  fa)  (h  ~  fa)  +  (fa>  fa)  (1 2  ~  fa) 

+  2*  a/ j  d°u  ^  _  +  y  ^[2  ^ou  ^  ~  ^ 2 

+  y  (An*  fa)  (A  -  An)  (h  ~  fa)  J"  — 

plus  a  similar  expansion  for  e2.  Since  most  transducers  are  required  to  be  linear,  these  Taylor  series 
must  be  terminated  with  the  linear  terms.  Considering  incremental  values  only  we  formulate  the  two- 
port  component  equations  as  the  set, 

at/-  rr 

on  ,  ,  on 
61  “  97,  7l  d/2  2 

2  dl\  1  dl2  2 
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This  general  set  of  coupled  equations  is  very  nearly  universally  used  to  describe  two-port  energy- 
conversion  transducers. 


As  an  application  we  review  the  construction  of  the  measurement  diagram  for  an  electromechani¬ 
cal  transducer.  The  /-drivers  (called  71(  /2  above)  are  taken  to  be  the  applied  electric  current  I  and  the 
applied  mechanical  force  F.  The  induce  variables  are  taken  to  be  the  terminal  voltage  e ,  and  the 
mechanical  velocity  8.  From  standard  theory  [8]  the  e  -  /  set  in  linear  steady-state  approximation  cf  an 
electromechanical  transducer  is  written  as, 


Tm  -  transduction  coefficient,  electrical-to-mechanical 


Tmt  «■  transduction  coefficient,  mechanical-to-electrical 


Zm  «*  mechanical  impedance. 

To  study  this  set  further  we  neglect  the  main  diagonal  terms  and  write  the  component  equations  in  the 
very  simplified  form, 


(1)  e  <■ 


(2)  8 - 


If  Tme  -  Ttm  (  as  in  electrostatic  and  piezoelectric  transducers),  the  coefficients  on  the  right  hand  side 
of  these  equations  have  opposite  signs,  making  the  original  coefficient  matrix  from  which  they  are 
drawn  antisymmetrical.  If  Tme  -  -  Tem  (as  in  moving-conductor,  moving  armature,  and  magnetostric- 
tive),  the  coefficients  have  the  same  sign,  making  the  original  coefficient  matrix  symmetrical.  The 
measurement  diagram  for  both  symmetrical  and  antisymmetrical  cases  is  the  same,  Fig.  1.59.1.  Here 
vertex  b  is  the  electrical  ground  (or  reference)  and  vertex  d  is  the  physical  ground  (or  reference). 
According  to  definition  the  e  -  I  set  of  equations  in  antisymmetrical  form  describes  a  gyrator.  Thus 
electrostatic  and  piezoelectric  transducers  are  gyrators  when  modeled  by  e  —  /  equations  that  use  mechanical 
force  and  electrical  current  as  through  variables. 


Fig.  1.59.1  —  Gyrator  modelled  as  a  2-port 
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Electromechanical  transducers  can  also  be  modeled  by  e  -  /  equations  that  use  applied  electrical 
current  I  and  applied  mechanical  velocity  A  as  through  variables.  In  this  case  the  simplified  component 
equations  (obtained  by  neglecting  the  main  diagonal  of  the  coefficient  matrix)  are, 


<0*-  TemA-  (2)  f  —  Tme I. 

If  Tem  -  Tmc  ''as  in  electrostatic  or  piezoelectric  transducers),  the  coefficients  have  the  same  sign,  mak¬ 
ing  the  osiginal  coefficient  matrix  symmetrical.  If  Tem  =  —Tme  (as  in  moving  conductor,  moving  arma¬ 
ture,  or  magnetostrictive  transducers)  the  original  coefficient  matrix  is  unsymmetrical.  Thus  with  the 
choice  A  end  I  as  through  variables  the  mathematical  models  of  the  latter  type  of  transducers  describe 
gy  rotors. 

When  a  gyrator  is  energized  by  an  energy  input  to  port  ab  (Fig.  1.59.1)  part  of  this  remains 
resident  in  ab,  and  part  is  coupled  to  port  cd.  The  ratio  of  energy  instantaneously  stored  in  cd  to  that 
stored  in  ab  is  a  number  equal  to  or  less  than  unity.  Of  course  the  total  energy  in  the  system  is  always 
equal  to  the  energy  input.  At  unity  ratio  the  coupling  coefficient  is  said  to  be  1  00.  If  no  energy  of  ab 
is  coupled  into  cd,  this  coefficient  is  zero.  The  phenomenon  of  coupling  on  gyrators  is  analogous  (but 
not  identical)  to  the  coupling  of  two  coils  of  an  electrical  transformer.  If  all  the  flux  of  one  coil  threads 
all  the  turns  of  the  second  coil  the  coupling  coefficient  is  1.00.  If  on  the  other  hand  the  flux  of  one  coil 
completely  bypasses  the  second  coil  the  coupling  coefficient  is  zero.  In  gyrators  the  partition  of  energy 
between  ab  and  cd  is  more  than  geometrical  (as  in  electrical  transformers).  It  is  physical  in  the  sense 
that  energy  partition  depends  on  the  physical  properties  of  the  component  ports  of  the  system.  Cou¬ 
pling  phenomena  are  discussed  in  Sects.  1.33,  1.34,  1.35,  1.37  through  1.42. 

In  sum :  energy  converting  two-ports  (i.e.,  transducers)  that  are  modeled  with  unsymmetric 
coefficient  matrices  are  gyrators.  By  interchanging  the  mechanical  through-variable  with  the  mechanical 
across-variable  the  model  is  given  a  symmetric  matrix,  and  loses  its  gyrator  character.  The  chief  advan¬ 
tage  in  constructing  models  with  symmetric  coefficient  matrices  is  the  knowledge  that  it  will  always  be 
possible  to  find  electric  network  representations  of  these  two-port  energy  converters  that  are  reciprocal, 
and  hence  physically  realizable.  However,  for  machine  computation  of  component  equations  (say  on 
digital  computers)  the  electrical  network  equivalent  is  an  unnecessary  step  in  making  an  analysis.  A 
discussion  of  this  assertion  is  taken  up  in  the  next  sequence  of  Sections. 

1.60  STATE  SYSTEMS,  SYSTEM  GRAPHS,  TREES  AND  COTREES 


In  the  previous  section  components  have  been  modeled  as  collections  of  terminal  pairs,  some  of 
which  are  connected  with  common  vertices  (such  as  couplers)  and  others  are  uncoupled,  i.e.,  they  exist 
as  separate  parts  (such  as  gyrators  or  transducers).  Components  modeled  with  separate  parts  are  typi¬ 
cally  different  physical  systems  that  are  coupled  by  fields  (gravitational,  electromagnetic,  chemical, 
etc.),  such  as  the  transducers  discussed  above.  A  collection  of  components  connected  among  them¬ 
selves  at  some,  but  not  necessary  all,  common  vertices  form  a  system.  In  general  such  a  system  will 
have  P  parts,  that  is,  P  subsystems,  that  are  related  to  each  other  not  by  common  vertices  but  only  by 
physical  fields.  A  system  of  P  parts  will  have  N  vertices  and  E  edges,  the  latter  corresponding  to  the 
edges  of  the  individual  components.  Since  each  edge  is  associated  with  an  unknown  /-variable  and  an 
unknown  e-variable  it  is  seen  that  there  are  a  total  of  2  E  variables  to  be  solved  for  in  the  analysis  of 
the  system  The  component  equations  that  relate  each  e  to  each  /  of  a  terminal  pair  clearly  provide  E 
equations  towards  the  required  solution.  The  basic  problem  in  analysis  of  discrete  systems  is  to  gen¬ 
erate  an  additional  set  of  £  equations  to  complete  the  solution.  Although  several  techniques  have  been 
used  by  analysts  of  discrete  systems,  >>c  will  employ  hue  the  method  of  iuieat  graphs.  "While  a  lull 
acconnt  of  the  system  of  linear  graphs  is  a  vast  undertaking,  we  can  with  great  profit  consider  certain 
key  features  that  are  suitable  to  the  formulation  of  system  equations,  delaying  the  problem  of  solving 
them  to  later  discussions. 
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We  consider  ihen  a  general  discrete  physical  system  of  E  edges,  N  vertices  and  P  parts.  Some  of 
the  edges  taken  together  form  closed  loops,  while  the  remaining  ones  do  not.  If  a  path  of  edges  is 
sequentially  traced  through  every  vertex  of  a  selected  part  in  such  a  way  that  no  closed  loops  are 
formed,  the  path  so  obtained  is  a  tree  of  that  part.  Its  edges  are  labeled  branches.  The  edges  not 
included  in  the  tree  form  together  the  cotree.  Its  edges  are  labeled  chords.  In  contrast  to  trees,  cotrees 
may  have  closed  loops.  A  system  of  P  parts  has  a  torest  of  trees,  and  a  coforest  of  cotrees.  It  is  impor¬ 
tant  to  note  that  the  formation  of  trees  and  cotrees  is  not  a  unique  process.  In  large  systems  the 
number  of  possible  trees  is  very  great.  However  there  is  an  optimum  tree  (and  cotree)  whose  choice 
simplifies  the  analysis  of  the  system.  Optimum  tree  selection  will  be  discussed  later  in  the  presentation 
of  examples  and  in  Sect.  1.64 

The  formation  of  trees  and  cotrees  enables  the  analyst  to  combine  pertinent  features  of  each  and 
form  from  them  E  equations  of  constraint  (or  E  system  Equations).  Of  these  a  number  are  constructed 
from  closed  loops  of  banches  and  chords.  They  are  the  circuit  equations.  The  remainder  are  constructed 
from  conditions  of  vertices.  They  are  the  " supernode "  (or  "cutset")  equations.  The  E  system  equations 
complement  the  E  component  equations.  Together  they  provide  the  2E  equations  needed  to  solve  for 
the  E  unknown  induced  e-variables  and  the  E  unknown  induced  ^-variables  of  the  edges  of  the  system. 


1,61  CIRCUIT  EQUATIONS  ON  THE  ACROSS-VARIABLES 

Figure  1.61.1a  shows  a  system  of  P  =  2  parts,  E  =  10  edgep,  and  N  =  8  vertices.  One  forest  (not 
necessarily  optimum)  of  this  system  may  be  constructed  by  deleting  branches  2,  7,  8  of  part  P  =  1,  and 
branch  10  of  P  =  2.  The  forest  then  has  one  tree  Fig.  1.61.1b  made  up  of  branches  3,  4,  5,  6,  1  and  a 
second  tree  made  up  of  branch  9.  The  total  number  of  branches  is  A'  -  P  =  6.  The  coforest  of  this 
system  is  shown  in  Fig.  1.61c.  One  cotree  is  constructed  of  chords  2,  7,  8  and  the  second  cotree  is  con¬ 
structed  of  chord  10.  The  total  number  of  chords  of  the  coforest  is  E  -  (N  —  P)  =  4  chords. 


Fig.  1.61.1  —  (a)  A  system  of  components  <b)  one  tree  of  (a)  (c)  coforest  of  (b). 
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The  system  graph  thus  depicted  with  its  associated  forest  and  coforest  are  now  in  a  form  to  permit 
construction  of  the  circuit  equations  The  procedure  is  this,  to  form  a  circuit  equation  one  takes  a  sin¬ 
gle  chord  from  the  coforest  and  restores  it  to  its  correct  position  in  the  associate  d  tree.  This  restoration 
creates  a  closed  loop,  from  which  one  circuit  equation  can  be  constructed.  For  example,  if  chord  2  is 
restored  to  part  1,  a  closed  loop  of  edges  2,  3,  4,  5,  6,  1  is  formed.  We  call  this  (arbitrarily)  circuit  1. 
Similarly  the  restoration  of  chord  10  to  the  original  tree  makes  up  closed  loop  10,  9  which  is  called  cir¬ 
cuit  2.  Chord  8  generates  closed  loop  8,  3,  4,  5  on  the  original  tree  which  is  circuit  3.  Finally,  chord  7 
generates  circuit  7,  3,  4.  The  circuits  formed  in  this  way  are  called  fundamental  circuits.  Their  total 
number  is  equal  to  the  number  of  chords  in  the  coforest,  viz.  E  —  (N  —  P)  “  4. 

Every  circuit  must  be  assigned  be  a  loop  orientation,  clockwise  or  counterclockwise.  A  convenient 
convention  is  to  assign  the  orientation  of  the  chord  that  closes  the  loop.  Thus  circuit  1  is  oriented 
clockwise,  circuit  2  is  counterclockwise,  circuit  3  and  4  are  both  clockwise.  Since  the  edges  in  a  circuit 
are  themselves  oriented,  the  directions  of  some  will  agree,  and  others  disagree,  with  the  polarity 
assigned  to  the  loop.  A  useful  label  of  agreement  or  disagreement  of  edge  j  of  circuit  i  is  the  symbol 
Pij-  It  is  assigned  a  value  of  +1  if  there  is  agreement,  -1  if  there  is  disagreement,  and  0  if  the  edge  j 
is  not  in  circuit  i.  For  the  four  circuits  of  the  selected  forest  (and  coforest)  the  circuit  row  vectors  may 
be  displayed  as  a  circuit  matrix  B: 

(branches) 

j  =  3,  4,  5,  6,  1,  9  2,  10,  8,  7 

circuit  1  =  2,  3,  4,  5,  6,  1:  /3,;  =  (1  -1  11-1  0  1  0  0  0] 

circuit  2  -  10,  9:  /32j,  =  [0  0  0  0  0  -1  0  1  0  0] 

circuit  3  =  8,  3,  4,  5:  p3j  =  (1  -1  1  0  0  0  0  0  0  0] 

circuit  4  =■  7,  3,  4:  /j4;=[l-1  00  0  00  001] 

This  display  has  the  following  (useful)  but  not  obligatory  characteristics:  (1)  the  circuits  begin  with 
their  generating  chord,  (2)  the  components  of  vector  /9  begin  with  a  list  of  branches  and  end  with  a  list 
of  chords,  (3)  the  listing  of  the  chords  is  in  the  same  order  as  the  corresponding  chords  in  the  list  of 
circuits,  (4)  all  branches  and  all  chords  of  the  selected  forest  are  listed. 

The  construction  of  the  circuit  row  matrix  B  enables  the  analyst  to  formulate  E  -  (N  -  P)  circuit 
equations  on  the  across-variable  vector  e  =  (ei  e2  ...  e10).  They  obey  KirchofTs  loop  law  which  states 
that, 

10 

Be  =  0;  or  £  ; 3,-,  e,  =  0,  /  =  1,  2,  3,  4. 

y- 1 

Since  B  is  a  4  row  x  10  column  matrix,  it  is  seen  that  this  set  of  equations  supplies  only  4  independent 
relations  among  the  across-variables  e.  Noting  that  the  matrix  B  is  partitioned  into  branch  and  chord 
sections  B,,,  Bc  it  is  useful  to  partition  the  across-variable  vector  into  eb  and  ec  respectively.  The  circuit 
equations  in  matrix  form  then  read, 

[B6,  Bf]  lb  =  0 
or 

ec  =  —  (B~l  Bb)eb. 

The  matrix  formulation  of  the  circuit  equations  thus  leads  to  the  very  important  conclusion  that  the 
across-variables  of  the  cotree  are  uniquely  related  to  the  across-variables  of  the  tree. 
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In  sum.  Selecting  a  forest  (and  coforest)  from  the  system  graph  and  construction  of  all  the  circuit  equa¬ 
tions  from  it  generates  E  —  (N  —  P)  equations  of  the  total  number  of  E  equations  required  to  analyze 
the  system.  There  still  remain  N  -  P  equations  of  constraint  to  be  constructed.  These  constitute  the 
"cutset"  or  "supernode"  equations  which  are  now  to  be  discussed. 

1.62  SUPERNODE  (OR  CUT  SET)  EQUATIONS  ON  THE  THROUGH-VARIABLES 

We  return  to  the  system  graph  Fig.  1.61.1a  and  select  the  forest  shown  in  Fig.  1.61.1b.  It  will  be 
advantageous  to  consider  one  tree  of  this  forest  at  a  time.  Let  this  be  the  tree  of  part  PI.  In  general 
this  tree  will  have  J  vertices  and  J  -  1  branches.  Here  J  -  1  =  5  branches.  The  procedure  for  forming 
a  "supernode"  equation  on  a  selected  tree  is  as  follows:  first,  one  edge  of  the  tree  (but  not  its  associated 
vertices),  is  deleted,  leaving  the  tree  in  two  pieces  (note:  one  of  the  pieces  can  be  an  isolated  vertex). 
In  each  piece  all  the  vertices  are  collapsed  to  form  one  "supernode."  The  result  is  then  two  "super¬ 
nodes"  which  are  identified  by  the  labels  of  the  collapsed  (original  system)  vertices.  For  example,  in 
Fig.  1.61.1b  deletion  of  edge  6  results  in  two  pieces  that  when  collapsed  yield  the  two  supernodes  af 
and  bcde.  Second,  the  two  supernodes  are  connected  by  all  the  edges  in  the  original  system  graph  that 
run  from  any  vertex  labeled  in  one  supernode  to  a  vertex  labeled  in  the  second  supernode.  Examina¬ 
tion  of  Fig.  1.61.1a  shows  two  such  edges,  namely  6,  2.  This  set  of  edges  is  called  a  "cutset"  and  is 
labeled  (arbitrarily  say)  "cutset"  5,  and  written  as  (6,  2).  After  formation  of  a  cutset  ’he  deleted  edge  is 
restored.  The  process  is  then  repeated  by  selecting  a  second  edge  of  the  tree,  and  proceeding  in  the 
same  manner  to  form  a  second  cutset.  In  this  way,  for  the  tree  shown  in  Fig.  1.61.1b,  Part  1,  the 
cutsets  are  determined  to  be: 

Cutset  1,  on  edge  1:  (1,2) 

Cutset  2,  on  edge  3:  (3,  2,  7,  8) 

Cutset  3,  on  edge  4:  (4,  2,  7,  8) 

Cutset  4,  on  edge  5:  (5,  2,  8) 

Cutset  5,  on  edge  6:  (6,  2) 

All  cutsets  must  be  assigned  a  supernode  orientation ,  that  is,  a  positive  direction  pictured  as  an  arrow 
running  from  one  supernode  to  the  second.  A  convenient  convention  is  to  assign  the  direction  of  the 
generating  edge  of  the  selected  tree  to  be  the  orientation  of  the  cutset.  For  example  the  cutset  formed 
on  edge  1  is  oriented  positive  in  the  direction  of  the  arrow  of  edge  1.  If  this  cutset  is  depicted  as  in 
Fig.  1.62.1,  the  positive  direction  is  as  shown.  This  assigned  orientation  of  the  cutset  to  be  with  the 
same  as  the  generating  edge  of  the  set  causes  the  remaining  edges  of  the  set  to  agree  with,  or  disagree 
with  that  orientation.  To  record  this  condition  one  constructs  a  cutset  matrix  A  with  row  vector  a  (9] 
in  the  following  manner.  Let  the  particular  cutset  be  labeled  subscript  / where  /  =  1,  2,  ...  (N  —  P) 
(i.e.,  N  =  number  of  vertices  of  the  system  graph  and  P  =  the  number  of  parts),  and  let  the  edges  of 
the  cutset  be  labeled  subscript  j(J  =  1,  2  . . .  E).  Assign  to  each  edge  the  number  atJ=  1  if  the  edge  j  is 
in  the  cutset  /  and  its  direction  agrees  with  the  assigned  orientation;  and  a,,  =  —1,  if  this  edge  disagrees 
with  the  assigned  orientation.  If  edge  j  is  not  in  cutset  /,  assign  the  number  au  =  0.  Using  these  rules 
one  finds  the  cutset  matrix  A  to  be: 

(branches)  (chords) 

j  I  -  1,  3,  4,  5,  6,  9  2,  7,  8,  10 
Cutset  1  (6,  2):  a,y  =  1  0  0  0  0  0  1  0  0  0 

Cutset  2  (3,  2,  7,  8):  a2j  =  0  1  0  0  0  0  -1  -1  -1  0 

Cutset  3  (4,  2,  7,  8):  a3y  =  0  0  1  0  0  0  1  1  1  0 

Cutset  4  (5,  2,  8):  aAJ  =  0  0  0  1  0  0  -1  0  -1  0 

Cutset  5  (6,  2):  a$j  =  0  0  0  0  1  0  1  0  0  0 

Cutset  6  (9,  10):  a6J  =  0  0  0  0  010  0  0  1 

The  mode  of  display  of  the  cutset  matrix  A  has  the  same  characteristics  of  matrix  partitioning  as  that  of 
the  circuit  matrix  B.  It  is  seen  to  be  an  N  —  Prow  by  an  E  column  matrix. 
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The  construction  of  the  cutset  matrix  A  allows  one  to  form  the  cutset  (or  supernode)  equations  of 
the  system  through-variables  i  =  (i\,  ii . /E).  They  are  analogs  of  Kirchoffs  node  laws, 

E 

Ai  =  0,  or  £  otyij  -  0,  i  =  1,  2,  _ (N  —  P). 

j- 1 

Partitioning  A  into  branch  matrix  A6  and  chord  matrix  Ac,  and  (similarly)  partitioning  i  into  branch  ift, 
and  chord  ic,  one  can  restate  the  cutset  equations  in  the  form, 

4  =  —  A*-1  A cic  or  (ib)p  =  £  £  (Ab')M(Ac)qr(ie)r. 

<7-1  r-1 

From  this  matrix  formulation  comes  the  very  important  conclusion  that  the  through-variables  of  the 
cotree  uniquely  determine  the  through-variables  of  the  tree.  It  is  seen  from  them  that  a  total  of  N  -  P 
cutset  equations  can  be  made  available  for  a  system  of  N  vertices  and  P  parts. 

The  construction  of  the  cutset  equations  completes  the  formulation  of  the  problem  of  analyzing  a 
system  of  E  edges.  On  hand  are  2  E  equations  for  determing  the  E  unknown  e-variables,  and  the  E 
unknown  /-variables  of  the  system.  In  the  formulation  the  following  point  is  to  be  emphasized: 

The  component  equations  that  constitute  half  of  the  total  number  of  equations  needed  are 
mathematical  models  of  the  components  as  they  exist  in  unconnected  form.  The  models  are  determined 
by  connecting  ideal  e  or  /-drivers  to  their  terminal  pairs  and  measuring  the  induced  variables.  When 
these  components  are  connected  into  a  system,  each  terminal  pair  is  excited  by  its  mating  pair:  the 
induced  variables  then  depend  on  each  ether.  This  dependence,  or  interconnection,  of  the  system  vari¬ 
ables  is  accounted  for  by  the  circuit  and  cutset  equations. 

1.63  THE  PRIMARY  MATHEMATICAL  MODEL 

We  gather  together  the  results  of  the  previous  sections  to  present  the  Primary  Mathematical  Model 
of  a  discrete  physical  system  represented  by  a  system  graph  of  E  edges,  N  vertices  and  P  parts.  First  we 
list  the  equations  of  the  components  into  which  the  system  can  be  broken  down.  As  discussed  we  can 
write  them  in  open-circuit  or  short-ciruit  form.  For  passive  components  these  are: 

open  circuit:  e  =  (R  +  L  —  +  C-1  f  dt) i 

e  =  (e(,  e2  . . .  ce);  /  =  (/|,  *2.  —  <e) 


short  circuit: 
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Here  R,  L,  C_l,  G  and  L-1  are  matrices.  Other  components  of  the  system  may  be  active.  They  are 
represented  by  a  set  of  equations  of  the  form: 

e-sources  ed  =  E 
/-sources  \d  =  J 

The  quantities  E  and  J  are  specified  (i.e.,  known  apriori).  The  total  number  of  passive  and  active  com¬ 
ponent  equations  is  equal  to  the  number  of  edges  E. 

In  addition  there  are  E  system  equations.  As  discussed,  these  are  obtained  by  selecting  a  forest  of 
trees  of  the  system  graph  (plus  an  associated  coforest)  and  constructing  E  -  (N  -  P)  circuit  equations, 

ef  =  -  (B~lBb)eb 

and  N  -  P  cutset  equations, 

t b  A b  A cic 

These  together  with  the  component  equations  form  the  2  E  equations  of  the  primary  model.  From 
them  all  of  the  system  variables  can  be  found. 

1.64  THE  STATE  MODEL 

The  E  component  equations  of  the  Primary  Mathematical  Model  have  been  formulated  as 
integro-differential  equations  in  time.  In  combination  with  the  E  system  equations  they  pose  a  severe 
problem  of  solution  to  the  numerical  analyst.  Modern  numerical  analysis  seeks  (wherever  possible)  to 
exploit  the  tremendous  resources  of  the  digital  computer  to  make  the  handling  of  large  system  possible. 
With  the  aim  of  adapting  the  2 E  equations  of  the  Primary  Mathematical  Model  to  digital  computer  rou¬ 
tines  it  has  been  a  widespread  practice  to  write  these  equations  in  differential  (or  algebraic)  form  only. 
The  primary  model  is  thus  modified,  and  the  derived  (or  secondary)  model  is  called  the  State  Model  of 
the  System. 

To  begin  the  construction  of  the  state  model  we  first  seek  to  reduce  the  2E  equations  to  a 
minimal  set,  the  solution  of  which  determines  all  the  remaining  variables  of  the  system.  To  accomplish 
this  end  we  begin  by  selecting  from  the  system  graph  a  special  tree  called  the  maximally  selected  tree 
[10]  whose  definition  and  properties  we  discuss  below.  Associated  with  this  tree  is  the  maximally 
selected  cotree.  We  next  chose  a  special  set  of  variables,  called  the  primary  variables,  consisting  of  the 
N  -  1  across-variables  (=  e6)  of  this  tree  and  the  E  -  N  +  1  through-variables  (=  ic)  of  the  associated 
cotree,  to  form  a  total  of  E  unknown  variables.  The  primary  variables  can  be  considered  the  com¬ 
ponents  of  a  vector  ¥,  e.g., 


V  =  (eb,  ic). 

This  defines  the  state  vector  of  the  system  variables.  The  complementary  set  of  variables  (ec,  i*,)  con¬ 
stitute  the  secondary  variables  of  the  system.  The  state  vector  contains  the  unknown  variables  to  be 
solved  for.  Sir.ce  the  branch  variables  eA  uniquely  determine  the  chord  variables  ic  through  the  circuit 
equations,  and  the  chord  variables  ic  uniquely  determine  the  branch  variables  i*  through  the  cutset 
equations  it  is  seen  that  the  determination  of  the  state  vector  leads  directly  to  the  determination  of  all 
the  unknown  variables  of  the  system.  The  state  vector  obeys  a  first  order  ordinary  differential  equation; 
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in  which  P,  Q  are  matrices,  and  ¥0  is  a  vector  whose  components  are  sources  (active  drivers,  and/or 
initial  conditions).  This  equation  is  the  state  model  corresponding  to  the  selected  maximal  tree. 

A  tree  is  said  to  be  maximally  selected  if  (1)  in  the  algebraic  component  equations  (i.e.  the  R- 
component  equations)  the  primary  variables  are  explicit  functions  of  the  secondary  variables,  \b  =  Ri^ 
(2)  in  the  differential  component  equations  the  time  derivatives  of  the  primary  variables  are  explicit 
functions  of  the  secondary  variables,  dejdt  C'Ub  (3)  the  number  of  differential  equations  is 
optimally  maximum.  A  practical  application  of  these  rules  leads  to  the  requirement  that  the  tree  is 
maximally  selected  if  all  the  C-component  edges  and  e-drivers  are  in  the  tree,  all  the  L-component 
edges  and  /-drivers  are  in  the  cotree,  all  the  algebraic  equations  in  the  tree  are  of  the  form  e6  =  Rit, 
and  all  the  algebraic  equations  of  the  cotree  are  in  the  form  ic  =  Gec.  The  maximum  number  of  state 
equations  is  then  equal  to  the  number  of  storage  components  in  the  system  graph. 

Assuming  the  tree  of  the  system  graph  is  maximally  selected  we  may  construct  the  state  model  in 
the  following  steps.  First,  the  state  vector  ¥  is  formulated  to  contain  as  many  vector  components  (say 
n  of  them)  as  there  are  energy-storage  terminal  pairs  in  the  system  graph.  Of  these  there  will  be  group 
of  m  across-variables  (e)(  e2 ...  em),  followed  by  a  group  of  n-m  through-variables  Gm+1,  /m+2  ...  /„), 
so  that  the  vector  appears  as, 


¥  -  (e,.  e2,  ...ej/m+1, 

'm+2  •••(«)• 


Second  we  select  the  storage-component  equation  in  the  across-variable  elt  namely  dejdt  =  C'i'i,  and 
modify  it  by  expressing  /j ,  in  terms  of  (/m+|,  /m  +  2,  ...  /„),  using  the  cutset  equations,  in  the  process. 
The  result  is 


de,  i 
~dt 


—  C~lf(im+U  im+2,  ...  /„). 


Upon  assuming  the  function  /  is  linear  in  the  first  power  of  the  ts  we  arrive  by  this  equation  at  the 
required  state  model  for  the  terminal  pair  corresponding  to  edge  No.  1.  In  a  similar  manner  all  of  the 
time  derivatives  of  the  edge  across-variables  e,  subscripted  2  to  m  can  be  expressed  in  terms  of  the 
through  variables  im+\  up  to 

Following  the  completion  of  the  state  models  in  the  across  variables  we  take  up  the  storage- 
component  equations  in  the  through  variables  (/m+1,  /m+2.../„),  the  first  being  dim+l/ dt  =  L-1em+,. 
This  is  modified  by  expressing  em+!  in  terms  of  (ej,  e2,  ...em)  by  use  of  the  circuit  equations -a  pro¬ 
cedure  that  leads  to  the  equation, 


dim,  —  1 
dt 


=  L  'g(e|,  e2,  ...em). 


Again,  by  assuming  the  function  g  to  be  linear  in  the  first  power  of  the  e’s  we  arrive  (by  this  equation > 
at  the  state  model  equation  for  /m+1.  By  repetition  of  the  process  all  of  the  time  derivatives  of  the  pri¬ 
mary  variables  in  /  can  be  expressed  in  terms  of  the  primary  variables  in  e. 

Upon  assembly  of  all  of  the  modified  equations  derived  above  the  complete  state  model  is  formed 
and  appears  as  the  ordinary  vector  differential  equation: 
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—■  *  -  P*  +  D,  D  -  Q  ¥0. 


Here  we  have  added  to  the  state  model  a  vector  D  whose  elements  consist  of  the  /-drivers  1 1,  I2  ...  , 
assigned  by  the  analyst  to  be  in  the  cotree,  and  the  e-drivers,  V,  assigned  to  be  in  the  tree.  The  ele¬ 
ments  Pij  of  the  matrix  P  are  two-terminal  or  multiterminal  R,  L,  C,  G  parameters.  Although  initially 
the  tree  variables  eb  and  cotree  variables  ic  were  selected  to  be  the  primary  variables  of  the  system 
graph  it  is  seen  that  the  employment  of  the  circuit  equations  and  the  cutset  equations  incorporates  the 
R  and  G  parameters  of  the  algebraic  equations  into  the  component  differential  equations.  It  is  the  latter 
set  that  constitutes  the  state  model.  Thus  the  state  model  contains  only  the  primary  variables  (e6)c  of 
the  energy-storage  components  of  the  tree  and  the  primary  variables  (ic)i  of  the  energy-storage  com¬ 
ponents  of  the  cotree.  The  primary  variables  (eb)R  associated  with  /^-components  of  the  tree,  and  the 
primary  variables  ( ic)G  of  the  cotree  are  not  in  the  state  model  explicitly.  However,  though  not  in  the 
state  model,  (eb)R  and  (ie)G  are  determihed  when  (e4)c  and  (ic)L  of  the  state  model  are  successfully 
solved  for. 

In  a  system  that  is  simultaneously  driven  by  both  /-drivers  and  e-drivers  it  is  possible  to  obtain  a 
solution  by  superposition,  provided  the  system  is  linear.  In  this  case  the  e-drivers  are  first  short- 
circuited  and  a  solution  is  obtained  with  all  /-drivers  in  place.  Then  the  /-drivers  are  open-circuited  and 
a  solution  is  obtained  with  all  the  e-drivers  in  place.  The  two  solutions  are  then  added  to  obtain  the 
same  result  as  would  have  been  obtained  if  a  solution  was  sought  with  both  types  of  drivers  acting 
simultaneously. 

Whenever  it  is  not  possible  to  incorporate  all  the  e-drivers  and  all  the  C-components  in  a  single 
tree,  or  all  the  /-drivers  and  /.-components  in  the  corresponding  cotree,  the  state  model  will  not  contain 
the  maximum  number  of  e-elements  of  the  tree  and  /-elements  of  the  cotree  in  the  state  vector.  In 
that  case  one  selects  at  least  one  C-component  (say  e?)  in  the  tree  (with  all  e-drivers)  and  one  L- 
component  (say  /„)  in  the  cotree  (with  all  /-drivers),  and  from  these  one  constructs  a  2-component 
state  vector  'I'  =  (eq,  ir).  This  is  the  minimum-dimension  state  vector,  leading  to  a  state  model  made 
up  of  two  (energy-storage)  dynamic  equations,  together  with  a  sufficient  number  of  system  equations  to 
provide  a  complete  solution  by  repeated  substitutions.  Often  the  state  vector  can  be  enlarged  to  contain 
as  many  C-components  as  possible  in  the  tree,  leaving  the  remaining  C-components  aside  to  serve  as 
constraints:  plus  as  many  /.-components  as  possible  in  the  cotree,  leaving  the  remaining  L-components 
to  also  serve  as  constraints.  While  not  maximally  selected  the  tree  will  nevertheless  provide  a  basis  of 
solution. 

In  addition  it  is  important  to  note  that  in  constructing  the  state  model  one  must  not  use  those  cir¬ 
cuit  equations  that  contain  the  e-variables  corresponding  to  /-drivers,  nor  the  cutset  equations  that  con¬ 
tain  the  /-variables  corresponding  to  the  e-drivers.  These  omitted  equations  are  accounted  for  by  the 
presence  of  the  constraint  equations  of  the  e-drivers  and  /-drivers. 


r-'vw-j  t. 
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1.65  EXAMPLES  OF  CONSTRUCTION  OF  STATE  MODELS 

The  construction  of  state  models  is  illustrated  in  the  following  examples.  It  will  be  clear  from 
them  that  the  selection  of  the  "maximum"  tree  is  simple  in  many  cases.  It  should  be  recognized  how¬ 
ever  that  counter-examples  can  be  forwarded  in  which  it  is  not  possible  to  make  tiiis  selection.  For 
these  cases  the  analysis  though  possible  is  not  optimally  executed. 

Example  1.65.1 
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Fig.  1  65.1  —  Translational  mechanical  system  to  illustrate  construction 
of  a  state  model 


Figure  1.65.1  shows  a  translational  mechanical  system  consisting  of  two  masses  connected  by  a 
spring,  one  of  the  masses  ( 2m\ )  being  itself  elastically  restrained  by  a  second  spring  attached  to  a  mov¬ 
ing  foundation.  We  neglect  the  effects  of  friction  and  acoustic  radiation  in  this  model.  The  device  is 
driven  by  an  external  force  /0(r)  acting  on  mass  2 m2,  and  an  external  driver  of  displacement  80(t)  act¬ 
ing  on  spring  2  (kt  -  k2).  To  construct  the  system  graph  we  proceed  formally  by  listing  the  measure¬ 
ment  diagram  and  associated  equation  of  each  component.  The  latter  by  definition,  is  disconnected 
from  the  system.  This  listing  is  shown  in  Fig.  1.65.2a.  The  vertices  of  the  diagrams  are  a,  b,  g,  r/with 
g  being  "ground."  In  Fig.  1.65.2b  the  components  are  shown  assembled  by  coalescing  corresponding 
vertices.  Note  that  in  this  diagram  we  trace  the  "velocity  drops"  in  the  system.  From  this  connection 
diagram  the  system  graph  is  then  constructed  (Fig.  1.65.2c).  In  this  system  there  are  two  C- 
components  (edges  1,  2),  two  L-components  (edges  3,  4),  a  e-driver  (edge  6)  and  an  f-driver  (edge  5). 
To  form  the  state  model  we  select  the  tree  6,  1,  2  (i.e.,  a  e-driver  and  two  C-components),  shown  in 
Fig.  1.65. 2d.  The  corresponding  cotree  with  edges  4,  3,  5  is  shown  in  Fig.  1.65.2e.  The  primary  vari¬ 
ables  are  81(  82  of  the  tree  and  /3,  / 4  of  the  cotree.  We  first  construct  the  circuit  equations  and  the 
cutset  equations  of  the  system: 

circuit  (4,  6,  1):  84  +  86-8|  =  0  cutset  (6,  4):  f6  =  /4  =  0 

circuit  (3,  2,  1):  83  -f-  82  —  8 1  =  0  cutset  (1,  3,  4):  /1  +  /3  +  /4  =  0 

circuit  (5,  2):  85  —  82  =  0  cutset  (2,  5  3):  /2  —  /3  +  /5  =  0 

Since  85  is  the  across  variable  of  a  specified  /3,  the  circuit  (5,  2)  cannot  be  used  as  a  constraint.  Also 

since  /6  is  the  through  variable  of  a  specified  across- variable,  the  cutset  (6,  4)  cannot  be  used  as  a  con¬ 
straint.  There  remain  therefore  four  equations  of  constraint  plus  two  equations  of  specified  drivers. 
The  stat''  model,  directiy  obtainable  by  substituting  the  equations  of  constraint  into  the  components 
equations,  reduces  to  the  form: 


81 

0 

0 

1 

1 

81 

0 

~  2  M, 

2  M2 

1 

82 

0 

0 

1 

2M\ 

0 

82 

-  fo(t)/2M2 

h 

= 

lk2 

-lk2 

0 

0 

fj 

+ 

0 

U 

2(k]  -  k2) 

0 

0 

0 

u 

—2{k\  -  k2)80 

\  \  Xl 


4 
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Fig.  1.65.2  —  Construction  of  system  graph  (a)  listing  if  components  (b)  assembly  of  components 
(c)  system  graph.  Note:  these  are  VF  charts. 
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Example  1.65.2.  An  Acoustical  Circuit 


Figure  1.65.3a  shows  an  acoustical  network  of  aerial  acoustic  waves  in  duct  work  generated  by  a 
e-driver  in  the  form  of  a  reciprocating  piston  and  accumulator.  A  model  of  this  network  is  begun  by 
identifying  the  acoustic  components  that  make  up  the  edges  of  the  system  graph.  There  are  eight  com¬ 
ponents-  one  driver  (labeled  edge  0)  and  seven  passive  components  (edges  1  through  7).  This 
identification  is  equivalent  to  the  selection  of  vertices  A,  B,  C,  D,  G  of  the  graph.  The  "ground"  or 
reference  vertex  is  G.  Secondly,  the  component  equation  of  each  edge  is  formulated  by  choosing  a 
model  to  represent  its  physical  behaviour.  For  simplicity  the  model  is  often  an  approximation  to  reality. 
For  example,  edge  1  is  approximated  as  an  acoustic  mass  H\  in  which  friction  of  the  walls  and  compres¬ 
sibility  (or  stiffness)  of  the  volume  are  neglected.  Similarly,  we  approximate  component  2  as  an  acous¬ 
tic  spring  having  volume  compliance  C2;  components  3,  4  as  acoustic  mass  H3,  H^\  component  5  as 
spring  C5;  component  6  as  a  resistance  R6,  and  component  7  as  a  mass  //7.  By  such  approximations 
the  acoustical  network  is  reduced  to  a  discrete  system. 

Figure  1.65.3a  is  analyzed  in  the  following  figures  (b)  through  (f). 


(a) 

Fig.  1.65.3a  —  Acoustic  network 


D 


Figure  1.65.3b  shows  a  list  of  measurement  diagrams  of  this  system  and  their  associated  com¬ 
ponent  equations.  Figure  1.65.3c  shows  the  connection  lines  by  which  the  components  are  assembled 
into  the  system.  These  lines  trace  the  "pressure  drops"  in  the  system.  Note  that  in  acoustical  circuits 
compliances  in  stiff  walled  cavities  have  one  vertex  at  "ground."  We  redraw  Fig.  1.65.3c  into  the  system 
graph  shown  below  in  Fig.  1.65.3d. 

Since  our  goal  is  to  form  a  state  model  of  this  system  we  seek  first  a  "maximally  selected"  tree  that  has 
all  the  e-sources  and  C-components  in  it.  This  is  not  possible  because  vertex  d  (which  must  be 
included  in  the  tree)  has  no  C-component  incident  to  it.  However  we  note  that  vertex  d  can  be  elim¬ 
inated  by  combining  edges  6  and  7  into  one  edge  with  the  component  equation; 


Pi,  ~  B.686  +  Hi 

With  this  change  we  can  construct  the  "maximally  selected"  tree  shown  in  Fig.  1.65.3e,  and  its  associ¬ 
ated  cotree,  Fig.  1.65.3f.  The  circuit  equations  are  obtained  directly  by  the  procedures  discussed  Sec¬ 
tion  1.60. 


circuit  (1,  2,  0): 
circuit  (4,  5,  2): 
circuit  (3,  2): 
circuit  (6,  5): 


Pi  +  P2  ~  Po  =  0 
Pa  +  Ps  ~  Pi  =  0 
P3  ~  Pi  =  0 
Pi  ~  Ps  =  0. 


,w, 
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Using  the  rules  of  Section  1.61  we  construct  the  cutset  equations. 

cutset  (0,  1):  g0  +  Si  =  0 

cutset  (2,  3,  1):  g2  +  g3  ~  8\  =  0 

cutset  (5,  4,  6)  g5  +  g6  -  g4  =  0. 

Note  that  cutset  (0,1)  cannot  be  used  because  p0  is  specified.  The  primary  variables  are  the  e- variables 

of  the  tree  (namely  p2,  p$)  and  the  /-variables  of  the  cotree  (g),  g2,  £4,  g()-  By  use  of  the  circuit  and 
cutset  equations  the  state  model  is  easily  constructed  to  be: 


Simultaneous  solution  of  this  set  of  equations  (preferably  by  machine  computation)  determines  the 
state  vector,  which  in  turn,  determines  all  the  remaining  edge  variables  in  the  system. 

Example  1.65.3.  A  Mechanical  Network  Whose  Tree  is  not  Maximally  Selectable 


d,(t) 


Fig.  1.65.4  —  (a)  Mechanical  network,  (b)  system  graph,  (c)  a  "not-maximal”  tree,  (d)  associated  cotree 
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Figure  1.65.4a  shows  a  mechanical  circuit  consisting  of  two  masses  driven  by  a  e-driver  (i.e.  a 
velocity  driver  8](r)),  two  springs  (L3,  L6),  damper  R2 ,  friction  /?5,  and  an  /-driver  (namely  the  force 
fo(t))  at  vertex  D.  The  system  graph  is  shown  in  Fig.  1.65.4b. 


It  is  noticed  immediately  the  the  C-components  (=  masses  4,  7)  and  the  e-driver  form  a  closed 
loop.  Thus  it  is  not  possible  to  place  all  the  C-components  in  the  same  maximally  selected  tree.  The 
procedure  to  circumvent  this  difficulty  is  to  select  a  tree  (not  maximal)  to  contain  as  many  C- 
components  as  are  permitted.  Here  this  is  one  mass  (say  4)  plus  the  e-driver  (=  edge  1).  This  tree  is 
4,  1,  3,  2.  The  state  variables  are  then  taken  to  be  84  from  the  tree,  and  /6  from  the  cotree.  Since 
edges  1,  8  are  (specified)  drivers,  this  leaves  edges  2,  3,  5,  7  as  an  additional  set  of  component  equa¬ 
tions  which  must  participate  in  the  process  of  solution,  but  are  not  primary  variables.  The  component 
equations  are: 


(1) 

dt  M4 

(7) 

.dt  ~  K6 

(3)  83  “  f2R2 

(4)  kM  -  8, 


.  S5  *  fsR 5 

5  /s“  G585 

(6)  m-t  =  ft 

(7)  8,  -  80(r) 

(8)  h  =  Mt) 


The  equations  of  constraint  are: 

circuit  on  (5,  4):  85  -  84  -  0  cutset  on  (3,  8,  6):  /3  +  f%  +  fe  =  0 

circuit  on  (6,  1,  3,  2):  86  +  81  -  83  -  82  -  0  cutset  on  (2,  8,  6):  f2  +  /8  +  h  =  0 
circuit  on  (8,  4,  1,3):  not  useful 
circuit  on  (7,  1,  4):  S7  — Si  +  84  *«  0. 

Making  all  substitutions,  and  using  conventional  matrix  inversion  one  arrives  finally  at  the  state  model 
in  the  reduced  state  vector  [84,  /6 1: 

^  84  —G$/(.M^  +  M2)  0  84 

■jt[/6]!“|o  — /?2/(at3  at6)J  [  y*6 

[0  (M4  +  A/7)-1  80 

+  l-(AT3  +  K6)-'  -R2(K3  +  AT6)J  /o 

m7(a/4  +  a/7)-'  0  1  d  80 

+  [o  —  a:3(a:3 a:6)-1]  Jt  [/0 


Thus,  although,  the  mechanical  network  contains  four  energy-storage  components,  the  state  model  is 
constructed  on  only  two  of  them,  the  other  two  being  eliminated  by  the  system  equations  of  constraint. 

Example :  1.65.4 

Figure  1.65.5a  shows  a  mechanical  translation  system  driven  by  a  e-source  (=80(?)).  The  system 
graph  is  constructed  by  noting  (1)  that  masses  MlfM2  (edges  2,  5)  are  connected  to  "ground"  (2)  that 
they  are  connected  to  each  other  by  spring  K2  (edge  3)  and  damper  B  (edge  4);  (3)  that  mass  M 1  is 
driven  through  a  spring  K 1  (edge  1)  by  a  e-driver  80(f)  (edge  0).  Figure  1.65.5b  shows  the  system 
graph. 
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^  '•»  %  1 


.  dh(t)  1  , 

'  dt  M2  fs 


The  cotree  shows  there  are  three  circuit  equations  to  be  constructed  on  chords  1,  3,  4:  these  are, 

circuit  (1,  2,  0):  8]  +  82  -  80  =  0 

circuit  (3,  5,  2):  83  +  85  -  82  =  0 

circuit  (4,  5,  2):  84  +  85  -  82  =  0 

The  selected  tree  shows  there  are  three  cut-set  equations, 

cutset  (a,  beg):  /o  +  f\  =  0 

cutset  (8,  aqc):  -f\  +  h  +  h  +  A  =  0 

cutset  ( c.abg ):  f5  -  /4  -  f3  =  0 

Note  that  cutset  (a,  beg)  is  not  independent  since  /0  corresponds  to  an  assigned  velocity  8o'(r).  Thus 
there  are  five  independent  equations  of  constraint. 

The  state  variables  are  82,  85  associated  with  the  tree,  and  f\,  f2,  /3  associated  with  the  cotree. 
The  state  equations  are  obtained  by  using  the  equations  of  constraint: 


(1) 

d82 

dt 

1 

M\ 

[/, 

~/3- 

U 

(2) 

d  85 

dt 

1 

m2 

(3) 

df\ 

dt 

=  K 

[8q 

-  82] 

(4) 

dh 

dt 

=  K2 

(5) 

u 

=  B 

(82 

-85] 

B 

1 

1 

M\ 

Mi 

M 

1 

Mx 

h 

B 

-B 

0 

1 

d  85 

m2 

m2 

m2 

/1 

~K\ 

0 

0 

0 

fi 

k2 

0 

0 

0 

$2 

0 

S5 

/. 

+ 

0. 

A^|80 

f 3 

0 

lo  obtain  the  equations  of  motion  we  substitute  for  f\,  /3  by  writing 

f\  =  K\ [80  —  8|],  /3  =  K2 82,  80  =  f  8a (t )dtT 


*  *  *  m  *  *  «  n  «.  '  ■»  *  •  -  •  « 

..A  *  A  -  • 


.-v 

■ ,  j  1 ,  - .  • . 
V.  r  ' 


-  »»/  .v.v.v  .v 


-r. 


(\\\\V.\\V  Vf.  . 
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Thus, 


(0  —— 
dt 


■(/T|  (80  —  §2)  A 282  —  B82  +  585}, 


M\  ~~  +  B  b2+  (K\  +  K2)  82  =  A,80  +  B  85 


(2)  it"  if2[Klh+  5(«2  ~  «5>] 


w  d8 5  •  *2 

A/2 -^-  +  585=^-82  +  582 


This  completes  the  dynamic  analysis  of  the  system  shown  in  Fig.  1.65.5a.  Note  that  the  principle 
result  is  the  state  model  involving  first  order  differential  equations.  The  equations  of  motion  in  con¬ 
trast  are  secondary  results. 

1.66  ACOUSTIC  PORTS  IN  STATE  MODEL  THEORY 


The  acoustic  load  on  a  radiating  surface  of  a  sound  source  can  be  modeled  in  several  ways.  In  the 
first,  it  is  a  mechanical  load  in  a  mechanical  network  in  which  velocity  is  the  across-variable  and  force  is 
the  through-variable.  The  acoustic  inertia  is  then  that  of  a  frequency  dependent  C-component  (or 
mass)  representable  in  a  measurement  diagram  as  a  single  edge  with  two  vertices,  one  of  which  is  at 
"ground."  Similarly  the  acoustic  resistance  is  modeled  as  a  (frequency  dependent)  frictional  resistance 
(or  /?-component)  between  this  mass  and  ground.  The  combined  model  consists  of  two  edges  "in  paral¬ 
lel"  Fig.  1.66.1a.  In  the  second  model  the  acoustic  inertia  is  that  of  a  hydraulic  L-component,  and  the 
acoustic  resistance  is  modeled  as  a  hydraulic  resistance.  The  combined  measurement  diagram  is 
modeled  as  two  edges  "in  series"  (Fig.  1.66.1b).  In  the  third  model  the  acoustic  load  is  a  mechanical 
component  in  which  force  is  the  across-variable  and  velocity  the  through-variable.  This  model  is  the 
same  as  the  hydraulic  model  if  we  take  force  to  equal  pressure  times  radiating  area,  and  velocity  to 
equal  volume  velocity  times  radiating  area  (Fig.  1.66.1c).  Figures  1.66.1a  and  1.66.1c  are  clearly  duals 
of  each  other:  given  either  representation,  one  can  find  it  due  by  conventional  electrical  circuit 
theorems. 

An  example  of  a  hydraulic  (or  series)  representation  of  the  acoustic  field  is  a  cavity  driven  by  a 
pressure  drive,  radiating  acoustic  waves  through  an  elastic  membrane  (Fig.  1.66.2a).  There  are  four 
components  in  this  system:  a  e-driver,  edge  0,  a  C-component,  edge  1;  a  C-component  edge  2;  an 
acoustic  component,  edge  3;  Fig.  1.66.2b.  The  connection  diagram  in  Fig.  1.66.2b  traces  the  "pressure 
drops"  in  the  system.  Note  that  the  acoustic  edge  3  is  in  series  with  edge  2.  The  system  graph  Fig. 
1  66  2c  is  simply  the  connection  diagram  of  Fig.  1.66.2b  redrawn.  Although  iniee  vertices  are  shown, 


I  nil  r__  ■_  SI : ;  J  j  Li.s,  voiiuwuv/u  UlU^lUill  U1  1  1£.  l.Ul 

the  system  is  essentially  a  2-vertex  (or  1-port)  system 
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a 


f,  =  Mdd’t/dt 

<2  =  Rmi 


a 

0 


Pl(t) 

9i(t) 

P2<t) 

g2(t) 


0  b 


Pi  (t)  =  H| 


^92 

dt 


P2(t)  =  Rh92<t) 


a 

9 


f,(t) 

V|(t) 


M 
0  b 


f2(t) 

v2(t) 


<i  =  Mdv/dt 
f2  =  Rm  v2 


Fig.  1.66.1  —  Acoustical  port  (a)  modeled  as  a  frequency 
dependent  C-component  and  R-component  (b)  modeled  as  a 
hydraulic  L-component  and  hydraulic  resistance  (c)  modeled 
as  mechanical  force  (across  variable)  and  mechanical  velocity 
(through  variable). 


Fig.  1.66.2  —  (a)  Cavity  radiating  acoustic  waves  (b)  components  of  this  system  (c)  redrawn  connection  diagram  of  (b) 


An  example  of  a  parallel  representation  of  the  acoustic  field  is  a  bilateral  cam-driven  source  of  two 
C-components  (masses  one  /.-components  (spring  R3 )  and  a  e-driver  (80(/),  Fig.  1.66.3a.  The 

acoustic  radiation  loads  mass  m \.  The  system  graph  of  this  acoustic  source  is  drawn  in  Fig.  1.66.3b. 
Here  g  is  "ground."  The  acoustic  resistance  RA  and  acoustic  inertia  (or  mass)  MA  are  in  parallel  with 
mass  1  (i.e.,  they  have  the  same  "velocity  drop"  from  a  to  g). 


Ra 

9 

(b) 

Fig.  1.66.3  —  (a)  Bilateral  cam-driven  source  (b)  system  graph 

To  summarize:  The  analysis  of  multicomponent  transducer  systems  by  use  of  state  systems 
models  is  ideally  suited  to  calculation  on  digital  computers.  Such  computation  leads  to  explicit  values 
of  state  model  variables.  In  this  method  first  order  equations  replace  second  order  equations.  Greater 
insight  into  physical  theory  is  thereby  revealed  because  geometric  constraints  on  the  variables  are 
always  in  evidence. 

1.67  ANALYSIS  BY  USE  OF  EQUATIONS  OF  MOTION  AND  EQUIVALENT  CIRCUITS 

A  mechanical-acoustical  system  in  which  force  and  velocity  (or  pressure  and  volume  velocity)  are 
the  energy  coordinates,  is  assumed  to  have  m  degrees  of  freedom,  x,,  i  =*  1,  2  . . .  m.  In  the  ith  degree 
we  have  an  applied  force  F,  which  excited  x,  and  all  other  coupled  velocities  Xj,  j  ^  i. 
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£  LtJ  Xj  =  F,  i=  1,2....  (1.67.1) 

J- 1 

Here  Ltj  is  an  integro-differential  operator.  It  is  illuminating  to  rewrite  this  in  the  form, 

F,  ~  Lti  Xi  =  ]|T  =  £  F tJ  i  =  1,  2  . . . .  m,  j  ^  i.  (1.67.2) 

j  j*< 

The  symbol  Fv  identifies  an  interior  coupling  force  which  couples  the  /'th  and  j  th  degrees  of  freedom. 

The  set  of  equations  1.67.2  define  a  network  of  interacting  elements.  We  consider  first  an  FV  net¬ 
work  (Fis  across  variable,  V  is  the  through  variable).  In  such  a  network  all  self  operators  L„  are  in 
series  position  and  all  forces  Fh  F,y  are  in  parallel  position.  For  example,  in  a  system  with  two  degrees 
of  freedom. 


F\  ~  L\\X\  -  F!2,  F12  -  Z.12x2 

Fl  -  F22x2  =  F21>  F21  =  Z-1.67X! 


(1.67.3) 


F\,  F12  are  in  parallel  position  and  Ln,  Ln  are  in  series  position.  In  a  linear  reciprocal  system  (as 
assumed  here)  one  has, 


Fn=F2,  =  Ff  (1.67.4) 

This  assumption  simplifies  the  circuit  representation.  Further  simplification  is  obtained  by  noting  that 
since  there  is  generally  only  one  mechanical  driving  force,  we  set  F2  =  0.  Then 


F\  ~  LuXi  -  Ff 
-  £22*2  =  Fc' 


(1.67.5) 


The  FV  diagram  corresponding  to  Eq.  1.67.5  is  shown  in  Fig.  1.67.1.  Here  the  statement  F2  —  0  means 
a  short  circuit. 


Fig.  1.67.1  —  FV  diagram  of  a  system  with  two  degrees  of  freedom 


Equation  1.67.2  can  also  signify  the  nodal  equations  of  a  VF  network  (Kacross,  F  through).  In 
the  example  of  Eq.  1.67.5, 


F 1  =  Lnx\  +  Fc 
0  =£22*2  +  Fc- 
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Fig.  1.67.2  —  VF  diagram  of  Fig.  1.67.1 


In  such  a  VF  diagram  the  self  operators  Lt,  are  in  parallel  position  (in  analogy  to  the  electrical 
equation  /  —  EY)  and  the  forces  F,  F  are  in  series  position.  The  equivalent  circuit  is  shown  in  Fig. 
1.67.2.  Here  the  statement  F2  “  0  means  open  circuit. 

To  summarize:  In  an  FV  equivalent  circuit  (force  "across,"  velocity  "through")  force  is  transmitted 
from  node  to  node.  Two  elements  are  said  to  be  in  series  position  if  they  have  a  common  velocity,  and 
in  parallel  position  if  they  have  a  common  force.  A  branch  of  elements  placed  between  two  force 
nodes,  one  at  force  fand  the  second  at  force  Fa  is  saia  to  be  in  series  position  in  the  network  if  there 
is  a  finite  residual  velocity  Fa  of  magnitude 


F  -  z«v  -  Fa 

in  which  zm  is  the  impedance  (force/velocity  ratio)  and  v  is  the  branch  velocity.  The  branch  is  said  to 
be  in  shunt  position  if  Fa  =  0,  that  is,  if 


F=  2m\ 


The  second  node  is  then  at  "ground"  position. 

In  a  VF  equivalent  circuit  (velocity  "across"  force  "through")  velocity  is  transmitted  from  node  to 
node.  Two  elements  are  said  to  be  in  series  if  they  have  a  common  force,  and  in  parallel  if  they  have  a 
common  velocity.  A  branch  of  elements  placed  between  two  velocity  nodes,  one  at  velocity  v  and  the 
second  at  velocity  v„,  is  said  to  be  in  series  position  in  the  network  if  there  is  a  residual  velocity  va,  of 
magnitude 


v  -  ymF  —  va 

in  which  ym  is  the  mobility  (=  velocity/force  ratio)  and  /"is  the  branch  force.  The  branch  is  said  to  be 
in  shunt  position  if  v„  =  0,  that  is,  if 


v  =  ymF. 


The  second  node  is  then  at  "ground"  position. 

1.68  THEORY  AND  APPLICATION  OF  ROND  GRAPHS  111) 

INTRODUCTION 

Since  transducers  are  structures  which  interconnect  physical  components,  often  in  a  complex  way, 
it  is  necessary  for  the  designer  to  have  before  him  a  symbolic  model  of  the  structure  which  accounts  for 
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interconnections  in  terms  of  convenient  descriptors.  Three  descriptors  suffice  to  allow  an  understand¬ 
ing  of  power  flow  in  the  transducer  to  be  formed:  (1)  energy  supply  (2)  energy  storage  (3)  energy  dis¬ 
sipation.  The  model  is  therefore  a  visual  compendium  of  interconnected  subsystems  exchanging  power 
and  energy. 

While  modeling  of  subsystems  can  be  done  one  subsystem  at  a  time,  in  unconnected  form,  the 
act  of  connecting  two  such  subsystems  introduced  back  effects  which  must  be  accounted  for  in  explicit 
ways.  A  modeling  procedure  which  allows  the  designer  to  take  care  of  back  effects  in  a  direct  manner 
is  a  true  advantage.  The  method  to  be  described  below  does  just  that. 

In  common  with  all  physical  systems  transducers  are  set  in  motion  by  known  input  quantities. 
Analysis  of  a  physical  model  then  gives  a  prediction  of  the  output  quantities.  This  distinction  between 
input  and  output  quan':ties  serves  as  a  definition  of  causality.  Assignment  of  causality  to  components 
of  physical  models  is  ..u  essentia!  step  in  arriving  at  realistic  predictions  of  transducer  behavior.  Such 
assignment  can  be  in  the  general  case  quite  complicated. 

Physical  modeling  based  on  devising  equivalent  electical  circuits  is  the  first  choice  of  transducer 
designers  (See  Sections  1.0  and  1.1).  Such  circuits  are  visual  summaries  of  differential  equations 
governing  the  operation  of  components  which  make  up  the  model.  Other  techniques  for  generating 
these  equations  are  linear  graphs,  block  diagrams,  signal  flow  graphs  and  transfer  functions  discussed  in 
previous  sections  of  this  chapter. 

A  new  notation  which  also  permits  direct  generation  of  the  applicable  differential  equations 
governing  the  exchange  of  power  and  energy  in  interconnected  physical  systems  and  which  permits  sim¬ 
ple  modeling  of  physical  components  not  modelable  by  linear  equivalent  circuits  is  called  the  bond 
graph.  The  theory  and  application  of  bond  graphs  are  discussed  in  this  section.  In  the  process  of  ela¬ 
borating  its  methodology  the  advantage  of  use  of  bond  graphs  will  become  apparent. 

1.68.1  Elements  of  Bond  Graph  Theory-Notation  of  N-Ports, 

Power  Flow  Conventions,  Causality 

In  common  with  the  methods  of  block  diagrams  and  equivalent  circuits  discussed  in  previous  sec¬ 
tions  of  this  treatise  the  method  of  bond  graphs  is  based  on  a  set  of  definitions  of  terms.  Some  of 
these  are  pecular  to  it  and  some  overlap  other  definitions  already  discussed.  For  completeness  we 
review  all  terms  needed  to  explain  the  method  fully.  As  noted,  the  designer  of  complex  physical  sys¬ 
tems  imagines  them  to  be  made  up  of  interconnecting  components.  Each  component  exchanges  power 
and  energy  with  its  neighbors.  Power  is  described  as  the  product  of  two  time- varying  quantities  1)  effort 
e(t)  (2)  flow  fit).  A  component  exchanging  power  with  /=  1,  2,  ...  neighbors  will  have  /  powers, 
e,(.t)f,(t)  associated  with  it.  Each  such  power  (in  exchange)  is  called  a  port,  identifable  by  the  subscript 
/.  In  bond  graph  notation  a  port  is  a  simple  short  line  which  is  provided  (when  needed)  with  an  explicit 
statement  of  the  power  variable:  effort  on  one  side  of  the  line  and  flow  on  the  other  side.  Figure 
1.68.1  shows  a  component  with  four  ports:  electrical  (e,  /),  hydraulic  (P,  Q),  translational  mechanical 
(F,  V),  rotational  mechanical  (t,  w).  The  power  varibles  are  explicitly  noted.  In  words,  this  multiport 
component  a  exchanges  powers  with  four  neighbors:  pressure  P  and  flow  Q,  with  component  /3;  force  F 
and  velocity  V,  with  component  y\  torque  r  and  angular  velocity  w,  with  component  8;  voltage  e  and 
current  /,  with  component  tj. 

The  direction  of  flow  of  power  going  from  multiport  a  into  multiport  p  is  indicated  by  a  half 
arrowhead  ai  p.  The  power  is  positive  anu  flows  fiorn  ion  to  iig’ni  when  eiTori  and  How  aie  posiiive 
functions  of  time.  Figure  1.68.1  shows  only  one  power  flow  assignment.  Three  additional  assignments 
can  be  made.  The  making  of  power  flow  assignments  is  arbitrary,  with  the  sole  caution  that  it  must  be 
consistent. 
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Fig.  1.68.1  —  Illustration  of  a  component  with 
four  power  exchanging  ports 

The  assignment  of  power  flow  between  multiports  shows  internal  exchanges  between  them 
regarded  as  one  system.  It  does  not  indicate  which  power  variables  are  inputs  (or  "causes")  and  which 
are  outputs  (or  "effects").  The  indication  of  input/output,  that  is,  of  causality,  is  shown  by  the  stroke 
convention,  Fig.  1.68.2.  This  convention  is  read  as  follows:  effort  e(t)  is  determined  by  multiport  a 
and  impressed  on  multiport  /3;  and  flow  fit)  is  determined  by  multiport  /3  and  impressed  on  multiport 
a.  Note  the  important  rule: 


•  effort  and  flow  on  a  single  bond  are  always  oppositely  directed. 


It  will  be  readily  appreciated  that  power  flow  and  causality  are  independent  assignments.  Figure 
1,68.3  shows  two  examples  of  this  double  assignment.  In  (a)  effort  is  determined  by  /3  and  impressed 
on  a  while  the  flow  variable  oppositely  directed.  The  power  flow  is  from  j3  into  a.  In  (b)  the  causality 
is  the  same  as  in  (a)  but  the  power  flow  is  into  /3. 
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Fig.  1.68.2  —  Illustration  of  assignment 
of  causality 


Fig.  1.68.3  —  illustration  of  independent 
assignments  of  power  and  causality 


1.68.2  Description  of  Multiports 

In  the  majority  a  physical  systems  a  complete  physical  model  can  be  constructed  of  three  types  of 
multiports:  (1)  1-ports  (2)  2-ports  (3)  3-ports.  Additional  A-ports,  if  needed,  can  be  put  together  by 
addition  of  these  basic  types. 

1-Port  Elements 

These  elements  exchange  power  with  their  neighbors  on  a  single  bond. 

Five  elementary  1 -ports  are  directly  definable  in  terms  of  the  functional  relation  4>  (or  d>-1) 
between  e  and  /: 

1.  Resistance  1-Port,  defined  as  a  port  which  has  a  power  bond  in  which  the  effort  is  a  function  of 
flow,  e{t)  -  $>R(f(t)).  Its  symbol  is  —  R. 

2.  Capacitance  l-Poft,  defined  as  a  port  which  has  a  power  bond  in  which  the  effort  is  a  function 
of  flow  impulse  (or  generalized  displacement)  e(t)  -  <J>7'  (/(f)  A/).  Its  symbols  is  — C. 
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3.  Inertartce  1-Port ;  defined  as  port  which  has  a  power  bond  in  which  the  flow  is  a  function  of 
effort  impulse  (or  generalized  momentum)  fit)  -  <X>J_1(e(/)Af)  Its  symbol  is  —I. 

4.  Effort  Source  1-Port,  defined  as  port  which  has  a  power  bond  in  which  the  effort  is  a  fixed 
known  applied  quantity,  e  -  Eit).  Its  symbols  is  SE  — 

5.  Flow  Source  1-Port,  defined  as  port  which  has  a  power  band  in  which  the  flow  is  a  fixed  known 
applied  quantity,  /  -  Fit).  Its  symbol  is  Sf—. 

In  these  definitions  the  incremental  time  Ar  is  a  very  small  quantity.  Over  finite  time  the  flow 
impulse  is  qit)  -  J  fit)dt,  and  the  effort  impulse  is  pit)  -  J  eit)dt.  The  use  of  inverse  notations 
4>-1  in  these  definitions  has  the  advantage  that  it  allows  one  to  immediately  invert  functional  depen¬ 
dence  between  power  variables. 

2-Port  Elements 

These  elements  exchange  power  with  their  neighbors  on  two  bonds. 

By  definition  a  2-Port  has  two  power  bonds  ex,  fx,  e2,  f2.  Two  special  2-ports  are  of  use  in  trans¬ 
ducer  physical  modeling: 

1.  Transformer  2-Port,  defined  by  the  relations  e\  -  me2,  mf\  -  f2.  Its  symbol  is, 


*2 


2.  Gyrator  2-Port,  defined  by  the  relations,  e\  -  rf2,  rf\  -  e2.  Its  symbol  is, 


e\  e 


Besides  these  special  2-Ports  there  are  a  great  variety  of  general-type  2-Ports  in  which  the  relations 
between  ex,  fx,  e2,  f2  are  more  complex  functions  than  the  ones  cited  above. 

3-Port  Elements 

By  definition  a  3-Port  has  three  power  bonds:  ex,  fx,  e2,  f2,  e3,  f3.  Two  basic  3-Ports  are  all 
that  are  needed  to  define  a  large  number  of  physical  systems.  These  are, 

1.  Common  effort  junction,  or  0-junction,  defined  by  the  relations,  ex it)  =  e2it)  —  e3it). 
Ail)  +  AU)  +  f3it)  =  0.  It  symbol  is, 


— o — 

In  electric  circuits  the  0-junction  3-Port  defines  circuit  elements  in  parallel.  A  greater  appreciation  of 
the  nature  of  a  3-Port  is  had  if  the  bond  graph  itself  is  verbalized  to  read:  "the  0-junction  3-Port  feeds 
(or  absorbs)  power  to  (or  from)  external  devices  at  three  ports  under  the  condition  that  all  efforts  are 
common."  Later  it  will  be  seen  that  one  may  define  a  0-junction  2-Port  for  a  device  which  feeds  (or 
absorbs)  power  to  (from)  external  devices  at  two  ports  in  which  the  two  efforts  are  common. 

2.  Common  flow  junction,  or  1-junction,  defined  by  the  realtions  fxit)  —  f2it)  =  f3it), 
ei(f)  +  e2 it)  +  e3it)  =  0.  Its  symbol  is, 
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In  electric  circuits  the  1-jur.otion  3-Port  defines  circuit  elements  in  series.  It  is  verbalized  to  read:  "the 
1 -junction  feeds  (  or  absorbs)  power  to  (from)  external  devices  at  three  ports  under  the  conditon  that 
all  flows  are  common."  One  may  define  as  well  a  1 -junction  2-Port  in  which  only  two  pairs  of  power 
variables  are  involved  under  the  condition  that  their  flows  are  common. 


Combination  of  N-Ports 

The  following  symbols  often  appear  in  bond  graph  analysis: 


Z  Z  Z  Z,  7,  7, 

I  I  \  /  \/ 

-i-O-1-  -0-1-0-  -l-o-l-  -0-1-0- 


(a) 


(b) 


(c) 


(d) 


In  (a)  and  (c)  the  O-junction  establishes  the  effort  in  Z,  by  application  of  flow  difference;  in  (b)  and  (d) 
the  1 -junction  establishes  the  flow  in  Z,  by  application  of  effort  differences.  Such  symbols  are  helpful 
in  the  initial  constructions  of  bond  graphs. 

C-Fields,  I-Fields,  IC-FIelds 
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The  energy  storage  component  of  an  acoustic  transducer  may  have  n  ports.  It  may  thus  be 
described  as  a  capacitive,  nr  C-field;  an  inertial,  or  /-field;  or  a  mixed  capacitive-inertial  /C-field. 

An  elastic  cantilever  beam  with  negligible  mass  response,  exchanging  power  at  n  points  with  the 
environment  is  an  example  of  a  C-field.  This  field  expresses  the  relation  between  an  n-vector  effort 
e  -  (et,  e2  ....  e„)  and  the  corresponding  n-vector  displacement  q  —  (qit  q2,  ...  q„),  q  -  J  fdt.  The 
energy  stored  in  this  field  is 

E  -  J  £  e:<q)dq,. 

/-i 


A  rigid  bar  of  given  mass  exchanging  power  with  the  environment  at  n  points  is  an  example  of  an 
/-field.  This  field  expresses  the  relation  between  an  n-vector  flow  / -  (/t,  /2,  ...  /„)  and  an  n-vector 
momentum  p  -  (px,  p2 ...  pn),  p  -  J  ed/.  The  energy  stored  in  this  field  is, 

E~  Si /{p)dp- 


An  electromagnetic  transducer  operating  below  mechanical  resonance  is  an  example  of  a  mixed 
/C-fixed.  Here  the  electrical  circuit  is  inertial  (that  is,  inductive)  while  the  mechanical  circuit  is  capaci- 
iive  (that  is,  compliant).  It  the  electrical  circuit  has  j  pons  and  the  mechanical  circuit  has  n  —  j  ports 
the  stored  energy  is 

E  ~  /  £  /«  dP>  +  J  £  ekdqk- 
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The  bond  graph  symbol  for  the  mixed  energy  /C-field  is, 


Modulated  2-Ports 

Power  conserving  transformers  and  gyrators  may  be  ‘modulated’.  The  symbols  and  constitutive 
laws  for  these  modulated  elements  define  their  meanings: 


hTF— 

r(%> 

MGY- 


The  modulation  parameters  m,  r  do  not  exchange  power  with  the  transformer  or  gyrator. 

A  rigid  pivoted  bar  which  exchanges  power  at  two  ports  with  its  environment,  namely  a  r,  w  port 
delivering  power  to  a  Fy,  Vy  port,  is  an  example  of  a  MTF  since  the  ^component  of  force  (Fy) 
delivered  depends  on  the  angle  £  of  the  bar.  Similarly,  an  electric  generator  in  which  a  copper  wire 
moves  through  a  magnetic  field  created  by  an  inductance  coil,  thereby  producing  a  voltage  is  an  exam¬ 
ple  of  a  MGY  since  the  magnetic  field  is  a  function  of  a  current  through  the  inductance  coil. 

1.68.3  Assignment  of  Causality  to  1-Ports 

The  bonds  of  the  multiports  discussed  above  are  identified  by  the  power  variable  e,  f  They  are 
bilateral ,  meaning  that  one  can  find  (by  analysis)  e  =  <P(/)  or  /  =  d>~'(e).  To  use  such  a  representa¬ 
tion  in  interconnected  graphs  one  must  assign  causality. 

Causality,  as  noted  above,  is  a  statement  of  input/output, -or  alternatively  a  statement  of  which 
variables  on  a  bond  are  independent  and  which  are  dependent,  fn  this  regard  a  convention  is  needed 
on  the  reading  of  equations.  In  this  section  the  causal  equations, 

(1  )&[X}=Y  (2)  if"'{  Y)  =  X 

mean  the  following:  (1)  a  cause  (or  input)  Y  produces  an  effect  (or  output)  X  through  the  action  of  an 
operator  if  ;  (2)  a  cause  (or  input)  X  produces  an  effect  (or  output)  Y  through  the  action  of  an  inverse 
operator  if-1.  Thus  the  right  hand  side  is  always  a  cause,  and  the  left-hand  side  an  effect.  The  conven¬ 
tion  will  be  used  to  assign  causality  in  bond  graphs. 
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Figure  1.68.2  illustrates  the  assignment  of  causality.  In  using  it  the  following  rules  hold: 

•  a  cause,  whether  effort  or  flow,  enters  the  port;  an  effect  leaves  the  port. 

•  in  assigning  the  causal  stroke  the  direction  of  effort  circulates  into  the  direction  of  flow.  A 
causal  stroke  at  the  opposite  end  of  the  multipole  bond  indicates  flow  causality  (i.e.  flow 
into  the  port  determines  effort  out  of  the  port ).  A  causal  stroke  adjacent  to  the  multiport 
indicates  effort  causality  (that  is,  effort  into  the  port  determines  flow  out  of  it) 

An  example  will  serve  to  elucidate  these  rules.  We  are  given  the  two  possible  equations  of  a  resistance 
1-Port  and  we  assign  the  causality  stroke.  Figure  1.68.4  shows  the  procedure.  In  (a)  the  independent 
variable  of  power  into  R  is  effort  e,  while  in  (b)  it  is  flow  f.  It  is  important  to  note  that  the  power  flow 
(indicated  by  a  half  arrow)  is  always  into  the  resistance  element  regardless  of  which  variable  is  an  input. 
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Fig.  1.68.4  —  Assignment  of  causality  to  a  resistance  1-port 

In  a  similar  way  one  can  assign  causality  to  the  remaining  1 -Ports  cited  above: 
Capacitance  1-Port 

cfr? 


n 

i 

integral  form: 

eon  — ^  c  ‘ 

J  /in  dt 

differential  form:  /OUi=-^ 


dein 

dt 


Inertance  1-Port 


integral  form:  /out  =if/"1 


f  ew  dt 


eCti 


differential  form:  eout  =  Z-/ 


dftn 

dt 


Effort  Source  1  -Port :  e(t)  =  E(t) 


Flow  Source  1  -Port-  ft  A  =  F(t\ 


K*> 
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Assignment  of  Causality  to  2-Ports 

For  the  case  of  a  transform  2-Port  the  causality  assignment  can  take  only  two  forms.  Observing 
again  the  convention  that  the  left  hand  side  of  the  defining  equations  is  output  and  the  right  hand  side 
is  input,  one  ha',: 

ex  =  me2 
(1)  fi  =  /»/, 

f\  =  fi/m 
^  e2  =  efm 

For  the  case  of  a  gyrator  2-Port  one  can  make  similar  assignments, 

2  h  =  ei Jr' 

Assignment  of  Causality  to  3-Ports 

In  the  case  an  0-junction  (junction  of  common  effort),  assignment  again  is  direct:  assuming  et  is 
an  input,  one  writes  a  list  of  rules: 

(1)  £  W,-Q,  i.e.  Wx--W2-  W3 

i 

(2)  ejx  “  ~e2/2  ~  e3/3 

(3)  e2  “  Ci,  e3  “  e\ 

(4)  /i--(/2  +  /3) 

The  rules  begin  with  a  power  statement:  since  an  O-junctions  transmits  power,  but  does  not  store  or 
dissipate  it,  the  power  "in"  must  be  balanced  by  the  power  "out".  From  the  (arbitrary)  assignment  of 
power  flow  one  balances  powers  as  shown  in  step  (1).  Since  all  efforts  are  common  they  cancel  out 
leaving  the  flow  variable  relation  shown  in  step  (4).  By  a  permutation  of  subscripts  one  sees  that  there 
are  three  different  permissible  causalities  for  an  0-junction.  Thus  one  causal  stroke  must  be  adjacent 
and  two  must  be  opposite  in  any  arrangement.  This  means  that  if  one  effoit  is  an  input  the  other  two 
efforts  must  be  outputs.  Similarly,  for  a  1 -junction  (common  flow  junction)  assuming  f\  is  an  input, 
the  remaining  two  flows  must  be  outputs:  the  rules  are, 

(1)  Wx~-W2-W2 

(2)  e\f\  =  ~e2f2  —  e3/3 
Rules  (3)  h  _  /i(  h  „  ^ 

(4)  ex  -  ~(e2  +  e3) 


T 

2| 


Rules 


The  rules  begin  with  a  power  balance  (step  (1))  based  on  the  (arbitrary)  assignment  of  power  flow. 
Since  the  flows  are  common  (step  (3))  the  efforts  are  determined,  as  shown  in  step  (4). 
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Again,  a  permutation  of  subscripts  shows  there  are  three  different  permissible  causalities  for  a  1- 
junction.  In  these  one  causality  stroke  must  be  opposite  and  two  causality  strokes  must  be  adjacent. 

Storage  elements  with  differentiation  causality  do  not  contribute  state  variables.  In  a  typical  case 
the  elimination  of  these  elements  leads  to  a  state  equation  in  which  derivatives  appear  on  both  sides, 

q(r)  -  F q(t)  +  GS(r)  +  Hq(r). 

Thus  a  single  component  can  have  the  form, 

F,q,  +  G,S, 


Junction  Structure 

A  junction  structure  is  essentially  a  complex  n-port  switch  box  consisting  of  0-  and  1 -junctions, 
transformers,  and  gyrators,  in  which  no  power  is  generated,  stored,  or  dissipated.  It  is  a  structure 
which  compels  the  input  power  variables  of  any  port  to  be  related  to  the  output  power  variables  of  the 
other  ports,  the  relation  being  an  n  x  n  antisymmetric  matrix  (diagonal  terms  all  zero).  An  example 
from  [11]  is  shown  below: 


This  is  a  3-port  junction  structure  with  power  variables  f\,  e\,  f2.  ee,  f3,  e3.  The  relation  matrix  is 
constructed  from  the  power  relations  at  the  junctions: 


at  the  junction  with  bond  #1: 
at  the  junction  with  bond  #2: 
at  the  junction  with  bond  #3: 

Thus  the  power  variables  are  related  through  the  matrix  equation: 
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1.68.4  Bond  Graphs  for  Interconnected  Systems 

The  formulation  of  rules  for  the  interconnection  of  multiport?  is  not  without  ambiguities.  This  is 
because  the  procedures,  no  matter  how  formalized,  are  partly  art.  To  clarify  the  steps  we  repeat  again 
the  definitions  of  0-junction  and  1-junction.  In  this  regard  let  'S' be  two  integral-differential  opera¬ 
tors,  the  first  operating  on  the  flow  variable  and  the  second  on  the  effort  variable.  Then,  for  noncon- 
nected  multiports, 
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#(/}  =  e  defines  a  1 -junction 
^[e]  =  /  defines  a  0-junction' 

When  multiports  are  connected  it  is  a  prerequisite  that  each  is  required  to  have  an  input  and  an  output. 
Thus  we  broaden  the  definition  to  read, 

,  defines  the  /th  connected 

#0)  r\  +  e(J )  =  e  0)  /  =  1  ? 

0  t  >  J  1  1  -junction 

, ,  defines  the  /  th  connected 

^  +/oU  -  1.  2  0. junction 

Since  each  effort  (or  flow)  symbol  represents  a  bond  it  is  seen  from  the  three  terms  in  each  equation 
that  there  are  at  least  three  bonds  for  a  fully  connected  multiport.  Clearly  the  operators  2.  have  at 
least  one  bond,  but  may  have  many  more.  When  there  is  no  output  bond  (meaning  e0  or  /0  is  zero) 
the  mulitport  can  be  interpreted  either  as  a  0-junction  or  a  1 -junction  by  simply  writing  2?  =  or 

In  laying  out  bond  graphs  one  may  encounter  a  free  bond  (for  example,  an  open  circuit  voltage  in 
electric  circuits).  The  system  is  then  undefined.  To  complete  the  bond  graph  one  must  connect  this 
free  bond  to  a  source— say  a  flow  source  with  zero  flow.  Similarly  a  free  bond  which  is  equivalent  to  a 
short  circuit  must  be  connected  to  an  effort  source  with  zero  effort. 

Bond  graphs  may  also  contain  active  bonds,  symbo.ized  by  a  full  arrow  with  an  e(=  effort)  or  a 
/(—  flow)  on  it: 

e  f 

17?  1ft?  * 

Bond  (a)  transmits  only  an  effort  but  no  flow.  Bond  (b)  transmits  only  a  flow  but  no  effort. 
These  are  singal  bonds.  An  example  of  (a)  is  the  voltage-controlled  current  source: 

e 

—>  S, - . 

Here,  S,  =  Sfe),  that  is,  the  magnitude  of  current  (and  its  phase)  is  a  function  of  the  applied  voltage. 

With  these  definitions  in  mind  we  proceed  with  developing  a  technique  for  interconnecting  mul¬ 
tiports.  This  is  best  done  by  means  of  examples. 


1.69  EXAMPLES  OF  INTERCONNECTED  BOND  GRAPHS  ll] 

Example  # 1  Lumped  Parameter  Mechanical  System 

An  electrodynamic  shaker  in  simplified  representation  is  shown  in  Fig.  1.69.1.  To  contruct  a  bond 
graph  we  foUow  these  steps. 

A.  choose  the  flow  variables  (or  ‘degrees  of  freedom’)  which  define  the  state  of  the  connected 
system  at  any  instant. 


rVT*. 


-  ^  r ^  '.w  ly  y 


.  y. 


In  this  example  these  are  /(/),  Xc(t),  XT(t),  Xs(r). 

B.  write  ihe  input-output  relations  for  each  identifiable  multiport,  and,  using  the  definitions  noted 
above,  assign  a  0-junction  or  1 -junction  as  required  for  each  multiport. 

In  this  example  the  relations  are  listed  below:  on  the  left  side  of  each  entry  is  the  relation,  while 
on  the  right  side  is  the  bond  graph  fragment: 


(1) 

Zei  +  E0  «  E, 

1 

0 

1 

7~-N 

O 

1 

(2) 

i  —  a  F 

Gyrator 

(3) 

ZCXC  +  ¥\  -  Fc 

Zc 

l 

0-1-0- 

(4) 

Yt  F\  +  Xt=  Xc 

1 

I  h 

0  —  ^ 

1 

*— « 

1 

_ 

(5) 

Zf  Xf  +  F2  =  F 1 

-0-1-0- 

1 

ZT 

(6) 

h  -  F,  +  Ff 

(7) 

y5w  fs  +  xs  =  Xt 

n 

1 

- 1 -0- 1  - 

(8) 

or 

Yf  Ff  =  XT—  XG 

Zr  xT  -  Ff  —  Fg 

Ys 

1 

-  1  -  0  -  1  -  (Note:  XG  =  0) 

Zf 

-  0  -  1  -  0  -  (Note:  Fg  =  ground  potential  =  0) 

(9) 

or 

Zs{2)  X°  -  Fs-  Fg 

YA2)  F'  =  x,  -  Xr, 

Z5 

-  0  -  1  -  0  -  (Note:  Ff  -  0) 

Ys 

\ 

-  1  -  0  -  1  -  (Note:  xG  =  0). 

^  -1*  v  v  y  V  » *v»  v  w  \w  -y  v  .*  ’.-  w  -y  m  -y  *y  -y  v  -  -  , 

»  '.  *.  '.*.*,*  \  •.  \  ■  «.  •.  •  V_  ■*  «.  '  *  *  r  »  •  m,  ^  •  % 
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o— 1— CiY — 1 — O — 1 — o—l. 

Se  i  x*  f  *r  \F>  lX< 


X  2, 


Fig.  1.69.2  —  Bond  graph  of  Fig.  1.69.1 


C.  With  these  relations  established  interconnect  all  multiports  in  cascade  as  shown  in  Fig.  1.69.2. 

It  is  noted  that 

•  two  free  bonds  are  completed  with  a  grounded  1 -junction  and  a  grounded  O-junction 
respectively, 

•  since  Yf  =  Zf 1  the  spring  kf  can  be  represented  as  a  1-junction  and  joined  to  Zr, 

•  since  Zs{2)  =  (,Ysi2))~x  the  terminal  1-junction  can  be  represented  as  a  O-junction  and 
joined  to  Y} 11 . 

Figure  1.69.3  shows  the  revised  bond  graph  with  explicit  Z  and  Y  operators. 

?.  L  I  C_  I,  Cf  Cs 

\/  I  V  I 

o- 1-  <51-1-0—  l—o— I. 

Fig.  1.69.3  —  Revised  bond  graph  of  Fig.  1.69.1  C  \  ‘  F  ’  C  * 

bE  Ld  *c  r’  Xr 

Actually  the  bond  graph  can  be  constructed  without  the  use  of  equations.  The  .bonds  simply  fol¬ 
low  this  verbalization: 

•  electric  current  /(f)  provides  force  Fc. 

•  Fc  accelerates  mass  Mc  generating  velocity  xc. 

•  xc  generates  force  F\  in  spring  ka. 

•  Ft  accelerates  mass  Mp  generating  velocity  xT. 

•  •  Xf  generates  force  Fs  in  ks  and  force  Ff  in  kf. 

•  Fj  accelerates  mass  Ms  generating  velocity  xs. 

For  each  velocity  we  use  a  1 -junction,  and  for  each  force  we  use  a  O-junction. 

This  example  illustrates  the  rule  applicable  to  mechanical  networks:  spring  (and  dampers) 
develop  a  force  when  ever  there  is  a  reiative  velocity  difference  impressed  on  ineir  ends.  Masses 
develop  a  velocity  when  ever  there  is  a  force  difference  impressed  across  them. 

It  is  illuminating  to  construct  an  equivalent  electrical  circuit  from  this  bond  graph.  To  do  this  we 
must  select  which  variables  are  ‘across’  and  which  are  ‘through’.  In  the  electrical  branch  we  choose  E 


mi 
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to  be  ‘across’  and  /  to  be  ‘through’.  A  0-unction  therefore  shows  elements  that  are  electrically  in  paral¬ 
lel,  and  a  1 -junction  represents  elements  that  are  electrically  in  series.  In  the  mechanical  branch  the 
gyrator  represents  a  current/ force  analogy,  hence  force  is  the  ‘through’  (or  flow)  quantity.  Thus  a  1- 
junction  that  comes  after  a  gyrator  signifies  elements  electrically  in  parallel,  and  a  0-junction  after  a 
gyrator  represents  elements  electrically  in  series.  Thus  the  translation  of  the  bond  graph  into  an 
equivalent  electrical  circuit  takes  the  form  shown  in  Fig.  1.69.4. 


Fig.  1.69.4  —  Equivalent  circuit  constructed  from  the  bond  graph  shown  in  Fig.  1.69.3 


Example  #2  An  Electric  Circuit 

An  electric  circuit  with  mutual  inductance  is  shown  in  Fig.  1.69.5.  It  is  analyzed  as  a  3-Port, 
identifiable  by  the  variables, 


el>  'll  e2>  h\  eb  h 

The  signs  to  be  associated  with  the  mutual  impedances  depend  on  the  relative  sign  orientation  of  the 
three  coils  and  upon  the  (assumed)  directions  of  currents.  In  the  practice  of  electrical  engineering 
orientation  is  specied  by  ±  signs,  or  by  a  convention  in  which  dots,  squares,  triangles  etc.  placed  at  the 
ends  of  a  coil  indicate  direction  of  potential  rise  or  potential  fall.  We  assume  here  that  the  signs  have 
been  established.  In  the  associated  bond  graph,  constructible  according  to  the  rules  noted  above,  the 
junction  fl,  C,  E  is  recognized  as  an  0-junction  (that  is,  a  junction  common  voltage).  It  is  bonded  to 
three  1 -junctions  (that  is,  junctions  of  common  flow).  Figure  1.69.6  a  shows  the  bond  graph. 
Simplification  is  achieved  by  writing  all  inertances  (both  self  and  mutual)  in  the  matrix  form  Ii  =  p  (p 
is  the  force  impulse  J  e  dt),  and  by  choosing  the  D  node  as  grounded  potential.  Fig.  1.69.6b.  When  a 
3-Port  0-junction  or  1 -junction  has  one  bond  to  "ground,"  defined  as  a  bond  with  zero  effort,  it  is  con¬ 
tracted  to  a  2-Port  0-junction,  or  a  2-Port  1 -junction.  As  such  it  is  equivalent  to  a  single  bond.  Thus  if 
R 2  “  0  the  resultant  2-Port  i-junction  (to  which  it  was  attached)  becomes  a  single  bond  between  effort 
B,  C,  E  and  the  matrix  I. 


Fig.  1.69.5  —  An  electric  circuit  with  mutual  inductance  [111 
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4  Li  3,C,E  L*  F 

o—l—o — 1—6 


(a)  (b) 


Fig.  1.69.6  —  Bond  graph  of  Fig.  1.69.5  (b)  simplified  bond  graph 


Example  #3  An  Electromechanical  Transducer 

A  movable  plate  capacitor  is  idealized  into  the  simple  representation  of  Fig.  1.69.7.  At  equili¬ 
brium  the  deplacement  distance  between  diaphragm  and  fixed  plate  is  X0  and  the  capacitance,  carrying  a 
charge  q0  at  potential  E0 ,  is 


€eQA 

Cq  =  — v  •  do  =  Eo  Co- 


Vox  an  incremental  displacement  X(t),  the  capacitance  becomes 


C(t)  = 


-  r 
-  Lo 


Xo  -  XU) 


1  + 


XU) 


and  the  incremental  charge  becomes  q(t).  The  total  stored  potential  energy  under  quasi-static  condi¬ 
tions  is  then 


™  +  7  «’<'> 


in  which  k  is  the  mechanical  stiffness  of  the  diaphragm. 


X-<- 


stafrionarj' 

Fig.  1.69.7  —  Idealized  moving  plate  hack,  .plate 

capacitor  transducer  j 


/ft 


\  movable 

Jiaph 

(arta  A ) 


L  diaphragm 

T“  c 


We  desire  to  model  this  system  as  a  2-Port  transducer  in  which  the  power  variables  are  E,  i  for 
the  electric  field,  and  F,  V  for  the  mechanical  field.  We  choose  the  degrees  of  freedom  to  be  incre¬ 
mental  variable  of  charge  and  displacement  q(t),  X(t)  correspoding  to  the  incremental  voltage  eU) 
and  incremental  force  A  Fit).  Since  analysis  consists  in  finding  the  relation  between  effort  variables  and 
flow  variables  we  look  for  the  form, 


Representation  and  Analysis  of  Acoustic  Transducers 


[AF(/)1  _ 

aip 

bX 

_  [2  x  2 

\Xit)\ 

eit)  |  “ 

bW 

Imatrix 

lg(/)i 

9? 

Now  using  the  approximation  for  C(t )  noted  above  one  obtains, 


bWjt) 

bX 


go 


QoQ 


2C0X0  C0X0 


+  kX  =  f0  +  AF(r). 


It  is  directly  seen  that 


/o  =  - 


go 

2C0X0' 


Also, 


bJV  (go  +  g)  _  _X_ 
bq  “  C0  X0 


qit)  _  go  2Ut)  _  q(t)  X(t) 
Cq  CqXq  CqX o 


-  E0  +  e(t). 


We  neglect  the  term  qX  as  being  of  second  order  and  cancel  E0  =  <jfo/C0.  The  equations  of  the  2-Port 
then  reduce  to  the  matrix  form. 


\SFU)\  _ 

k 

go 

CqA’q 

[*(/)] 

l  eit )  J  - 

-go 

J_ 

lg(/)J 

C0X0 

Cq 

These  equations  show  that  the  effort  variable  is  related  to  flow  unpulse  (=  J  idt)  and  hence  that  the 
2-Port  is  a  capacitance.  The  bond  graph  is 


f  e 

v  °r  - 
X  t 


1 

X 


Example  #4  A  Linear  Distributed  System 

A  linear  distributed  system  is  exemplified  by  a  finite  elastic  beam  of  mass  density  p  per  unit  of 
length  (units:  Ns2/m 2)  supported  in  some  prescribed  way  at  its  ends  and  driven  into  transverse  flexure 
by  a  distributed  force  F(X,  t )  (units:  N/m),  Fig.  1.69.8.  The  transverse  displacement  w(X,  t)  at  any 
instant  of  time  is  governed  by  a  dynamic  equation  of  the  form, 

X{w(X,  t))+piv{X,  t)  =  F{X,  t) 

in  which  X  (units:  N/m2)  is  a  differential  integral  operator  in  both  the  spatial  and  temporal  variables. 
Ai  rime  t  =  0  assume  the  transverse  displacement  is  W'tA,  0),  and  the  transverse  velocity  is  w(A,  0). 

The  classical  solution  to  this  problem  begins  with  the  Laplace  transformation  of  the  time  variable 
in  both  the  dynamic  equation  and  the  initial  conditions.  The  result  is, 
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where, 

v  <?«($)  “  fn  Tf(*>  i)  +  £(x,  s)  +  h(x))  Wn(x)  dx. 

Jln  +  psl  •'O 

Using  the  convolution  theorem  for  taking  inverse  Laplace  transforms  one  arrives  at, 

£  <*„(/)  Wn(x)  =  w(x,  /) 

where. 


«„0)  -  %(s)  *  (?,(*) 


Now  wCx,  s)  can  be  rewritten  in  the  form, 

#n(s)  w(x.  s)  -  £  Gn(s).  Z„(s)  -  X  +  ps2 

n 


from  which  it  is  seen  that  for  each  mode  w, 

2?n(s)  *  a„(s)  -  G„(l). 

The  equation  for  w(x,  t )  is  interpreted  as  a  0-junction  multiport  since  the  right  hand  side  can  be  con¬ 
sidered  to  be  an  input  flow  function  and  the  left  hand  side  can  be  considered  to  be  an  output  of  com¬ 
mon  forces  (through  Gn(s ))  in  each  mode.  The  equation  for  G„(t)  is  interpreted  as  a  1-junction  mul¬ 
tiport  in  each  mode  since  G„(t)  is  a  model  "effort"  function  and  a „(s)  is  interpreted  as  a  flow  function. 
Figure  1.69.9  shows  the  bond  graph.  It  is  seen  that  the  eigenfunction  Wn  in  each  mode  play  the  role  of 
a  transformer  (-  TF).  Since  TF  stores  no  energy  all  forces  are  instantaneously  communicated 
throughout  the  system.  This  example  shows  how  model  analysis  converts  distributed  systems  into 
lumped  parameter  systems  making  it  ideally  suited  to  the  construction  of  physical  models. 


Fig.  1.69.9  —  Bond  graph  of  Fig.  1.69.8 
analyzed  in  modes 


Example  # 5  Word  Bond  Graphs 


An  advantage  of  bond  graphs  rests  in  dispensing  with  equations  during  their  ccnstruction.  Instead 
of  equations  one  can  begin  analysis  of  a  multiport  with  word  bond  graphs.  This  is  illustrated  by  the 
example  of  a  pressure  controlled  valve,  Fig.  1.69.10  [12].  The  word  bond  graph  is  constructed  by 
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n. 

■?'ps — ,0- 
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Diaphrag  m 
v±  Moving  Element 
Force 

(b) 


Fig.  1.69.10  —  (a)  Pressure  controlled  value,  (b)  word  bond  graph  till 


inspection.  First,  the  container  A  interacts  with  its  environment  at  3  ports  (1)  it  receives  flow  from  the 
pipe  (2)  it  is  a  rigid  wall  between  pressure  P2  and  outside  pressure  P0>  and  (3)  it  actuates  the 
diaphragm.  Since  the  3-part  is  a  junction  of  efforts  (=  pressure)  it  appears  as  an  0-junction  in  the  word 
bond  graph.  Second,  the  moving  element  B  interacts  with  the  environment  at  several  ports  (1)  it  is 
attached  to  the  diaphragm  which  is  bonded  to  the  O-junction  (2)  it  experiences  ic.ertance,  capacitance 
and  resistance  to  its  motion,  and  (3)  it  delivers  a  force.  Since  these  interactions  feature  a  common 
velocity  the  moving  element  B  is  modeled  as  a  1 -junction.  Third,  the  pipe  itself  is  a  2-port.  It  can  be 
described  as  a  common  flow  1 -junction  with  flow  resistance  Rp.  The  word-bond  graph  in  Fig. 
1.69.10(b)  lends  itself  directly  to  the  construction  of  the  bond  graphs,  Fig.  1.69.11.  The  symbols  mean: 
C[  is  the  capacitance  of  volume  1;  TF  is  the  transformer  of  area  from  diaphragm  to  moving  element  B; 
C2  is  the  capacitance  of  the  diaphragm;  Ry  is  the  viscous  friction  of  B;  Rc  is  the  Coulomb  friction  of 
B;  I  is  the  inertance  of  B;  SF  is  the  source  force  B  of  the  flow  medium. 

The  bond  graph,  thus  completed  without  equations,  serves  as  a  basis  for  formation  of  equations  or 
block  diagrams  or  signal  flow  graphs.  Analysis  by  system  of  equations  is  discussed  in  the  next  example. 


o— 1—6— c, 


Fig.  1.69.11  —  Bond  graph  of  Fig.  1.69.10 


Example  #6 

Figure  1.69.12  illustrates  a  translational  system  in  one  dimension.  The  platform  Facts  as  a  velo¬ 
city  source  which  drives  two  masses,  (Mi,  M2)  two  springs  (Ku  K 2)  and  two  dampers  (Bt  and  B2). 

The  word-bond  graph  is  construed  as  follows: 

-mass  Mi 

I 

damper  B, 


source  SF - spring  K2 - mass  M2 - spring  K\ 

damper  B2 


source  SF 


source  SF 
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Fig.  1.69.12  —  A  translational  system  driven  by 
a  velocity  source 


The  bond  graph  itself  is  constructed  according  to  the  rules  noted  above: 

•  springs  and  dampers  are  common  effort  0-junction 

•  masses  are  common  flow  1 -junctions. 

Figure  1.69.13  shows  the  augmented  bond  graph  in  which  Cand  /  are  given  integration  casuality. 

Taking  C2,  /2,  C\,  /,,  B2,  and  Bx  as  integral-differential  operators  we  can  derive  the  equation  of 
this  system  in  a  simple  way:  (1)  C2F2  +  x2  “  x3  (2)  B2xFB2  +  x2  -  x3  (3)  l2x2  +  F]  -  F2  +  FB2 
(4)  C\Fy  +  x,  *  x2  (5)  /[X!  +  Ffll  =  F|,  and  (6)  B3xFb (  +  x3  =*  x,. 

The  assignment  of  casuality  begins  with  (known)  SF  represented  by  an  adjacent  bond  stroke.  All 
other  casuality  strokes  follow  the  rules  explained  in  Sec.  1.68.3. 


Fig  1.69.13  —  Bond  graph  of  Fig  1.69.12 
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Example  #7  A  nother  Example  of  Assignment  of  Causality  is  Shown  in  Fig.  1. 69. 14  and  Fig.  1. 69. 15. 


Fig.  1.69.14  —  Mechanical  translational  system  consisting  of 
two  masses  and  two  springs 
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Fig.  1.69.15  —  Bond  graph  of  Fig.  1.69.14 


The  bond  graph  of  this  mechanical  translational  system  based  on  integral  causality  is: 

From  this  graph  one  easily  constructs  the  dynamic  relations  among  the  various  bonds: 


at  0-junction  of  bonds  1,2: 


—  K,+  K2-0;  V2  -  Va 
or  ju>CaFi  -  Va 


at  1-junUion  of  bonds  2, 3, 4,5: 


-F2  -Fj-fjrf-O;  F2  -  ^ 


or 


y'wC] 


+  ju)  M\  Va  +  F$  *■  F 


at  0-junction  of  bonds  5,6,7: 


or 


-V7-  V6+  Vs-  0; 
jw  CbF(,  +  Vb  -  Va 


y  5  -  ya  \  Vi  -  yt 

F6  -  Fs  \  F6  -  F-, 


at  1 -junction: 


—F9  —  F%  +  Ft  —  0 

or  ja>  Mb  Vb  +  F9  -  F7  -  F6  -  F5. 


From  these  relations  one  can  obtain  Va,  yb  and  all  forces. 
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SUMMARY 


These  seven  examples,  chosen  primarily  for  their  simplicity,  are  an  indication  of  the  method  of 
bond  graphs.  Since  other  methods  serve  equally  well.  The  full  advantage  of  bond  graphs  is  not  visible. 
This  will  come  with  application  to  structure  of  great  complexity. 


1.70  ANALYSIS  OF  MULTIPORT  SYSTEMS  USING  INTEGRAL  CAUSALITY 

It  is  useful  to  formalize  a  procedure  for  analyzing  physical  systems  by  use  of  bond  graphs.  Formal 
rules  serve  to  guide  the  analysis  in  all  but  pathological  cases.  An  example  illustrates  the  method. 

Example  of  Analysis 

Assume  first  a  given  physical  system  has  been  described  by  a  word  bond  graph  from  which  the 
bond  graph  Fig.  1.70.1(a)  is  drawn. 


Fig  1.70.1  —  (a)  Bond  graph,  (b)  causality  and  power  assignment 


We  begin  the  analysis  by  augmenting  the  bond  graph  with  (1)  casual  strokes  (2)  power  flow.  The 
rules  for  augmentation  are: 

•  Assign  effort  or  flow  causality  to  all  sources. 

In  Fig.  1.70.1b  a  causal  stroke  is  placed  adjacent  to  the  flow  source  F(  F  | - )  to  indicate  that 

the  source  supplies  a  flow  independent  of  the  elements  in  the  remainder  of  the  graph.  (Other  sources, 
if  present,  are  similarly  treated:  flow  sources  having  causal  strokes  at  the  near  end  of  the  bond  and 
effort  sources  at  the  far  end). 

•  For  each  storage  element  (C  or  D  assign  causality  in  integral  form.  This  means  the  assignment 
of  C,  /  in  Fig.  1.70.1b  as  follows: 


meaning  eoul  =  L~'  Jf[ndt 


The  use  of  the  integral  form  is  convenient  because  it  lends  itself  tc  optimal  choices  of  state  variables. 
However,  the  choice  of  differential  form  is  also  a  valid  procedure. 

•  for  each  0-junction  extend  causality  by  allowing  one  adjacent  casual  stroke  and  two  opposite 
strokes.  This  may  mean  the  assignment  of  arbitrary  causality  to  /^-fields. 

•  for  each  1 -junction  allow  two  adjacent  causel  strokes  and  one  opposite  stroke.  This  also  may 
mean  the  assignment  of  arbitrary  causality  to  R-fields. 
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•  if  above  steps  do  not  complete  causality  assign  causal  strokes  to  R-ports  arbitrarily,  but  not  to 
conflict  with  established  causality. 

•  assign  power  flow  by  inspection  observing  the  caution  that  sources  deliver  power  and  resistance 
absorb  power.  Experience  has  shown  that  the  following  rules  on  power  flow  iead  to  minimum  ambi¬ 
guity: 

(1)  power  should  be  directed  into  all  7,  Cand  R  1-ports. 

(2)  power  should  be  directed  into  and  through  all  transformer  and  transducer  2-ports. 

(3)  the  assignment  of  power  flow  direction  in  O-functions  and  1  junctions  is  arbitrary. 

•  choose  output  variables  from  each  bond. 

In  Fig.  1.70.1(b)  these  are  given  as  f\,  f2,  e4,  es,  e3.  Special  names  are  given  to  these  variables: 

*  f\.  source  variables.  These  are  generically  called  the  { U)  set. 

f2,  cf  state  variables  (because  C,  I  determine  the  state  of  the  physical  system).  These  are 
generically  called  the  {A'}  set. 

e4.  temporary  variable  (because  while  they  help  in  formation  of  the  system  equations  they 
eventually  are  eliminated  in  the  final  solution).  These  are  generically  called  the  { T') 
set. 

e3:  auxilary  variables  (because  they  are  associated  with  0  or  1-  junctions).  These  are 

generically  called  the  [H]  set. 

The  total  set  {X,  U,  T,  H)  is  written  {  V}.  In  this  example 

[y]  “  {/l.  fl>  «4»  eS>  €})  ••• 

Figure  1.70.1(b)  shows  the  completed  augmented  graph. 

From  this  point  on  the  goal  of  analysis  is  to  derive  a  set  of  equations  which  express  the  output  of 
the  storage  elements  7,Cin  terms  of  the  sources.  The  steps  in  the  procedure  are: 

(0/2--V  [fe2dt  +  Pm 

(2)  es f5dt  +  <7(0)1 

(3)  e4  -  Rf4 

(4)  at  the  0-juntion  /3  =  f\  —  fi  (See  Sec.  1.68.3) 


(5)  at  the  1 -junction  f4  -  f3,  /5  -  fj 


'  ••'.•'0.*.<V.\<^.<r';.‘\*'  *'.‘  <*■•/ 
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*(6)  .-.  es  =  -$?<.“ 1  (/  (/,  -  f2)  dt  +  <7(0)] 


(7)  at  the  0-junction  e2  =  e3 


(8)  at  the  1 -junction  e3  -  e4  +  e5  -  7?/4  +  e5  (See  Sect.  1.68.3) 


*(9)  f2  ~#rx  W\  ~  h)  +  es]  dt  +  p(0)l. 

The  steps  with  *  indicate  the  final  results.  They  appear  as  a  pair  of  integral  equations  in  the  state  vari¬ 
ables/^,  e5. 

When  a  bond  graph  contains  one  or  more  inertance  or  capacitances  which  cannot  be  assigned 
integration  causality  in  the  completion  of  the  augmentation  of  the  graph,  special  care  must  be  taken. 
Figure  1.70.2  shows  just  such  a  case.  In  (a)  the  acausal  graph  is  laid  out.  In  (b)  inertances  I\  and  /2* 
are  given  integration  causality.  Upon  completing  graph  augmentation  it  is  found  that  /3  has  been 
assumed  differential  causality.  The  physical  meaning  is  this:  /3  is  statically  determined  by  /j  and  f2\ 
that  is,  the  relation  between  /,,  f2  and  /3  is, 

0  =  Dfi  +  Df2  +  Df3,  D  =  operator. 


One  concludes  that  /3  cannot  be  a  state  variable;  it  is  a  temporary  variable,  and  can  be  eliminated  from 
the  state  equations.  Similarly,  the  appearance  of  capacitances  in  differential  form  leads  to  a  static  rela¬ 
tion  between  it  and  the  other  capacitances  which  are  properly  assigned  integration  forms.  The  power 
variables  of  capacitances  assigned  differential  forms  become  temporary  variables  which  are  finally  elim- 
inated-from  the  state  equations. 


l — o — l— 


1— X, 


I.  1 — ll, 


Fig  1.70.2  —  (a)  Bond  graph  featuring  three  inertances,  (b)  causality  assignment 

1.70.1  Formulation  of  Dynamic  Equations  From  a  Bond  Graph 

We  summarize  all  previous  exposition  by  a  set  of  rules. 

A  bond  graph  is  a  chain  of  H-jnnctions  and  1 -junctions  with  added  sources  and  loads.  It  allows  a 
rapid  determination  of  the  equations  governing  the  dependent  and  independent  variables.  Several  sim¬ 
ple  rules  in  formulation  of  these  equations  are  nelplul: 

•  A  1  -junction  bonded  directly  to  n  different  0-junctions  and  in  different  1 -ports  establishes  the 
relation  of  efforts, 
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Z  Zj/}  +  £  «/  =  *1 

y-i  1—1 


in  which  e\  is  any  choice,  and  ft  is  the  flow  variable  specifying  the  1 -junction. 
Example 


A  portion  of  a  bond  graph  featuring  a  transformer  is  shown.  Here  the  effort  tj  is  related  to  all 
the  efforts  bonded  to  the  1 -junction  including  the  transformed  1 -junction: 


j(oJ2a2  +  jwJ^i  +  t,  +  rBi  +  rfli  =  r,. 


It  is  noted  that  when  the  effort  at  a  junction  is  explicitly  stated,  the  flow  at  that  junction  does  not 
appear  in  the  equation. 

•  A  0-junction  bonded  directly  to  n  different  1 -junctions  and  m  different  1 -ports  establishes  the 
relation  of  flows, 


I 


/i-l 


n 


Yjej  +  I  /,  =  /, 

f'-2 


in  which  f\  is  any  choice,  and  e\  is  the  effort  variable  specifying  the  0-junction. 
Example 


In  the  bond  graph  shown  the  rule  states  that 


Yet  +  h  +  h  =  ft- 


Sw 

.%Y-V-'.nV-V- Y-V- ,V>v.\v > 
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Again,  it  is  noted  that  when  the  flow  at  a  junction  is  explicitly  stated,  the  effort  at  that  junction  does 
not  appear  in  the  equation. 


•  Two  1 -junctions  bonded  to  rt  O-junctions  establish  a  relation  o if  flows 


ri*.+/2-/i 
^2  +  fl  "  f\ 
Y„en  +  h  -  /, 


Similarly,  two  O-junctions  bonded  to  n  different  1 -junctions  establish  the  relations  of  efforts, 

Zi/i  +  e2  —  ex 

- Yj  Z2/2  +  e2-ei 

ZJn  +  e2~e 

•  A  flow  source  can  be  bonded  to  an  0-junction  (parallel  arrangement)  or  to  a  1 -junction  (series 
arrangement). 

An  effort  source  can  be  bonded  to  an  0-junction  (parallel  arrangement)  or  to  a  1 -junction  (series 
arrangement).  Examples  of  these  rules  and  their  electrical  circuit  equivalents  are  listed  below: 


L 


•  An  elementary  1-port  is  bonded  to  its  neighbors  in  the  network  in  one  of  two  ways:  either  it  is 
connected  to  a  common  force  junction  (0-junction)  or  to  a  common  velocity  junction  (l -junction),  in 
the  former  case  the  0-junction  is  sandwiched  between  two  1 -junctions,  while  in  the  latter  case  the  1- 
junction  is  sandwiched  between  two  O-junctions.  The  physical  difference  between  these  cases  is  made 
evident  by  the  mathematical  formula  which  express  the  relation  between  effort  and  flow.  For  example, 
the  two  possible  bonding  arrangements  of  the  generalized  capacitance  C  are: 
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Let  these  represent  mechanical  elements.  In  (1)  a  force  is  transmitted  through  an  0-junction  accom¬ 
panied  by  a  velocity  difference.  This  is  the  case  of  a  linear  spring.  In  (2)  force  difference  develops  a 
velocity.  This  is  the  case  of  an  elastic  diaphragm. 

•  A  pure  transformer  is  bonded  between  two  1 -junctions. 


However,  by  simplification. 
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•  A  pure  gyrator  obeys  the  same  rule  as  a  pure  transformer  with  the  exception  that 

if 2  =  e, 


We  illustrate  these  rules  by  a  step-by-step  construction  of  the  bond  graph  of  the  following  loiational- 
mechanical  system: 
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Ooctojt 

rotation 


A  rotational  m«chanic*l  syMrm  with  f  err*  k«*wn  prime 
mom  and  toad. 


!  u«  TTH? 


1.  the  degrees  of  freedom  are  am,  oq,  a2,  ah  aB.  aG  is  the  ‘ground’  angular  velocity,  here 
taken  to  be  zero. 

2.  the  torque  Tin  is  an  effort  source  represented  by  Se  -  ST.  The  graph  is, 


3.  T,„  drives  the  rotary  mass  Jp.  Since  the  rule  requires  mass  to  be  bonded  to  a  1 -junction, 

we  bond  ST  directly  to  this  1 -junction  which  represents  ain.  The  graph  is 

1* 

v-i- 


the  1-junction  (ain)  is  bonded  to  the  capacitance  (compliance)  of  the  flexible  shaft  and  the 
resistance  (friction)  Bp.  The  rule  requires  capacitance  to  be  bonded  to  an  0-junction,  and 
resistance  to  an  0-junction  or  1 -junction  (choose  the  0-junction).  The  graph  is  now, 
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Since  the  torque  Tkl  in  Shaft  #1  depends  on  the  difference  in  angular  velocities  ain  and 
a,,  its  0-junction  is  bonded  to  a  1 -junction  representing  a\.  The  rule  requires  J\  to  be 
bonded  to  *his  1 -junction.  Resistance  Bx  is  also  bonded  to  this  1 -junction.  The  graph  is 

fiCV, , 
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Jr  K,  J,  3, 
Sf-r-o-:— o- 


■n  0 

I 

the  two  gears  constitute  a  transformer,  that  is  a2  =  (N\/N2)  at;  T2  —  (Ay/V])  7V  We 
therefore  bond  the  1 -junction  representing  to  a  TF  2-port,  which  in  turn  is  bonded  to  a 
1 -junction  representing  a2.  The  rule  requires  J2  to  be  bonded  to  this  (a2)  1 -junction, 
together  with  resistance  B2.  The  graph  is  now, 


V — 1 — O — 1 — O 

ft.  |<*. 

I  3  rf 

\‘ 


the  rules  require  Shaft  #2  to  be  bonded  to  an  0-junction  between  the  1 -junction 
representing  a2  and  the  1-junction  representing  ah  and  the  rotary  mass  JL  to  be  bonded 
to  the  latter.  In  addition  resistance  BL  is  bonded  to  junction  ah  and  since  all  resistances 
are  to  ‘ground’  they  are  bonded  to  sources  of  zero  angular  velocity.  The  completed  bond 
graph  is  finally, 


S  —  1; - O - 1—  O— r 


B-O 


Ka  X 


iW 

St. 


V  "y  V  V  V.V  . 

.  v v . 


6 — \ 


*»*  *,  v 


/  /  i\ 


Representation  and  Analysis  of  Acoustic  Transducers 

The  dynamic  equations  of  this  graph  are  found  by  inspection: 

(1)  ju)  JDa.n  + 


jw  Jpain  +  TBp  +  7’*i 
j<oKilTk  +  a,  = 


Jo>J 2«2  +  jo>  J\a\  +  Tkl  +  TB2  +  TB{  =  TkX 
ja>KflTki  +  a,  -  a2 
ju)JLcti  +  TBl  +  ST(;  =  TKi 


&2  Tb  +  aG 


B['TBi  +  aG 


1.71  ANALYSIS  OF  MULTIPORT  SYSTEMS  BY  FIRST-ORDER 
DIFFERENTIAL  EQUATIONS  111) 

In  the  previous  Section  1.70.1  the  power  variables  of  a  physical  system  were  classified  as  X,  T,  H, 
and  U  (that  is,  the  state,  temporary,  auxiliary,  and  source  vectors).  Various  interrelations  can  be  con¬ 
structed  between  these  vectors.  However,  for  purposes  of  numerical  computation  and  analog  simula¬ 
tion  it  is  advantageous  to  interrelate  all  these  vectors  through  first  order  ordinary  differential  equations 
called  the  state  system  equations.  Thus  the  goal  of  this  type  of  analysis  is  to  derive  the  set 

(a)4x  =  A-  X  +  B-  U 
dt 


(b)  Y  -  C  •  X  +  D  •  U 


(1.71.1) 


As  before,  the  vector  X  has  a  mixture  of  effort  and  flow  component  variables  associated  with  the 
energy  storage  1-ports  C,  /;  U  is  a  vector  of  sources;  A,  B,  C,  D  are  arrays  whose  elements  contain  the 
parameters  of  the  physical  system.  The  vector  Y  has  all  the  outputs  of  the  systems  multiports  which 
can  be  observed  (i.e.,  measured).  It  is  called  the  vector  of  observables. 

The  procedure  is  summarized  as  follows: 

•  choose  the  system  vectors  and  assign  explicit  component  variables  to  represent  outputs.  In  the 
example  of  Fig.  1.70.1b,  we  select 

X  -  (/2,e5);  T  =  (e4);  H  =  (f3)\  U  =  (/,) 

Note  that  /3  is  an  output  flow  of  the  0-junction  whereas  e3  is  an  output  effort  of  the  1 -junction 

•  for  each  storage  multiport  C  write  an  equation  of  the  form 


(1.71.2) 


In  the  exampie. 


des 
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•  for  each  storage  multiport  /  write  an  equation  of  the  form 


,  df out 
dt 


^in 


In  the  example, 


e 2 


•  for  each  temporary  variable  express  the  relation  between  e  and  /  to  be  in  accord  with  the 
assumed  causality. 

In  the  example  e4  is  the  output  of  R  for  the  input  /4.  Thus 

«4  ”  ^4/4 


•  for  each  auxiliary  variable  write  the  relation  of  efforts  or  flows  conformable  to  0-junction  or  1- 
junction  power  flow. 

In  the  example, 

for  the  0-junction:  f3  -  /j  -  /2  e,  -  e2  «  e3  (See  Sect.  1.68.3) 
for  the  1-junction:  e3  -  e4  +  e5,  /3  -  /4  -  /5  (See  Sect.  1.68.3) 


•  eliminate  the  temporary  and  auxiliary  variables.  In  the  example  this  leads  to 


h 


dfi 

dt 


R  (/1  “  /:>  +  e5 


C5 


*5 


f\  ~  fi- 


From  this  result  the  matrices  A,  B  are  seen  to  be 


A 


0  -R 
-1  0 


;  B  = 


R  0 
1  0 


This  completes  the  derivation  of  Eq.  1.71.1(a).  The  construction  of  the  components  of  the  vector  Y  of 
observables  is  performed  in  a  similar  way.  As  an  example  we  chose  the  observable  qA.  By  definition 

J  fAdt  =  qA(t)  -  q  (0). 


Since 


.  =  _f4_  =  £3  ~  ^5  =  e2  ~  es  =  _h_  dfi_ _ £s_ 

*  Ra  Ra  Ra  Ra  dt  Ra 
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it  is  seen  that  may  be  expressed  in  terms  of  the  state  variables  /2,  es\ 


J  es(t)dt 


=  94(f)  “  9  (0). 


The  example  discussed,  though  trivially  simple,  embodies  the  complete  procedure  for  constructing 
equations  of  state  for  the  physical  system  from  bond  graphs. 


1.72  BOND  GRAPHS  AND  IMPEDANCE  METHODS  FOR  2-PORTS 

A  powerful  method  of  analysis  of  transducer  models  is  based  on  transmission  of  energy  through  a 
cascade  of  2-Ports,  each  of  which  is  defined  by  an  impedance  (or  admittance)  matrix.  Disussion  of  this 
method  has  already  been  presented  in  Sections  1.0  and  1.1.  The  mathematical  model  of  the  transducer 
is  then  contained  in  a  large  transfer  matrix  which  relates  power  coordinates  at  the  input  of  the  first  2- 
Port  to  power  coordinates  at  the  output  of  the  last  2-Port.  While  transfer  matrices  can  be  constructed 
in  various  ways  we  seek  in  this  section  to  elucidate  the  construction  of  the  transfer  matrix  from  the 
bond  graph. 

Let  S  represent  a  2-Port  defined  by  the  power  variables  eu  fx  and  e2,  fv  Four  possible  assign¬ 
ments  of  causality  are  available  to  relate  these  variables.  This  means  we  can  specify  which  of  two  of 
them  are  inputs  (right  side  of  the  dynamical  equations)  and  which  are  outputs  (left  side  of  the  dynami¬ 
cal  equations).  Guidance  in  this  choice  is  based  on  physical  fact  or  convenience  in  analysis.  Table 
1.72.1  lists  the  possible  combinations.  When  there  is  no  assignment  of  causality  the  power  variables  at 
one  port  of  a  2-Port  system  are  related  to  the  power  variables  at  the  second  port  through  a  simple 
matrix: 


*1 

AB 

e 

/ 

CD 

h 

This  is  called  the  acausal  form.  In  it  no  commitment  is  made  relative  to  input/output  variables. 

The  symbol  S  in  the  above  table  can  be  interpreted  as  a  0-junction  2-Port  or  a  1 -junction  2-Port. 
These  are  sketched  in  Fig.  1 .72.1  (a)  (b)  (c) .  The  acausal  form  of  the  system  equations  for  the  0- 
junction  2-Port,  Fig.  1.72.1b  is, 


e,  =  e2 

1  0 

*1 

/1  =  Ye2  +  f2  or 

/. 

= 

n 

/2 

=  Ml? 

fi 

where  Y  =  Z  1  and  A /}?  is  the  2-Port  matrix  for  a  0-junction.  For  the  1 -junction  2-Port  (lc)  the 
acausal  form  is 


f\  ~  fi 
e\  =  Z/2  +  e2 


e\ 

1  z 

*2 

A 

— 

0  1 

A 

II 

& 

fj 

where  Af/j'  is  the  2-Port  matrix  for  a  1  junction.  The  causal  form  of  'he  system  equations  for  the  0- 
junction  2-Port  is  different.  Let  the  assignment  of  causality  be  Fig.  1.72.2.  It  is  verbalized  as  follows: 
an  external  port  (=  device)  Jx  accepts  an  effort  gj  from  the  0-junction  and  delivers  flow  /j  back  to  it;  a 
second  external  device  J2  accepts  effort  e2  from  the  0-junction  and  delivers  flow  F2  back  to  it;  an 
impedance  Z  accepts  a  flow  /3  from  the  0-junction  and  delivers  an  effort  e3  back  to  it. 
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Fig.  1.72.2  —  Assignment  of  causality  to 
a  0-junction  2-port 


From  the  point  of  view  of  the  impedance  device 

(*3)out  ” 

Since  ex  -  e3,  e2  -  e3,  and  C/,3)oUt  “  (-/i)in  ~  the  causal  relations  of  the  complete  system  are, 


(el)out  “  Z(J{  +  f2)-in,  (62)0111  “  Z{f\  +  fi)in 


The  acausal  form  is  particularly  useful  in  the  analysis  of  a  linear  cascade  of  2-Ports  defined  by  the 
power  variables  ex,  e2,  f2 ...  e„,  /„.  The  (self-evident)  rule  is, 

Afin  “  A/12  ‘  M2i  ■ ...  Mn-Xn 

Examples  of  this  rule  are  found  in  Sect.  1.2  of  this  treatise.  In  analyzing  networks  of  2-Ports  which  are 
not  in  cascade  it  is  useful  to  recognize  groups  that  obey  simple  addition  of  impedances.  Table  1.72.2  is 
a  list  of  the  groups  most  often  encountered  and  their  flow  and  effort  relations. 

In  applying  causality  to  the  2-Ports  in  this  table  we  have  chosen  the  0-junction  and  1 -junction  to 
be  represented  by, 


In  words:  For  the  0-junction,  Port  Jx  has  input  e2  and  output  f2.  Port  J2  has  input  e3  and  output  f3. 
For  the  1 -junction,  port  J3  has  input  f2  and  output ;  port  •/<  has  input  f3  and  output  e3. 

Summary 

A  physical  system  that  can  be  modeled  as  an  assembly  of  interconnected  2-Ports  has  an  associated 
bond  graph  in  the  form  of  chains  of  O-functions  and  1-junctions.  To  each  junction  there  are  bonded  1- 
Ports  or  2-Ports  which  absorb  power,  or  store  power,  or  transfer  power.  To  analyze  the  system  in  terms 
of  self  and  mutual  impedance,  or  in  terms  of  transfer  functions,  the  bond  graph  is  made  causal  by 
assignment  of  causai  strokes  and  power  flows,  aii  in  accordance  with  rules  cited  above  which  are 
designed  to  make  the  augmented  graph  complete  and  consistent.  The  augmented  bond  graph  leads 
directly  to  an  impedance  description  of  the  system. 


Bond  Graph 

Impedance 

Relation 

Block  Diagrams 

V"A''<vv 

S-Vj/g 

Bond  graph  is  in  impedance  form 

Zu- 

%A  +  Zfl 

f\  =  fj  ”  /5 

/2  =  /4  ”  /6 

e,  =  -(e3  +  <?5) 
e2  =  -(e4  +  e6) 

,hS^cm‘ 

Bond  graph  >4  is  in  immittance  form 

Hn- 
Ha  +  Hb 

/l  -  /3  "  /5 
/2--C/4  +  /6) 
ei  =  -(e3  +  e5) 
e2  =  e4  =  e6 

■IlHO  jWHJ, 

Bond  graph  A  is  in  adpedance  form 

K> 

+  II 

/i--(/j  +  /5) 

/2  “  /4  “  /6 
e,  =  e3  =  <?5 
e2  =  -(e4  +  e6) 

Jt-HcT 

^Vb\^ 

Bond  graph  A  is  in  admittance  form 

Y\2~ 

Ya  +  Yb 

/i--(/j  +  /s) 
/2--C/4  +  /6) 
e,  =  e3  =  e5 
e2  =  e4  =  e6 

o 
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1.72.1  An  Example  of  the  Use  of  Bond  Graphs  to  Calculate  Impedances  in  Physical  Systems 

Let  Fig.  1.72.3a  represent  a  portion  of  a  bond  graph  in  acausal  form.  The  bonds  are  arbitrarily 
labeled.  The  first  step  in  analysis  is  to  assign  direction  of  power  flow.  A  convention  (which  is  arbi¬ 
trary)  directs  the  flow  into  multiports  through  one  bond  and  out  of  multiports  in  the  remaining  bond(s). 
All  that  is  required  in  these  assignments  is  consistency.  This  is  shown  by  the  half  arrows  in  (b).  A 
second  step  is  to  choose  either  e0  or  /0  as  the  input  quantity.  This  is  done  to  establish  causality  among 
the  muitiports.  Let  us  choose  e0  in  this  example.  Since  e0  enters  the  first  0-junction  (and  /0  leaves  in 
the  opposite  direction)  then  the  causal  stroke  is  placed  adjacent  to  the  junction.  The  remaining  two 
bonds  also  have  an  assignment  of  causal  strokes.  Following  Sect.  1.68.1,  it  is  seen  that  because 
/o  -  /j  +  f2  (as  deduced  from  the  assumed  power  flow)  then  f\  and  f2  must  enter  the  0-junction.  The 
causal  strokes  are  then  placed  at  the  ends  of  the  bonds  of  the  0-junction  to  be  in  agreement  with  this 
stipulation.  Such  an  assignment  has  two  results:  1)  the  input  to  Zt  is  ex  and  the  output  is  f\.  2)  as 
causal  stroke  appears  adjacent  t  the  transformer  TF.  From  Table  1.72.2  the  second  bond  of  TF  must 
have  its  causal  stroke  at  its  right  end. 

The  assignment  of  causality  to  the  1 -junction  may  take  either  of  two  forms  as  noted  in  Sect. 
1.68.1.  We  choose  here  the  one  shown  in  (b).  This  makes  /4  an  input  to  Z^  and  e+  an  output.  It  also 
places  the  causal  stroke  adjacent  to  GY.  For  consistency  the  second  causal  stroke  must  also  be  adjacent 
to  GY  (see  Table  1.72.1).  Hence  the  input  to  Z6  is  /6  and  the  output  is  e6.  All  these  causality  rela¬ 
tions  are  listed  in  (c). 

Our  objective  now  is  to  find  the  ratio  Z0=  «o(/o(“  Yq  *).  We  use  the  causality  relations  to  do 
this.  Following  the  numbering  sequence  of  Fig.  1.72.3(c)  we  have: 

r  r  j.  r  e'  a.  h  e°  j.  e& 

(4)  f0  -  A  +  h  -  +  — 

la\  m  la  1  Tm 


(3)  Cft-zj; 


*3  -  e4 


-  e0  Z4  ,  ,  ,  _  *0  r  e0 

z - (m/  )  =  z6 - /o  - 

mr  r  mr  r  Z\ 


The  input  impedance  therefore  reduces  to, 

z  =  4-  Z4Z6m2 

0  r2m2  +  Z4Z6m2  +  Z\Z6  1 

In  a  similar  way  To  can  be  derived  directly  rather  than  first  finding  Z0  and  then  To  -  Zq  *. 

1.72.2  Conclusion  to  this  Section  on  Bond  Graphs 

The  method  of  bond  graphs  has  been  shown  to  be  capable  of  reproducing  all  results  that  can  be 
had  in  analyzing  physical  systems  by  equivalent  circuits. 

By  extension  (though  not  proved  here)  it  has  the  same  capabilities  as  the  methods  of  block 
diagrams  and  signal  flow  graphs.  The  question  is,  what  then  is  the  advantage  in  its  use?  The  answer  is 
this:  there  are  components  of  physical  systems  whose  modeling  by  linear  equivalent  circuits  is  difficult, 
if  not  impossible.  In  such  systems  as  long  as  such  components  can  be  verbalized  in  terms  of  bonds  a 
bond  graph  is  always  available.  More  important,  by  a  rigorous  application  of  rules  of  causality  described 
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tf-t-1 — — GY— z* 


(b) 


Causality  Relations 


(1) 

,  1 
/l "  z,  e' 

(/1  -  output) 

(2) 

N 

I 

(e4  -  output) 

(3) 

e6  ”  Zg/g 
/0-/I+/2 

( e6  -  output) 
at 

(4) 

e2  “  e0'»  «1  *■ 

0-junction 
(See  Sect.  1.68.3) 

(5) 

f  i,  g  _ 

2  m’  *3  m 

at  TF 

(6) 

f a  “  /$  /j  “  /s 

at 

C3  64  +  £5 

\ 

1  -junction 
(See  Sect.  1.68.3) 

(7) 

A --7;  /«- 7 

at  GY 

(c) 

Fig.  1.72.3  —  (a)  Bond  graph,  (b)  augmented  bond  graph,  (c)  causality  relations 
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in  [13]  and  exploited  above,  the  augmented  bond  graph  leads  directly  to  the  equations  of  the  system  by 
simple  steps.  Impedances  ar  found  with  surprising  ease  and  system  performance  in  both  steady  and 
transient  states  directly  deduced.  An  additional  bonus  is  the  optimization  of  selection  of  state  system 
variables  in  analysis  of  multicomponent  systems:  bond  graphs,  properly  augmented  with  -au^in..’  end 
power  flow  symbols,  provide  a  consistent  approach  to  this  (sometimes)  difficult  task. 

Efficient  low  frequency  underwater  sound  sources  generally  take  on  the  form  of  discrete  systems 
which  can  be  mathematically  modeled  as  electric/mechanical/hydraulic  networks.  Although  several 
procedures  are  available  for  constructing  such  networks  the  advantages  of  the  methods  of  linear  graphs 
(or  alternatively  the  method  of  bold  graphs)  in  regard  to  simplicity,  universality,  optimizability,  and 
visual  effectiveness,  are  sufficient  to  make  it  the  preferred  method  of  analysis.  In  particular  linear 
graphs  (or  bond  graphs)  allow  easy  formulation  of  the  state  model  of  the  system  which  is  admirably 
suited  to  machine  computation  of  digital  computers.  The  method  of  system  graphs  replaces  the  method 
of  analysis  based  on  the  construction  of  equivalent  electrical  networks.  The  latter  are  themselves  sys¬ 
tem  graphs  of  special  kind,  namely  "coded"  g-aphs  in  which  the  components  are  recognized  visually  as 
being  resistances,  inductances  etc.  However  in  the  system  graphs  discussed  in  this  chapter  visual  cod¬ 
ing  in  omitted  in  favor  of  component  equations.  The  analysis  of  discrete  systems  has  therefore  been 
presented  as  a  matrix  equation  formulation  aided  by  the  toplogical  concepts  of  trees,  cotrees  etc.  of  a 
linear  graph. 
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Chapter  2 

PRINCIPLES  OF  DESIGN  OF  ACOUSTIC  TRANSDUCERS 


2.1  PROJECTORS  AND  RECEIVERS 

Acoustic  transducers  are  of  two  sorts: 

Projectors,  which  convert  sources  of  energy  into  sound  fields,  and  receivers,  which  detect  sound 
fields  and  convert  then:  back  into  energy  forms  convenient  for  listening,  display  or  recording.  While 
sources  of  energy  can  take  any  form  the  ones  most  used  are  the  energies  resident  in  magnetic  or  elec¬ 
tric  fields.  Projectors  based  upon  them  can  usually  serve  as  receivers  as  well,  thus  providing  an  advan¬ 
tage.  Other  sources  of  energy  such  as  thermal,  fluidic,  or  chemical  are  generally  nonreciprocal,  capable 
of  producing  sound  fields  but  not  detecting  them  in  a  practical  way. 

This  chapter  will  discuss  magnetic  and  electric  field  transducers,  emphasizing  the  basic  principle 
underlying  their  design.  Only  phenomena  of  transduction  which  can  be  described  by  linear 
differential-integral  equations  will  receive  a  ttention.  Thus  a  transducer  structure  will  be  regarded  as  an 
input/output  device  made  up  of  input/output  components.  No  special  effort  wdl  be  made  to  expose 
physical  details  of  energy  conversion  except  as  will  be  needed  to  justify  the  mathematical  models  used. 

We  begin  with  a  general  discussion  of  magnetic  ard  electric  fields  which  surve  as  models  for 
energy  conversion  in  acoustic  transducers. 

2.2  MAGNETIC  FIELDS  AND  DRIVES 

B-H  Curves,  Operating  Points,  Drive  at  Constant  B  or  Constant  H 

The  theory  of  magnetic  field  transducers  requires  a  careful  attention  to  units  assigned  to  various 
parameters  appearing  in  the  mathematical  models.  It  will  be  useful  here  to  list  the  parameters  and 
assign  to  them  consistent  MKS  units. 


Units 


piezomagnotic  constant 

N  A  turn 

Ks  m 

Magnetic  permeability 

Weber 

Vs2  Ns2 

amp-turn-m 

Cm  01  C2 

Cm  Am 

Vs 2  °f  Wb 

•  reluctance 

amp— turn 
weber 

C_ 
s2  V 

magnetomotive  force 

amp-turn 

C 

S 

magnetic  flux 

weber 

Vs 

flux  linkages 

weber  turn 

Vs 
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B  -  magnetic  flux  density,  (Tesla)  weber/m2  Vs/m7 

H  -  magnetic  field  intensity  amp-turn/m  C/sm 

It  will  always  be  useful  in  the  following  discourse  to  examine  each  field  equation  to  insure  a 
proper  balance  of  units. 


We  begin  with  a  discussion  of  B-H  curves. 

A  ring  of  magnetic  material  (cross  sectional  area  A)  is  wound  with  N  turns  of  a  primary  coil  on 
one  segment  and  n  turns  of  a  secondary  coil  on  a  second  segment  of  the  circumference.  The  primary  is 
connected  through  a  set  of  switchable  resistances  to  a  dc  battery  with  a  dc  ammeter.  The  secondary  is 
connected  through  a  standard  mutual  inductance  (coil  within  coil)  to  a  ballistic  galvano  neter.  When 
the  first  switch  is  closed  it  connects  all  the  resistances  to  the  primary.  A  small  transient  current  /q  then 
flows  through  it  creating  an  increment  of  flux  AB0  in  the  ring  material.  This  flux  couples  with  the 
secondary,  generating  in  it  a  transient  charge  with  deflects  the  galvanometer  through  angle  by  0O.  Such 
a  deflection  is  proportional  to  nA  AB0.  The  proportionality  factor  is  obtained  by  use  of  a  calibrating 
current  passed  through  the  mutual  inductance  coils  of  the  secondary  circuit.  Thus  60  corresponds  to  a 
known  change  in  induction  (-  AB0)-  When  the  second  resistance  switch  is  closed,  it  short-circuits  a 
portion  of  the  total  resistance,  tltereby  causing  a  larger  transient  current  to  flow,  which  in  turn  causes  a 
larger  deflection.  Hence  a  second  increment  of  flux  fines  is  added  to  the  first.  This  process  of  closing 
switches  is  continued  until  further  current  increments  do  not  deflect  the  galvanometer.  The  material  is 
then  in  a  state  of  magnetic  saturation,  point  a  in  Fig.  2.2.1.  When  the  switches  are  reopenu  in  reverse 
order  the  galvanometer  deflections  do  not  retrace  those  obtained  on  closing,  showing  the  process  to  be 
hysteretlc.  When  the  las*  switch  is  opened  a  deflection  is  obtained,  also  showing  residual  flux  frozen  in 
the  material  when  there  is  no  excitation.  This  is  point  b  on  Fig.  2.2.1  A  plot  of  deflection  vs  current 
(or  static  induction  B  versus  magnetic  field  intensity  H)  gives  the  portion  o  a  b  of  the  magnetization  (or 
B-H)  curve.  Portion  bed?  is  obtained  by  use  of  a  commutator  which  causes  the  current  to  flow  in  the 
direction  opposite  to  that  first  used.  Similarly,  portion  efa  is  obtained  by  again  reversing  the  commuta¬ 
tor.  Subsequent  opening  and  closing  switches  causes  the  curve  abedefa  to  be  traced  out  (curve  oa  hav¬ 
ing  disappeared). 


Fig.  2.2.2  —  Dynamic  loop  on 
a  B-H  curve 
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In  the  practice  of  ultrasonic  magne.ostrietmn  transducers  a  bias  flux  B0  at  some  H0  is  permanently 
established  at  a  selected  point  on  the  curv,  fa  It  is  chosen  to  give  desired  properties  (desired  permea¬ 
bility  at  SBq/SHq,  desired  magnetostriction  etc).  At  B0  the  transducer  is  excited  by  an  ac  current. 
The  magnetization  then  executes  a  small  lot ,  F;g.  2.2.2,  at  the  frequency  co(-  Inf)  of  the  drive.  The 
alternation  B __  of  flux  then  induces  an  alterm  mg  elastic  strain  S_  through  the  agency  of  magnetostric¬ 
tion 

“  &  (2.2.1) 


The  corre.  rending  elastic  stress  is 


T-  -  cS~  -  ~hB_.  (2.2.2) 

In  another  description  the  alternating  magnetic  field  induces  a  strain, 

-  dH~.  (2.2.3) 

which  is  accompanied  by  a  stress 

T~  ~  (2.2.4) 

At  any  selected  frequency  these  descriptions  are  interchangeable. 

When  however  the  frequency  is  changed  one  has  the  option  of  driving  the  transducer  at  constant 
or  constant  //_.  In  the  case  of  constant  5__,  Fig.  2.2.3,  the  drive  current  varies  with  frequency 
while  the  drive  voltage  F__  is  kept  constant  as  the  frequency  changes  from  /]  to  f2.  In  the  case  of  con¬ 
stant  //_,  Fig.  2.2.4,  the  drive  current  remains  constant  while  the  drive  voltage  varies  with  frequency. 

For  drive  at  constant  magnetization  (Eq.  2.2.2),  the  appropriate  electrical  description  is  that  of 
admittance  because  current  /  is  varying  at  constant  V.  For  drive  at  constant  magnetic  field  (Eq.  2.2.4) 
one  plots  the  electrical  impedance  because  then  the  voltage  is  varying  at  constant  current.  A  descrip¬ 
tion  of  the  energy  resident  in  the  magnetic  field  is  given  in  Sect.  1.50.  For  completness  the  principal 
relations  are  repeated  here. 


7  V. 
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Magnetic  Energy,  Magnetic  Circuits,  Hysteresis  Loops 

Table  1.50.1  shows  that  the  energy  in  magnetic  fields  can  be  expressed  in  terms  of  magnetic  flux 
linkage  (units:  Ks  turn)  in  the  energy  form  W  =  J*  ld\,  or  in  the  form  coenergy  W*  -  J  \dl.  We 
consider  here  the  energy  form  and  apply  it  to  finding  the  energy  stored  in  a  magnetic  circuit  consisting 
of  a  toroidal  ring  of  iron,  radius  a ,  cross-section  A  excited  by  a  coil  of  N  turns  carrying  an  electric 
current  I.  Since  X  -  Ntf>  and  /  =  F/N  it  is  seen  that 


energy:  W  =  J  Idk  =  Jq  ™  F d4> 

(2.2.5) 

p 

coenergy:  W*  =  J*  kdl  =  J"  4>dF. 

(2.2.6) 

For  each  increment  of  length  dl  around  the  magnetic  circuit  the  increment  in  magnetomotive  force  is 

dF  =  Hdl  =  HU,  fadl. 

(2.2.7) 

Also  the  magnetic  flux  is  expressed  in  terms  of  flux  density  B, 

d<f)  =  BdA. 

(2.2.8) 

Thus  the  magnetic  energy  stored  in  the  ring  is 

W  ~  //  BU)HU,  B)dldA 

(2.2.9) 

From  this  it  is  seen  that  energy  relations  in  magnetic  circuits  are  made  visible  by  plotting  flux  <f>  versus 
magnetomotive  force  F,  Eq.  2.2.5.  In  contrast,  energy  in  a  magnetic  material  of  volume  rfV  -  dl  dA  is 
made  visible  by  plotting  B  vs  H. 

As  noted  in  Section  1.50  the  coenergy  form,  Eq.  2.2.6,  is  useful  in  applications  of  the  variational 
principle  of  Hamilton  to  formulation  of  the  dynamical  equations  of  transducer  operation. 

We  now  return  to  the  magnetic  circuit  of  a  complete  toroid  and  use  a  plot  of  magnetic  flux  <f> 
(units:  Ks)  as  ordinate  and  magnetomotive  force  &  (units:  C/s)  as  abscissa.  This  has  the  same  shape 
as  the  B-H  curve  of  Fig.  2.2.1  and  is  reproduced  here  as  Fig.  2.2.5a.  To  stabilize  the  circuit  it  is  cus¬ 
tomary  to  partially  demagnetize  the  material  of  the  toroid.  One  therefore  uses  the  material  in  a  state 
described  by  some  point  (say  6)  on  the  demagnetization  branch  (2-3)  of  the  0  “  ^hysteresis  loop,  Fig. 
2.2.5b.  Beginning  at  this  point  one  can  induce  cyclical  changes  in  flux  of  smaller  amplitude  than  the 
remanent  value  fa  by  creating  a  minor  hysteresis  loop.  First,  one  reverses  the  demagnetization  current 
from  F6  to  F6-  to  F/,  causing  the  ascending  portion  6-6'-7  to  be  traced.  The  demagnetizing  current  is 
then  increased  (that  is,  made  more  negative)  causing  the  descending  portion  7-7'-6  to  be  traced.  The 
flux  therefore  moves  cyclically  from  fa  to  fa  and  back  again.  If  the  demagnetijing  current  is  removed 
completely  the  flux  in  the  circuit  returns  to  fa.  Thus,  as  long  as  the  negative  magnetomotive  force 
does  not  exceed  the  largest  cyclical  change  in  flux  is  fa  -  06.  The  slope  of  the  line  6-0'-7  is  given 
by  the  angle  #, 


tan  0 


08  A 

HI,  M,/A°  I , 


(2.2.10) 


in  which  /*  is  the  total  flux  path  of  the  magnetic  circuit  and  /x,  is  the  incremental  permeability. 


Fig.  2.2.5  —  (a)  Hysteresis  loop  of  a  magnetic  circuit,  (b)  minor  hysteresis  loop 


We  next  consider  the  case  of  a  magnetic  circuit  with  an  air-gap  Fig.  2.2.6  consisting  of  a  yoke,  a 
coil  and  a  diaphragm  (or  armature).  Assume  first  the  magnetic  material  is  driven  into  saturation  (point 
1  of  Fig.  2.2.5),  and  then  the  magnetization  current  is  reduced  to  zero.  The  flux  in  the  core  is  then  less 
that  <f>R  because  of  the  presence  of  the  air  gap.  Since  the  air-gap  acts  as  a  negative  magnetomotive 
force  the  flux  in  the  core  is  at  some  point  c  on  the  demagnetization  curve  of  the  iron  circuit,  Fig.  2.2.7. 
If  we  let  Ij  be  the  effective  path  length  of  the  metal  core,  and  lg  be  the  path  length  of  the  air-gap,  then 
the  magnetic  field  intensity  H,  in  the  core  in  the  absence  of  coil  current  is, 

H,lt  -  -  Py  -  -  Hglg  (2.2.11) 


and  the  flux  in  the  air  gap  is 

I, 

<f>t-  ~  Mo  Hi  “  Mo  HgA  (2.2.12) 


V 


<k 


Fig.  2.2.6  —  Moving- 
armature  transducer  O'  ~ 
yoke,  C  -  coil,  G  -  air 
gap,  D  **  armature 
diaphragm) 


Fig.  2.2.7  —  Demagnetization  curve  for  the  magnetic 
circuit  in  Fig.  2.2.5b 
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On  the  4>g  -  F  chart,  this  represents  a  straight  line  OC  issuing  from  the  origin,  with  a  slope  given  by 
Eq.  2.2.10.  It  is  called  a  shearing  line,  and  its  intersection  with  the  demagnetization  curve  determines 
point  C,  Fig.  2  2.7.  The  corresponding  flux  in  the  circuit  is  <f>c.  In  applications,  particularly  where  per¬ 
manent  magnets  are  used,  it  is  often  a  practice  to  stabilize  the  magnetic  circuit  by  applying  a  demagnet¬ 
izing  field  to  move  the  operating  point  to  (say)  a.  Upon  removing  this  field,  the  state  in  the  iron-air- 
gap  system  moves  to  point  d  on  the  minor  hysteresis  loop  (here  represented  by  a  straight  line).  This 
point  is  the  intersection  of  the  air-gap  shearing  line  with  the  minor  hysteresis  loop.  If  the  air-gap  is 
increased  the  operating  point  moves  to  point  /  where  the  flux  is  lower,  that  is,  closer  to  a,  while  if  it  is 
decreasing  it  moves  to  point  e  at  higher  flux.  Thus  a  cyclical  motion  of  the  diaphragm-armature 
induces  a  cyclical  change  in  the  flux  in  the  magnetic  circuit  corresponding  to  points  traced  out  on  the 
minor  hysteresis  loop  fde.  A  change  in  flux  in  the  circuit  may  also  be  induced  by  applying  a  (signal) 
current  to  the  coil.  When  the  current  is  such  as  to  cause  the  magnet  to  draw  the  armature  to  itself  the 
operating  point  moves  to  higher  flux  (point  e).  The  magnetic  field  intensity  required  to  do  this  is  Nl\. 
Because  of  the  presence  of  the  air-gap  the  shearing  line  lakes  the  position  ge  in  Fig.  2.2.7.  However, 
when  the  current  is  reversed  and  the  armature  moves  away  from  the  magnet  the  operating  point  moves 
along  the  hysteresis  loop  toward  point  d.  The  magnetic  field  intensity  required  to  do  this  is  —  NI7. 
Because  of  the  presence  of  the  air-gap  the  shearing  line  takes  up  the  position  hf  Thus  a  cyclic  change 
of  signal  current  will  cause  the  operating  point  to  trace  out  a  minor  hysteresis  loop  fd  e  df.  When  the 
signal  current  is  zero  and  when  no  external  force  excites  the  diaphragm  it  occupies  its  equilibrium  posi¬ 
tion.  This  corresponds  to  point  d. 

2.3  FUNDAMENTAL  EQUATIONS  OF  PIEZOMAGNETIC  ACTIVITY 

The  magnetic  induction  B  (units:  VS  m-2)  induced  by  a  magnetic  field  H  (units:  A  m"1)  in  free 
space  is  modified  by  the  presence  of  a  magnetic  which  adds  magnetization  M  (units:  Vs/m2): 

B  =  moH  +  moM  (2.3.1) 

/x0  -  4rr  x  10~7  (units:  Ns2C“2). 

We  note  that  in  the  MKS  system  of  units  both  H  and  M  have  the  same  units.  In  linear  models  of 
piezomagnetic  materials  a  state  of  magnetization  can  be  induced  by  applying  a  magnetic  field,  or  an 
elastic  stres,  (or  both): 


M  =  dT  +  /iH  (2.3.2) 

in  which  fx  is  the  relative  permeability  and  d  is  the  piezoactive  coefficient  relating  stress  and  magnetiza¬ 
tion  (units:  VS  N-1).  Thus  the  induction  becomes 

B  =  /u0(l  +  +  dT  (2.3.3) 

For  most  magnetic  materials  of  interest  u  »  1.  Hence  the  induction  and  magnetization  are  related  as 
follows: 


B  -  /z0M  (MKS  units);  B  =  M  (Gaussian  or  emu  units).  (2.3.4) 

When  the  magnetic  material  is  piezoactive  the  coupling  between  elastic  fields  and  mag'  .tic  fields  is 

reVPrQihlf*’  An  flnnlipH  monnAtir*  fialH  noiicof 

- -  - „rx - -  - - O-  “V-W 

(in  first  approximation)  by  a  linear  model, 


reversible'  an  applied  magnetic  field  causes  an  elastic  strain  to  appear  in  the  material.  This  is  Jeaviibeu 


S  =  sH  T  +  dU)  H. 


(2.3.5) 


192 


v'*-  rvjr- _i> .-t  i.-.  .  v  V  V , 
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When  the  matrices  are  symmetrical  one  can  use  reduced  indices:  S,  T  are  6-component  column  vectors, 
sH  is  a  6  x  6  component  matrix,  dU)  is  a  transposed  6x3  component  matrix,  and  H  is  a  3-component 
column  vector. 


Equations  2.3.2  and  2.3.5  form  a  basic  set  of  constitutive  relations  in  which  M,  S  are  the  depen¬ 
dent  variables,  and  T,  H  are  the  independent  variables.  One  can  construct  three  other  sets  by  inter¬ 
changing  the  roles  of  T,  S ,  and  M,  H.  However,  it  is  useful  to  consider  a  different  basic  set: 


(a)  T  -  CMS  ~  hU)M 

(b)  M  —  fiofiH  +  fiQfihS, 

(c)  H-~hSy3M 


(2.3.6) 


where  ys  -  (mom)”1-  Here  both  T  and  M  are  internal  quantities  while  H  is  external.  This  set  has  been 
extensively  used  by  Kikuchi  [1J  (who  writes  T  -  h  and  ”  *)•  By  formal  matrix  manipulation  it  is 


seen  that 


Here,  the  units  of  h,  CM  are: 


T  -  CMS  1  -  -  nonh{,)  H. 

I'M 


(2.3.7) 


N  A 

—  or  — 
Vs  m 


Thus,  the  units  of  the  coupling  term  in  the  brackets  of  Eq.  2.3.7  are, 


nonh2  N  A  m2  ,  ..  .  ., 

~dT  ~N  ^  nond*mensional) 


as  required.  It  is  to  be  noted  that  y1  “  y }  —  j  y{,  a  complex  number. 


Again,  specific  forms  of  coupling  factors  are  derived  for  specific  boundary  conditions  imposed  on 
the  elastic  and  magnetic  fields.  A  typical  example  is  a  thin  ferrite  disk  excited  in  the  thickness  mode 
and  biased  parallel  to  the  thickness.  He:e,  the  3-direction  is  normal  to  the  disc.  The  boundary  condi¬ 
tions  are  Sx  -  S2  -  0,  S3**-  0;  T\  «  T2  tA  0,  T3  ^  0.  Applying  a  magnetic  field  H3  -  H0e~la',  it  is 
seen  that  the  coefficient  of  electromechanical  coupling  is 


A  sketch  of  the  transducer  is  shown  in  Fig.  2.3.1. 


On  the  other  hand,  a  ferrite  ring  with  rectangular  cross  section,  biased  tangentially  (in  3-direction),  and 
driven  tangentially  has  an  elastic  state  S,  (S„)  ^0,  S7(Sa)  ^0,  S3(Sm)  *  0,  Tx  =  T2  =  0, 
j6-  0.  The  appropriate  set  of  equations  are  2.3.2  and  2.3.5.  From  them  one  finds 


i  2  ^33  t 

*33  “  ufogQ  ’  V33  ~  M0^33- 


Figure  2.3.2  shows  the  conditions  of  drive. 


K//./ 
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Fig.  2.3.2  —  Ferrite  ring  excited  in  ring  node  vibration 


2.4  PHYSICAL  INTERPRETATION  OF  PIEZOMAGNETIC  COUPLING 


Assume  an  elastic  piezomagnetic  material  is  set  into  vibration  by  some  ex'emal  agency.  At  low 
enough  frequency  of  forced  motion  the  internal  elastic  and  magnetic  fields  can  be  described  by  Eq. 
2.3.6(c).  Thus,  an  elementary  volume  of  the  material  under  strain  S  generates  a  magnetomotive  force 
H'  -  hS.  Such  a  force  magnetizes  the  volume  with  flux  M'  -  H'/ys  -  -  hS/ys.  The  magnetization  in 
turn  generates  an  elastic  stress  T"  —  —  h w  M'  —  hh^S/y*.  The  entity  T"  is  a  complex  number, 


cos 


~  +  j  sin  £ 

ys 


Re  T"  +  j  Im  T". 


(2.4.1) 


•fc  is  the  angle  of  the  complex  number  (yJ)_I. 

y 

The  real  part  of  T"{—  Re  T")  corresponds  to  a  strain  in  phase  with  the  original  strain  and  additive  to  it. 
Thus  the  stress  field  in  the  volume  gives  a  larger  strain  than  for  an  unpolarized  (but  elastically  identi¬ 
cal)  material.  The  stress-strain  modulus  (and  resonant  frequency)  are  reduced  by  piezomagnetic 
activity.  The  imaginary  part  of  T"  acts  as  a  damping  constant.  It  is  in  phase  with  the  velocity  of  the 
volume,  reducing  its  amplitude  by  offering  resistance.  It  thus  serves  to  decrease  the  sharpness  of 
mechanical  resonance.  The  physical  effect  of  piezoacthe  coupling  helps  distinguish  two  types  of 
mechanical  force  created  by  it.  To  elucidate  this  phenomenon  we  choose  an  elastic  system  which  has 
effectively  a  single  degree  of  freedom  of  vibratory  motion  at  a  low  enough  frequency.  A  typical  exam¬ 
ple  is  a  magnetostrictive  ring,  radius  a,  cross-sectional  area  A.  A  small  volume  of  this  vibrating  ring 
has  on  each  cross  sectional  face  a  force  F  of  value  F  -  TA.  For  small  A  the  strain  in  the  ring  is 
S  -  i;/ a.  Using  2.3.6a  one  finds  the  force  in  the  presence  of  a  magnetizing  flux  M  to  be, 


Fm  -  CM^  -  hU)M,  CM  =  Young's  modulus  at  constant  magnetization.  (2.4.2) 

Here  vector  AT  and  strain  %/a  both  point  in  the  direction  of  F.  Since  the  magnetization  is  supplied  by  a 
coil  of  N  turns  the  magnetizing  voltage  for  a  drive  MeJal  is, 

V  “  NA^-  -  jcoNA  MeJul.  (2.4.3) 


Thus  Fm  is  the  force  induced  by  magnetization  on  the  faces  of  the  volume  element  when  the  coil  is 
driven  at  constant  voltage  over  the  whole  range  of  frequencies  in  which  the  condition  of  a  single  degree 
of  freedom  holds. 
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In  contrast  if  one  chooses  2.3.6b  the  forces  on  the  faces  of  the  elementary  volume  in  the  presence 
of  a  magnetomotive  force  //are, 


F„-AC\ 


CM  \a 


(2.4.4) 


Here,  CM,  h,  ys,  H  are  components  of  tensors  which  point  in  the  direction  of  the  tangent  to  the  ring. 
Since  H  is  generated  by  a  current  /  flowing  through  a  coil  of  N  turns  of  length  /,  one  has 

H  =  (units:  Am~x). 

Thus  the  force  FH  is  obtained  when  the  coil  is  driven  at  constant  current  over  the  whole  range  of  fre¬ 
quencies  in  which  the  condition  of  single  degree  of  freedom  holds. 

The  stress-strain  modulus  CM  is,  in  general,  modeled  as  a  complex  number  in  order  to  account 
for  internal  losses  caused  by  molecular  friction, 

C"=Cf-yCf.  (2.4.5) 

When  the  ring,  mass  density  p,  is  driven  at  constant  voltage  it  reaches  mechanical  resonance  at  a  fre¬ 
quency, 


2na  V  p 


(2.4.6) 


The  equivalent  damping  constant  of  the  1 -degree  of  freedom  system  is  obtained  from  the  resonance 
plot  of  amplitude  vs  frequency.  It  is, 


8V  =  Ci  /Att fa2p  (units:  S-1). 

The  same  ring  driven  at  constant  current  reaches  mechanical  resonance  at  a  lower  frequency, 


(2.4.7) 


1- 


y*C?  ' 


(2.4.8) 


Its  damping  constant  depends  not  only  on  C¥  but  also  on  piezoemagnetic  coupling: 

C¥  [l  + 


yjc¥  | 

ATrfa2p 


(2.4.9) 


It  is  seen  that  the  resonance  curve  at  constant  voltage  is  much  sharper  than  at  constant  current  because, 


8V  <  8/ 

The  derivation  of  Eqs.  2.4.6  through  2.4.10  will  be  taken  up  in  a  later  section. 


(2.4.10) 


The  distinction  between  constant  voltage  and  constant  current  drive  will  be  discussed  in  greater 
detail  in  Section  2.8. 
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2.5  FUNDAMENTAL  CONSTITUTIVE  EQUATIONS  OF  PIEZOELECTRIC  COUPLING 

The  charge  displacement  vector  D  in  a  dielectric  material  having  dielectric  constant  e  (units:  C/V 
m)  is  related  to  the  applied  field  E  and  the  polarization  P: 

D  =  e0E  +  P  (rationalized  MK5  units).  (2.5.1) 

in  which  P  is  the  dipole  moment  per  unit  volume  of  material  (units:  C/m2)  and  «o 's  the  dielectric  con¬ 
stant  of  free  space  (units:  C/Vm).  In  linear  models  of  piezoactive  materials  a  state  of  polarization  can 
be  induced  by  an  applied  electric  field  or  by  an  applied  elastic  stress  T.  By  definition  of  the  piezoelec¬ 
tric  coefficient  d \  (units:  C/M)  and  relative  dielectric  constant  k, 

P  =  dT  +  e0kE.  (2.5.2) 

Thus  the  charge  displacement  can  be  written  in  the  form, 

D  =  60(1  +  k)E  +  dT.  (2.5.3) 

Generally,  A:»  1  so  that  the  relation  between  D  and  P  is, 

D  =  P  -  €0*E  (MKS  units).  (2.5.4) 

More  precision  in  definition  is  achieved  by  use  of  appropriate  subscripts  and  superscripts.  Thus, 

“  E  d,j  Tj  +  €0£  tfE;  (2.5.5) 


€0=  (4tt  x  9  x  109)"1, 

Often  one  makes  the  combination 

€o  kij—*€u 


where  the  superscript  T  means  a  condition  of  constant  stress. 

Piezoactivity  is  reversible.  While  an  applied  mechanical  stress  induces  dielectric  polarization  it  is 
equally  true  that  an  applied  electric  field  induces  an  elastic  strain  S  (in  units  of  a  change  in  length  per 
unit  length).  This  reversed  action  is  approximately  modeled  by  the  linear  equation  of  state  in  the  elas¬ 
tic  compliance  s,/. 

S.-HsijTj  +  Zdtf  Em.  (2.5.6) 

J  m 


The  superscript  t  means  the  6  x  3  matrix  d  is  transposed  into  a  3  x  6  matrix.  From  2.5.2  and  2.5.6  the 
units  of  d  are  seen  to  be  C/N  or  m/V. 


.-J*.V.'.-,  ■’,  •■.  -'.  „*'..'r\’  >." 
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The  set  of  Equations  2.5.5  and  2.5.6  constitute  the  basic  linearized  mode!  of  piezoactivity  of 
dielectric  materials.  They  are  static  or  low  frequency  equations  because  the  mechanical  impedance  of 
the  materials  is  considered  to  be  a  stiffness  only.  Other  sets  of  equations  are  easily  derived  by  inter¬ 
changing  stress  and  strain,  or  polarization  and  electric  field.  They  are  listed  in  matrix  form  as: 


(1)  5=  sT  +  d(,)E 

dT  +  eTE 

(2)  5  -  sT  +  gU)P 
E  -  —gT  +  (3tP 

(3)  T  =  CES-e(,)E 
D  =  eS  +  esE 

(4)  T-  CDS-  h,P 
E  -  —hS  +  (3SD 


(2.5.7) 


in  which 


d  -  eTg  —  eSE 
g  =  @Td  =*  hSD 
e  =  esh  =  dCE 
h  =  (3se  =  gCD 
/?  =  €-> 

2.6  COEFFICIENTS  OF  ELECTROMECHANICAL  COUPLING  FOR 
DIELECTRIC-TYPE  TRANSDUCERS 

If  set  (1)  of  2.5.7  is  formally  manipulated  to  allow  elimination  of  /Tone  obtains 


(2.5.8) 


1  - 


dU)d 


T  + 


d^_ 

*T 


(2.6.1) 


in  which  division  of  matrices  is  understood  to  be  multiplication  by  inverse.  Here  the  entity  d{l)d/cTsE 
is  a  complex  matrix  relation  which  expresses  the  modification  of  the  compliance  s  caused  by  the 
existence  of  the  piezoconstant  d.  This  entity  has  a  simple  interpretation  when  the  elastic  state  of  the 
material  is  simplified  to  be  approximately  lumped  (in  contrast  to  distributed)  and  1 -dimensional.  For 
example,  consider  a  long  bar,  0  <  x  <  L,  of  small  thick  t  in  the  z-direction,  and  small  width  w  in  the  y 
direction.  Let  x,  y,  z  be  the  coordinates  of  directions  1,  2,  3  respectively.  Assume  further  that  elec¬ 
trodes  are  placed  on  the  z-faces  (across  thickness  t).  Upon  application  of  an  electric  field  £3  -  E0e~,a>! 
for  the  state  where  <u  is  far  below  frequency  of  mechanical  resonance  it  is  seen  that  the  elastic  response 
of  the  bar  is  a  function  of  the  applied  boundary  conditions.  In  the  present  case  let  all  surfaces  of  the  bar 
be  free  to  expand  Thus  all  stresses  in  the  bar  vanish  except  the  interior  longitudinal  mics*  Tx.  Simi¬ 
lar,  at  the  boundaries,  all  electric  fields  vanish  except  Ey  Thus  the  coupling  entity  becomes 


*32i  = 


d? 


31 


,T,E 

€335U 


(units:  none) 


(2.6.2) 
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The  physical  significance  of  this  quantity  may  be  understood  by  forming  a  list  of  the  (static)  energy 
densities  in  the  material  when  elastic  stress  and  electric  fields  are  present: 

elastic  energy:  Ut  -  y  sfi  T\  (Nmnr3) 
dielectric  energy:  Ut  =  ~  €33  £32  (VCm-3) 

coupled  energy:  Ue>  -  y  rf3i  Ti  £3  +  y  £3  7]  </31  (units:  VCm-3)  -  2Um. 

The  two  terms  in  the  coupled  (or  mutual)  energy  are  due  to  coupling  from  fields  in  direction  1  to  fields 
in  direction  3,  and  from  coupling  of  fields  in  3  to  fields  in  1.  Sincf  d^  =  d )3  the  terms  are  equal.  With 
these  definitions  it  is  seen  directly  from  Eq.  2.6.2  that 


Vl_ 

uGue- 


This  is  the  ratio  of  the  mutual  energy  (—  Um  term)  squared  to  the  product  of  the  elastic  energy  and  the 
dielectric  energy.  Thus  the  coefficient  of  electromechanical  coupling  (— £)  is  the  ratio  of  mutual  energy 
to  the  geometric  mean  of  the  self  dielectric  energy  and  the  self  elastic  energy.  These  energies  are  cal¬ 
culated  under  static  or  quasi-static,  conditions  in  which  all  the  elastic  energy  (contained  in  the  fields 
T,S)  are  coupled  to  all  the  dielectric  energy  (contained  in  fields  £,£).  In  dynamic  systems  where  the 
elastic  stress  is  distributed  nonuniformly  throughout  the  material  the  mutual  energy  must  be  averaged 
over  space.  Hence  the  coupling  coefficient  is  generally  less  than  that  of  the  same  material  under  static 
condition  of  uniform  stress. 


To  Summarize :  When  elastic  stress  is  coupled  to  a  dielectric  through  piezoactivity  the  strength  of 
the  coupling  may  be  measured  by  stipulating  the  value  of  a  coupling  coefficient,  which  is  the  ratio  of 
the  mutual  energy  of  the  elastic  and  dielectric  fields  to  the  geometric  mean  of  these  energies  separately. 
In  practical  cases  the  coefficient  may  easily  be  calculated  for  specific,  generally  1 -dimensional,  boundary 
conditions  of  the  stress  (or  strain)  field,  and  of  the  electric  (or  polarization)  field.  This  is  true  for 
static,  or  low  frequency,  operation.  Operation  near  or  at  mechanical  resonance,  and  operation  in  2-  or 
3-dimensional  stress  regimes,  both  introduce  other  phenomena  which  add  complexity  to  the  simple  pic¬ 
ture  outlined  here.  This  topic  is  discussed  next. 

2.7  ELASTIC  STRUCTURES  WHICH  EXHIBIT  MULTIPLE  VELOCITY  RESONANCES 

In  the  theory  of  electroacoustic  transduction  velocity  resonance  plays  an  important  role. 
Designers  of  acoustic  transducers  consciously  include  it  in  narrow  band  transmitters,  and  seek  by  vari¬ 
ous  means  to  avoid  its  presence  in  broadband  receivers.  When  acoustic  transducers  contain  elastic 
structures  the  possibility  of  occurrence  of  multiple  resonances  is  substantial  even  though  a  single  reso¬ 
nance  is  the  goal  of  design.  A  theory  of  multiple  resonances  is  described  next. 

Let  there  be  an  elastic  structure  which  exhibits  a  periodic  forced  and  free  vibration  in  one  dimen¬ 
sion  (say  x).  The  displacement  wix,  t)  is  then  a  function  of  the  applied  force  Fix,  /), 

<£(x.  t )  {wl  =  F(y _  t)  f units*  Njm)  (2.7.!) 


The  linear  operator  L  is  assumed  to  be  a  sum  of  a  differential  space  operator  Six)  and  a  differential 
time  operator  Tit).  The  latter  may  be  explicitly  written  in  most  cases  as  the  sum  of  resistance  and 
inertance; 
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.Til)  -flf +pi  (units:  -^-). 

dt  d:2  m2 

Taking  the  Laplace  transform  of  ir(x,  t)  and  Fix,  t )  with  respect  to  time, 
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(2.7.2) 


one  obtains 


wU  p)  -  J*  w(x,  t)e~pl  dr.  Fix,  p )  -  JQ  Fix,  t)  e~p,dt 


Six)  ,  D  ,  2  i  \  G  / 
- +  p  —  +  pl  w  ix,  p)  -  —  (x,  p) 


(2.7.3) 


in  which  G  (x,  p)  includes  terms  in  initial  displacement  and  initial  velocity. 

In  most  applications  the  space  operator  satisfies  an  eigenvalue  equation  of  the  type, 

Six)  { W™)  -  \2  Wnix),  n-  1,  2  ....  (2.7.4) 

in  which  W„ix)  are  eigenfunctions  of  the  (bounded)  elastic  system  and  A„  are  its  eigenvalues. 
Effectively,  this  step  in  the  analysis  converts  the  differential  operator  into  an  algebraic  operator.  We 
assume  the  elements  of  the  set  Wnix)  are  orthogonal  and  normalized  over  the  space  interval  /,  and 
may  thus  expand  both  w(x,  p)  and  G(x,  p)  in  them: 


w(x,  p)  -  £  A*nip)  W„ix);  G(x,  p)  -  £  G*„ip)  W(x) 

/?-l 


(2.7.5) 


A*n(p)  “  X  »(*)  G *nip)  -  X  G(x,  p)  wnix)dx. 


Substitution  of  these  expansions  into  Eq.  2.7.3  leads  to  the  result, 
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(2.7.6) 


The  damping  resistance  Dn  has  been  assigned  for  each  value  of  n,  that  is,  for  each  mode.  It  is  noted 
from  Eqs.  2.7.5  that  G*„  is  an  integral  over  the  interval  /.  Hence, 


"<*  f>  -  I  T77 


->-1  K  ,  Dn  ,  2 

- +  p  - 4-  pl 

P  P 


I  —  iu,  p)  Wniu)  du. 

J I  a 


We  choose  now  to  consider  forced  drive  and  set  p  =  i  w,  /  =  V— I.  Then 


»<*,  <■)  -  £ - -r—  f  —  (a,  ®)  H'.(u)* 
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(2.7.7) 


(2.7.8) 
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In  words:  the  total  displacemeni  w  is  an  infinite  sum  of  modal  displacements  («  -  1,  2,  . . .)  whose 
amplitudes  are  functions  of  the  forcing  function  and  of  frequency  w  forced  drive.  These  amplitudes 
reach  successive  maxima  whenever  o>  -  w„.  When  all  modes  are  lossless  (that  is,  D„  -  0  for  each  n), 
the  amplitudes  are  infinite  in  magnitude.  The  system  then  as  exhibits  an  infinite  sequence  of  displace¬ 
ment  resonances.  For  forced  drive  at  frequency  co  this  is  also  an  infinite  sequence  of  velocity  reso¬ 
nances.  In  practical  applications  the  damping  Dn  is  significant,  thus  making  the  amplitudes  finite  over 
some  bandwidth.  A  measure  of  bandwidth  in  each  mode  is  the  mechanical  QM  defined  as, 


(), 


W, 


Djp’ 


n  =  1,  2 


(2.7.9) 


In  acoustic  applications  the  damping  D„  includes  the  resistive  part  of  the  acoustic  radiation,  see 
Sect.  1.66  and  Sect.  1.7. 

2.8  VELOCITY  RESONANCE  IN  ELECTROACOUSTIC  TRANSDUCTION 

The  electromechanical  interaction  in  an  electroacoustic  transducer  is  represented  by  the  coupled 
set  of  canonical  equations, 


E  =  ZeI  +  Tm\  (2.8.1) 

F  -  TmeI  +  (Zm  +  Za)v.  (2.8.2) 

The  terms  here  have  been  defined  in  Sect.  1.44.  In  le  conventional  electroacoustic  transducer  the 
applied  (external)  force  Fis  zero,  the  acoustic  load  having  been  accounted  for  by  impedance  Za.  Thus, 
the  mechanical  velocity  is 


or 


-  T 

1  m 


V  = 


(Zm  +  Za) 


-  T 

*  m 


v  = 


T  T 

7  4.  7  _  em  me 

Afl  '  Al  2 


(2.8.3) 


(2.8.4) 


We  distinguish  two  types  of  velocity  maxima:  in  the  first,  the  velocity  is  maximized  by  driving  the 
transducer  through  a  sequence  of  frequencies  at  constant  electrical  current  until  a  frequency  coA  is 
reached  at  which  the  velocity  amplitude  is  largest.  In  the  second,  the  transducer  is  driven  through  a 
sequence  of  frequencies  at  constant  voltage  until  a  frequency  wB  is  reached  at  which  the  velocity  ampli¬ 
tude  is  largest.  Equations  2.8.3,  2.8.4  show  that  these  two  frequencies  are  different:  in  the  case  of  con¬ 
stant  current  resonance,  the  quantity  Zm  +  Za  is  minimized,  in  the  case  of  constant  voltage  resonance, 
the  quantity  Zm  +  Za  -  ( TemTme/Ze )  is  minimized. 

The  distinction  betwee  l  the  types  of  drive  is  preserved  in  ihe  respective  forms  of  electrical  driving 
point  impedance  Zee,  and  eieciricai  driving  point  admittance,  Yee.  These  are  defined  as, 


Z  =  — 

**ee  j 


=  z„  +  z 


MOT' 


Zmot  - 
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~TemTme 
(Zm  +  Za) 
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(2.8.5) 


\  \  'V 


E!tS3 

■spj 

’S -  A  j*.  4*.  /.  -A.  -T-  »4-  -  '  -  -  -  «  •  -  ■  ■  «  -  ■  -—  -  it....— — j  ■  III— II  Mi  itumma  .■■■*>—> 


K  -  -L 

"  E 


Ye+Yl 


MOT.  1  MOT 


T  T 

1  em  1  me 


IF-0 


Zm  +  Za~ 


T  T 

1  t>m  *  m 


Design  of  Acoustic  Transducers 

(2.8.6) 


Since  Ttm ,  Zm,  Za,  Ze  are  complex  numbers  it  is  convenient  to  define  angles  0,  and  9  such  that 

z;h!-~z?:Ze” z'-w-  «-8-7> 

Then 


'MOT 


IZm  +  Z, 


-A 2/3+e) 


(2.8.8) 
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(2.8.9) 
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For  the  condition  of  velocity  resonance  at  constant  current  drive  it  is  seen  that  the  imaginary  part  of 


Zm  +  Za  must  vanish 


Im[Zm  +  Za]  -  0  [at  fA\. 


(2.8.10) 


Thus  9  must  be  zero,  which  means  that  .e  mechanical  impedance  of  transducer  and  load  must  be 
purely  real.  For  the  condition  of  velocity  r  sonance  at  constant  voltage  drive, 


Imji 


Im{Zm  +  Za  + 


A2e-jOfi-,l 


I  Ze\ 


0  [at/fl]. 


(2.8.11) 


To  see  the  import  of  these  conditions  better  it  is  useful  to  consider  the  special  case  of  magnetic 
coupling  in  which  the  acoustic  load  is  purely  real  (Za  *=  ra).  We  also  take  the  blocked  electrical 
impedance  to  be  purely  imaginary  ( Ze  =  j<oLe).  Then  approximately, 


/3  =  e 


(2.8.12) 
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and  the  condition  for  maximization  of  the  velocity  at  constant  voltage  is  the  frequency  <nB  at  which 

A  1 


\Ze\  ra  +  rB 


c,. 


U.8.1.M 


Thus  (oB  is  also  the  frequency  at  which  the  motional  admittance  is  a  maximum.  The  angle  £  of  thi.* 
admittance  is  zero.  Similarly  the  condition  for  maximization  of  the  velocity  at  constant  current  is  the 
frequency  <aA  at  which, 
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4 

vmix  “  —  '  ~  •  /  (at  angle-0  on  an  impedance  plot).  (2.8.14) 

rm  "r  a 

This  is  the  same  frequency  at  which  the  motional  impedance  Eq.  2.8.5  is  a  maximum.  The  angle  of 
this  impedance  is  -20. 

An  additional  discussion  of  different  types  of  drive  as  applied  to  magnetic  transducers  is  under¬ 
taken  in  Sect.  2.10. 

2.?  DISTINCTION  BETWEEN  ELECTRICAL  AND  MECHANICAL  RESONANCE 


‘Resonant’  transducers  are  defined  in  several  ways.  We  review  them  here. 

In  the  fc\owing  definitions  we  assume  that  electrical  impedances  are  purely  reactive  and  electrical 
admittances  are  purely  susceptive. 

Definition:  An  electromechanical  transducer  is  electrically  resonant  at  frequency  /,  (electrical)  when 
the  reactive  part  of  the  motional  electrical  impedance  measured  at  its  input  terminals  vanishes  (alterna¬ 
tively  the  input  admittance  is  infinite).  It  is  electrically  antiresonant  at  frequency  /„  (electrical)  when 
the  reactive  part  of  the  motional  impedance  at  its  input  terminals  is  infinite  (alternatively,  the  input 
admittance  vanishes). 


Definition:  An  electromechanical  transducer  is  mechanically  resonant  at  frequency  fr  (mech)  when  the 
reactive  part  of  its  mechanical  impedance  at  forced  electrical  drive  vanishes.  It  is  mechanically  clamped 
at  frequency  fa  (clamped)  when  there  is  no  motion  at  forced  electrical  drive. 

The  coincidence  of  frequencies  of  electrical  resonance  and  mechanical  resonance,  or  electrical 
antiresonance  and  mechanical  cL.nping  resonance,  depends  on  the  mode  of  coupling  (31,  33,  etc)  and 
on  the  nature  of  forced  drive  (open  circuit,  or  short  circuit)  The  following  Table  2.9.1  summarizes 
important  coincidences  of  frequency. 

It  is  noted  that  for 


(1)  electric  field  transducers:  fa  (elec.)  >  fr  (elec.) 

(2)  magnetic  field  transducers:  fr  (elec.)  >  fa  (elec.). 


The  mechanical  resonant  frequencies  listed  are  defined  in  terms  of  the  following  elcstic  wave  speeds: 

short  circuit  bar  wavespeed:  v£  =•  ( psf,  )~xn 
open  circuit  bar  wavespeed:  vf  =  (  psf3  )-1/2 
short  circuit  plate  thickness  wavespeed:  v£  =  (  Cf3/p)1/2 
open  circuit  plate  thickness  wavespeed:  vD  =  (  C’f3/p)I/2 

CH 

const?  it  H  bar  wavespeed:  vf  —  (  — — )1/2 

constant  0bar  wavespeed:  vf  =  (  — ^-)1/2 

P 
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Table  2.9.1  —  Relation  of  Frequencies  of  Electrical  Drive  to  Frequencies  of 
Mechanical  Resonance  and  Antiresonance 


Transducer 

Type 

Mode  of 
Coupling 

Type  of 

Forced  Drive 

Impedance  or 
Admittance 

Coincidence  of  Frequencies 
(see  definitions  noted  above) 

length  expander 

31 

E  ••  const. 

Y  ■»  oe 

/,(elec.)  coincident  with  /,(mech) 

v£ 

/(mech)  -  — 

(short  circuit) 

K  -  0 

/„(elec.)  coincident  with  fa  (clamped) 

length  expander 

33 

D  —  const. 

Z  -  oo 

/a(elec.)  coincident  with  /,(mech) 

\P 

/(mech)  -  -jj 

(open  circuit) 

Z-  0 

/,(elec.)  coincident  with  /„  (clamped) 

thickness 

33 

E  —  const. 

Y- 0 

/„(elec.)  coincidence  with  /„  (clamped) 

/(mech)  -  — 

(short  circuit) 

y  -  oo 

/,(elec.)  coincident  with  /,(mech) 

thickness 

33 

D  —  const. 

Z-  00 

fa  (elec.)  coincident  with  /,(mech) 

/,(mech)  -  ~ 

(open  circuit) 

Z-  0 

/,(elec.)  coincident  with  fr  (clamped) 

Magnetic  Field  Transducer 

length  expander 

33 

H  -  const. 

Z-  00 

/„(e lec.)  coincident  with  /,(mech) 

VH 

/(mech)  -  -jj- 

(open  circuit) 

Z-0 

/,(elec.)  coincident  with  fa  (clamped) 

length  expander 

33 

B  -  const. 

y-  o 

/„ (elec.)  coincident  with  /.(clamped) 

vB 

/(mech)  -  — 

(short  circuit) 

y-oo 

/(elec.)  coincident  with  /(mech) 

2.10  DISTINCTION  BETWEEN  CONSTANT-5  AND  CONSTANT-// DRIVE 
OF  A  MAGNETOSTRICTIVE  TRANSDUCER 

This  subject,  briefly  mentioned  in  Sect.  2.2,  is  treated  in  greater  detail  here. 

A.  CONSTANT-5  DRIVE 

We  consider  a  magnetostrictive  ring  vibrator,  Fig.  2.10.1,  having  N  turns  of  coil  wound  over 
length  /.  Here  a  segment  of  mass  p(a89)  A  is  accelerated  in  positive  direction  v  by  the  negative  of  the 
net  forces  g'ven  by, 

F\ 

Fnel  ~  -  -i  —  sin80  —  -F\88. 

Thus  the  dynamic  relation  is 

(pa  A)(jwv )  =  —  F\. 

The  internal  stress  T\  at  any  cross-sectional  area  A  is 
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Fig.  2.10.1  —  l.Iagnetostrictive  ring  vibrator 


For  a  thin  ring  whose  radial  displacement  is  f ,  one  has 


c-  L  v 

a  jwa 


Thus  the  equation  of  motion  for  the  entire  ring  (9-0  to 
9  -  2rr)  reduces  to 


2ir  Cf\A  t  \  2irh{pV  , 

juMv  +  ---  v  -  2ir/t{p  B\A - -^r-  (2.10.2) 

,/&>a  ./am 


A/  —  2iraAp. 


y-  N  4$--  Ju>  NB\A. 


In  the  presence  of  mechanical  losses  we  write 


Cfj  -  Re  Cfi  +  jlmCf,. 


Here  the  plus  sign  is  selected  to  insure  that  the  mechanical  resistance  will  be  a  position  number.  Equa¬ 
tion  2.10.2  then  becomes 


2n  (Im  Cfi  )A  ,,  Re  Cf\A  21rh{{)V 

v  - +  jtoM  -  j -  -  — ~ tt— . 

(o  a  ooa  jcoN 


(2.10.3) 


By  definition,  mechanical  resonance  occurs  at  the  frequency  w0  such  that 

.  w  .  (Re  Cfj  )A 
jw0M  -  j - -  0 

(OqQ 


,  (Re  Cfi )  ,  1  -J  (Re  Cfi )  .  , 

oo o  “ - 5 - >  /o  “  * - >  wo  “  Att/o- 

crp  27ra  p 


(2.10.4) 


The  mechanical  0^  at  constant-/?  resonance  is 


c oqM  (i>q2it aA p (Ooa  wo a2p  _  (ReCft) 

Ri »0)  “  2ir(ImCf1)/l  "  (ImCfi)  ”  (ImCfi) 


The  ratio  of  current  /  to  voltage  v is  fotind  from 


ffi--hut+vhB]-JY 


(2.10.5) 


(2.10.6) 


or 
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,  -f>nl  ,  yftW  ,  ..  „/jX 

jo>N  j(t>N2A 

in  which  /  is  the  length  of  coil. 

Solving  Eq.  2.10.3  for  v  and  substituting  in  the  above  equation  lead  to  the  ratio 

/  2 irh\\  /  1  ,  1 


_  —  + 

V  co2aN2  2„  joiL 


*MOT  +  *6 


blocked 


(2.10.7) 


L  —  ~~ A-  (units:  Vs/A)\  zm  -  rm  +  j<oM  +  (units:  Ns/m) 
yft  /  J* 


„  (Re  Cfi  ).A  .  xt|  . 

K  - -  units:  N/m). 


In  the  absence  of  any  mechanical  losses  the  electrical  admittance  becomes  infinite  at  the  frequency  <u0 
of  mechanical  resonance  at  constant- B  drive. 

B.  Constant-7/  Drive 

By  substituting  Eq.  2.10.6  into  Eq.  2.10.1  the  force  acting  on  an  elementary  mass  of  the  ring  is, 

IA  tiP  HXA 
a  yf, 


cf,-4 

y{\ 


(2.10.8) 


Thus  the  equation  of  motion  for  the  ring  driven  by  constant  H  is 


jcoM  + 


r.  _*i 

Cm  rf, 


2ttA 


ja)A 


2trhfp  HXA 


yfi 


(2.10.9) 


In  this  type  of  drive  the  losses  are  both  mechanical  and  magnetic  (hysteresis  and  eddy  currents): 

Cfi  =  Re  Cfi  +yImCf,  (2.10.10) 


yfi  =  Reyfi  +  j  ImyiV 


Here  the  signs  have  been  chosen  to  ensure  positive  values  for  mechanical  resistance.  Substitution  of 
Eq.  2.10.10  into  Eq.  2.10.9,  leads  to  the  dynamic  equation, 


(ImCf,)—  + 
c»a 


V* 

Ss 

(a) 

V 

1 
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By  comparing  Eq.  2.10.12  with  Eq.  2.10.4  one  concludes: 

The  mechanical  resonant  frequency  at  constant-H  drive  is  lower  than  that  at  constant-B  drive.  This  is 
so  even  in  the  case  of  zero  mechanical  losses.  The  mechanical  Qu  at  constant-H  resonance  is  easily 
obtained  from  Eq.  2.10.11  for  the  frequency  o>  -  w0: 


(2.10.13) 


One  concludes: 

The  mechanical  QM  at  mechanical  resonance  for  constant-H  drive  is  smaller  (meaning  the  bandwidth  is 
larger)  than  the  mechanical  Qu  at  mechanical  resonance  for  constant-B  drive  for  two  reasons:  (1)  the 
resonant  frequency  is  lower;  (2)  the  total  losses  are  larger  because  they  include  magnetic  field  losses. 

The  ratio  of  voltage  V  to  current  /  for  constant-H  drive  is  directly  found  from 

Bx  -  ^  +  -^4-  [v]  (2.10.14) 

in  which 

—  Rp  -ujS,  4.  Im  v.s. 

/  .  i  - til  -  /  II 

By  using  Eq.  2.10.11  to  obtain  v  one  derives  the  result, 


RP  r»  -  n 11  VKe  yiV 

11  ((Re  yfi)2  +  Im(yn 

I  rB  .  h"  (Im  y\0 
11  [(Re  yfi)2  +  ImOyfi 
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7  L  JuN'A  2tt  N2A2h2\  \ 

"  “  /  “  lyu  a«yV2  «. 


(2.10.15) 


Here  the  mechanical  losses  in  the  first  instance  are  contained  solely  in  the  mechanical  impedance  z„. 
One  can  include  if  desired,  the  losses  in  the  magnetic  circuit  by  making  yfi  complex: 


yu  “  lyule+;/J. 


(2.10.16) 


Since  the  locus  of  (-  gm  -  jbm)  on  a  bm  vs  gm  plot  is  a  circle  with  horizontal  diameter,  the  factor 
(yf,)2  causes  this  diameter  to  rotate  clockwise  through  an  angle  2/3  on  an  electrical  impedance  plot  of 
XMOt  Rmot ■  Thus  the  inclination  2/3  of  the  motional  circle  is  a  measure  of  losses  (eddy-currents 
and  hysteresis)  of  the  magnetic  circuit.  It  is  thus  seen  that  in  the  absence  of  mechanical  losses  the 
electrical  impedance  becomes  infinite  at  the  mechanical  resonant  frequency  for  constant-H  drive. 

Vector  Force  Factor,  Turns  Ratio,  Mechanical  Q 

The  form  of  Eq.  2.10.15  allows  one  to  obtain  a  vector  force  factor \  Ze„  defined  by  the  relation 
+  T2--Z<2,,  and  the  magnitude  squared  of  equivalent  transformer  ratio,  <£2.  In  general  <f>2  differs 
from  Z}m. 


First  we  note  that 


Zn  •“  Zt  +  Zt 


T  T 

1  me  1  em 


MOT't  ‘‘MOT  1 


Now,  assuming  length  of  coil  /  -  lira,  it  is  seen  that 


r-  z„ 


This  is  the  vector  force  factor  explicitly  written  in  terms  of  properties  of  the  toroid  and  coil.  To  find 
the  turns  ratio  <f>  of  the  equivalent  circuit  we  must  restore  symmetry  to  the  canonical  equations 
(1.44.1).  Several  procedures  have  been  forwarded  to  do  this. 

(1)  Symmetry  may  be  restored  by  rotating  F,  v  by  90°,  setting 

F  =»  jF1 ,  v  =  j\ . 

The  resultant  canonical  set  is  transformed  in  Eqs,  1.45.1.  The  equivalent  circuit  is  then  Fig.  1.45.2.  In 
this  figure  the  equivalent  mechanical  impedance  coupled  into  the  mechanical  mesh  is 

7'  _  jL  \ 

=  Ze  Ze  ^e‘ 

According  to  Table  1.47.1  the  appropriate  turns  ratio  is  then, 


ETC 

m 

m 


jNAhVi  2tray\\  _  hn 
ayU  iwN2A  fN 


k2Ko  A  Ym 

- ;  K0  - - ;  Ym  =  Young  s  modulus. 

jo)  a 
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(2)  Symmetry  can  also  be  restored  by  transposing  the  canonical  set  so  that  velocity  appears  as  an 
across  quantity  in  the  mechanical  mesh  see  Eq.  (1.47.3).  The  equivalent  circuit  is  then  Fig.  1.47.2, 
where  the  turns  ratio  is 


NAhu 

ayfi 


a. 


a. 


units  of  aem: 
units  of  ame: 


Vs/m 
Ns/  c 


Since  the  mechanical  admittance  ym  appears  in  shunt  position  the  transfer  to  the  electrical  mesh  is 

Tem  ym  =  ^electrical- 

Thus  T2m  converts  mechanical  mobility  into  electrical  impedance.  The  circuit  thus  describes  a  gyrator 
(see  Sect.  1.47  for  discussion). 

Thus, 


K~acmv;  F-ameI  (2.10.17) 

The  mechanical  QM  (Eqs.  2.10.33  or  2.10.41)  can  be  determined  by  measurement  of  two  frequencies, 
w'  and  w",  derived  as  follows.  Let  the  mechanical  impedance  be  written  in  the  form, 

Zm  =-  rm  +  jxm\  xm  =  wM - l— 

wQ, 


whose  phase  angle  is 


tan#  = 


At  0  =  +45°,  one  sets  w  =  <u"  so  that 

rm  =  m"M - t hr-  =  <»"M 

At  0  =  -45  °,  on  sets  w  =  w',  which  gives, 

rm  =  -co'M  +  }  =  w'M 

By  subtracting  Eqs.  2.10.18  and  Eq,  2.10.19  it  is  determined  that 

t  n  2 

0)  (i)  =  (Oq 

and  by  adding  the  two  equations  it  is  determined  that 


1  - 


(Qq 

O)'2 


(2.10.18) 


(2.10.46) 


Thus,  the  mechanical  QM  is 


S 


t 
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(2.10.20) 


phase  angle  of  ym  =  -  phase  angle  of  zm 

it  is  seen  that  in  the  electrical  impedance  circle  of  vs  /?eiecmca|  the  conditions  (for  zero  magnetic 

losses)  hold: 

oi'  occurs  at  +45 0 
to"  occurs  at  -45  & 

These  are  then  the  quadrantal  frequencies  of  the  electrical  impedance  circle.  Similarly  when  the  pres¬ 
ence  of  magnetic  field  losses  causes  the  circle  diameter  to  dip  clockwise  at  angle  2/3,  the  quadrantal  fre¬ 
quencies  remain  at  ±45°  relative  to  this  diameter.  In  all  cases  it  is  seen  that  measurement  of  w',  tu"  on 
an  electrical  impedance  plot  determines  the  QM,  and  thus  determines  the  bandwidth  of  the  resonant 
mechanical  circuit. 

2.11  SUMMARY  OF  NOMENCLATURE  USED  BY  VARIOUS  AUTHORS  TO  DESCRIBE 
RESONANCE  IN  ELECTROMECHANICAL  TRANSDUCERS 


W 


The  word  "resonance"  in  electromechanical  systems  has  a  variety  of  different  symbols  and  mean¬ 
ings.  Table  2.11.1  presents  a  summary  of  the  most  often  encountered  usages. 

Table  2.11.1 

Electric  Field  Transducers:  Cq  -  static  capacitance;  C  *  electrical  equivalent  mechanical  capacitance 


Symbol  Nomenclature 

o>r  resonance  frequency 


antiresonance  frequency 


to, o.  too0 


electromechanical  coupling 
factor 

(1/LC)1/2 


1  +  /LC 


Meaning 

frequency  at  which  total  electrical 
impedance  vanishes,  or  resonance 
frequency  of  the  mechanical  series  branch 
(w,  -  K/M) 


frequency  at  which  total  electrical 


admittance  vanishes 


undamped  values  of  co„ 


K_  Jo L 
M  C0M 


n2  \  fa  ~  f r  \ 


kl  ~  — 

KC  A 


frequency  of  maximum  power  output 
at  constant  voltage  drive 

frequency  of  maximum  power  output 
at  constant  current  drive 
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fs  motional  (series)  resonance 

frequency 

fp  parallel  resonance  frequency 

fr  resonance  frequency 

fa  antiresonance  frequency 

fm 

fn 

c/c0~  o? -/;>//; 

k  dynamic  electromechanical 

coupling  factor 

keff  effective  coefficient  of 

electromechanical  coupling 

/r  resonance  frequency 

fy 


Magnetic  Field  Transducers 
keff  effective  coefficient  of 

electromechanical  coupling 
<oA  A-type  resonance 

B-type  resonance 


or  frequency  of  maximum  motional 
admittance 


1 

(1  +  c/c0) 

2tt 

LC 

Electrical  susceptance  =  0,  at  Gr 
Electrical  susceptance  =  0,  at  Ga 


frequency  at  which  the  total  electrical 
admittance  is  a  maximum 


frequency  at  which  the  total  electrical 
admittance  is  a  minimum 


k2  = 


keff  1 


2 


frequency  at  which  the 
motional  impedance  is  a 
maximum,  Xm(fR)  +  XL(fR)  =  0 

frequency  at  which  the  motional 
admittance  is  a  maximum, 

XJfy)  +  XL(fy)  «  lm  ~3l| 


keff 


frequency  at  which  the 
motional  impedance  is  a  maximum, 
or  at  which  the  velocity  becomes 
a  maximum  at  constant  voltage 

frequency  at  which  the 
motional  admittance  is  a  maximum, 
or  at  which  the  velocity  becomes 
a  maximum  at  constant  current 


[4] 


[4] 

[4] 

[4] 

[4] 


[4] 


[5] 

[6] 

[7] 

17] 


[6] 

[8] 


[8] 
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2.12  MECHANICAL  AND  ELECTRICAL  BOUNDARY  CONDITIONS  IN 
PIEZOELECTRIC  TRANSDUCERS 

Piezoelectric  materials  exhibiting  electromechanical  transduction  are  described  by  thermodynamic 
equations  of  state.  In  the  first  approximation  temperature  and  entropy  are  neglected  and  the  description 
is  reduced  to  use  of  four  variables:  two  mechanical  variables,  namely,  stress  (T)  and  strain  (S);  and  two 
electrical  variables,  namely,  the  electric  field  intensity  E  and  the  electric  displacement  D.  T  and  E  can 
be  regarded  as  Intensive  variables,  and  S  D  as  extensive  variables.  In  application,  most  transducers  of 
this  type  are  characterized  by  linearized  equations  of  state  in  which  one  mechanical  variable  is  a  function 
of  the  second  mechanical  variable  and  an  electrical  variable;  and  one  electrical  variable  is  a  function  of 
the  second  electrical  variable  and  a  mechanical  variable.  Four  variables  thus  generate  four  pairs  of 
equations  in  which  the  dependent  pairs  are  S,D;  S,E;  T,D;  T,E.  Customarily  the  sets  of  equations  are 
written  in  Cartesian  tensor  form  whenever  the  tensor  aspect  connecting  dependent  and  independent 
variables  is  essential,  and  written  in  matrix  form  whenever  simplified  notation  is  serviceable.  For  con¬ 
venience  the  matrix  form  is  repeated  here. 

S  =  seT  +  d,E  T=  CES  -  e,E 

(1)D  =  dT  +  erE  (2)Z>  =  eS  +  esE  (2.12.1) 

S  =  sdT  +  g,D  T  =  CDS  —  h,D 
(3)£  =  -  gT  +  pTD  (4) E  =  -  hS+  0SD 

S  =  S,,i=  1,2... 6;  7’=  T,,i-  1,2... 6;  5  =  sljtd  =  d,j,g  =  g„  h  =  h,h 

C  =  CtJ,e  =  eij,i,j  =  1,2.... 6. 

E  =  E„i  =  1,2,3;  D  =  D,,i  —  1,2,3;  c  —  ev,ij  =1,2,3;  p  =  /3 =  1,2,3. 

Subscript  /  means  ‘transpose.’  Convention  assigns  the  subscripts  as  follows: 


lyz,> 1  5  x  xzf 1  6  1  xy 


lxx*l2'  lyy»li  Azz->1 4 
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In  general  then,  equations  featuring  S,T  as  dependent  (left-hand  side)  variables  are  six  in 
number,  while  equations  in  dependent  variables  D,E  are  three  in  number.  There  are  thus  for  any 
selected  set  (say  1  above)  nine  equations  in  nine  unknown  (■■  independent)  variables. 

In  application  the  number  of  unknowns  is  greatly  reduced.  The  transducer  designer  usually 
chooses  to  restrict  wave  propagation  to  a  few  dimensions,  or  one  dimension,  or  equivalently,  to  select  a 
few  or  one  mode  of  vibration.  This  is  accomplished  by  fabricating  the  piezoelectric  material  in  a  shape 
which  emphasizes  the  (say)  single  dimension  of  motion  (rod,  disk,  cylinder,  etc.),  and  placing  the 
necessary  electrodes  on  strategic  surfaces  to  gather  charge,  or  apply  electric  fields  generating  or  resulting 
from  this  motion.  The  nature  of  the  fabricated  shape  determines  the  appropriate  mechanical  boundary 
conditions,  and  the  placing  of  the  electrodes  determines  the  appropriate  electrical  boundary  conditions. 

We  consider  first  the  mechanical  boundary  conditions  and  take  the  example  of  a  long  bar  of 
rectangular  cross-section,  length  /,  width  w,  thickness  t.  By  making  w,t  very  small  compared  tc  a 
wavelength  of  compressional  waves  in  the  length  direction,  one  permits  the  lateral  surfaces  to  be  free  to 
accommodate  any  stress  condition.  This  is  the  constant-  T  case.  In  the  most  useful  applications  the 
lateral  surfaces  are  free  of  stress  (T  -  0),  hence  the  stresses  in  the  plane  of  the  cross  section  are  also 
zero.  Only  the  longitudinal  stress  normal  to  the  cross-section  is  significant.  This  simplification  makes  it 
advantageous  to  adopt  stress  T as  the  independent  variable. 

The  same  stress  condition  applies  to  a  thin  ceramic  ring  in  the  radial  mode  of  vibration  in  which 
all  stresses  are  negligible  except  the  circumferential  hoop  (tensile)  stress. 

We  next  consider  the  second  type  of  mechanical  boundary  condition  which  occurs  when  the 
lateral  dimensions  of  the  transducer’s  active  material  are  much  larger  than  the  dimension  in  the  direc¬ 
tion  of  elastic  wave  propagation.  An  example  is  the  piezoelectric  plate  vibrating  in  the  thickness  mode 
where  the  thickness  is  much  smaller  than  the  plates  length  or  width.  Since  there  is  very  little  motion  in 
the  plane  of  the  plate  normal  to  its  thickness  it  is  useful  to  assume  the  elastic  strain  is  everywhere 
negligible  except  in  the  direction  of  the  thickness.  The  plate  is  said  then  to  be  laterally  clamped.  The 
boundary  condition  is  called  constant-5.  This  simplification  makes  it  advantageous  to  adopt  strain  5  as 
the  independent  variable  since  then  there  is  only  one  strain  component  to  consider. 

The  two  elastic  (that  is  mechanical)  boundary  conditions  of  constant-  T  or  constant-5,  are  easily 
selectable  because  most  piezoactive  materials  are  deliberately  designed  to  exhibit  a  single  direction  of 
propagation,  or  operate  in  a  single  mode. 

Similar  rules  can  be  adopted  for  the  electrical  boundary  conditions.  Here,  two  factors  must  be 
considered:  (1)  the  direction  of  the  electric  field,  and  (2)  the  direction  of  wave  propagation.  In  the  first 
type  of  boundary  conditions  the  electric  field  is  applied  in  the  designer-selected  direction  of  wave  propa¬ 
gation  by  the  simple  means  of  electroding  the  end  surfaces  of  the  piezoelectric  vibrator  so  that  they  are 
normal  to  the  direction  of  wave  propagation.  The  dielectric  displacement  D  (that  is,  the  electric  charge 
collector)  is  then  assumed  to  be  zero  everywhere  except  in  these  surfaces,  an  assumption  which  is  valid 
when  the  piezoactive  material  is  an  insulating  dielectric  with  no  fringing  flux  leakage.  Since  there  is 
only  one  component  of  D  to  consider  it  is  advantageous  to  adopt  this  constant-/)  boundary  condition  by 
selecting  D  to  be  the  independent  variable.  The  electric  field  E,  in  contrast,  is  a  function  of  position 
along  the  direction  of  elastic  wave  propagation. 

In  the  second  type  of  boundary  conditions  the  electric  field  is  applied  normal  to  the  direction  of 
wave  propagation  bv  sandwiching  the  piezoelectric  vibrator  between  electrodes  which  provide  equipo- 
tential  surfaces  in  that  direction.  Here  there  is  only  one  component  of  electric  field,  constant  along  the 
vibrating  direction.  This  is  the  constant-/:  boundary  condition  in  which  E  is  the  independent  variable. 


^/•W^'..v-TS%7v7T,rr; 
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The  electrical  boundary  conditions  just  described,  as  well  as  the  mechanical  boundary  condition 
noted  above,  form  an  indispensable  adjunct  to  solution  of  the  equations  of  motion.  It  is  through  their 
use  that  electric  field  and  magnetic  field  transducers  are  designed  to  generate  elastic  motion  in  preferred 
directions.  Commonly  used  designs  are  discussed  next. 

2.13  LIST  OF  COMMONLY  USED  MODES  OF  VIBRATION  OF  PIEZOELECTRIC 
TRANSDUCERS  AND  THEIR  EQUIVALENT  CIRCUITS 

Generalized  equivalent  circuits  underlie  current  applications  of  most  transducers  in  use.  The 
Mason  equivalent  circuit,  discussed  in  greater  detail  in  Section  2.21  below,  is  the  prototype  equivalent 
circuit  for  all  piezoelectric  transducers.  For  a  transducer  of  length  /  in  the  direction  of  wave  propagation 
and  lengths  w,t  transverse  to  4  its  generalized  form  is  shown  here  in  Fig.  2. 13. la, b. 

The  analogy  used  is  voltage  (F)/force  (/),  current  (7)/mechanical  velocity  (v).  All  mechanical 
impedances  have  been  transferred  to  the  electrical  side  of  the  ideal  transformer  of  turns-ratio  N.  For 
piezoelectric  coupling  one  has: 


(b) 

Fig.  2.13.1  —  UU  Generalized  term  ot  a  three-port  transducer  represented 
as  a  6-terminal  "black-box,"  (b)  generalized  equivalent  circuit  of  a 
piezoelectric  transducer 
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piezoelectric  coupling  one  has: 


(a)  Za 


1 

jot  C0 


(b)  ZCq 


1 

jooC0 


(c)  zb 


Zo 


./sin 

col 

n 

vr 

(d)Ze 


.rj  .  0)1 

jZotan— 


in  which 


;Z0  -  pvf/4, 


A  —  area  transverse  to  direction  of  propagation. 


This  circuit  network  may  be  analyzed  as  three  electrical  meshes:  loops  1,  2,  3;  and  two  mechanical 
meshes,  loops  4,5.  In  loop  1  current  Ix  flows  through  impedances  Zc,Zb,Zco,Za\  current  l2  flows 
through  Zh,Zc0  Za\  current  I  flows  through  Za.  In  loop  2,  current  I2  flows  through  Zd,Zb,Zco,Za\ 
current  I{  flows  through  Zb, Zc0,Za;  and  current  /  flows  through  Za.  In  loop  3  currents  I,I\,I2  flow 
through  Za.  In  loop  4,  -  Fx  and  IJrf  -  U\.  In  loop  5,  NV2  -  F2  and  1JN  -  U2. 

It  is  to  be  noted  that  Zc0  appears  in  the  electrical  mesh,  just  as  required  by  the  canonical  circuit 
Fig.  1.45.3.  Its  appearance  is  associated  with  the  superscript  D  of  s$.  It  is  exemplified  in  the  thickness 
expander  mode  of  a  piezoelectric  plate,  cited  here  as  the  first  case  of  our  list. 

Case  I.  Thickness  expander  mode  of  a  piezoelectric  plate  with  3-3  coupling,  Fig.  2.13.2.  This 
figure  conforms  to  the  canonical  equivalent  circuit,  Fig.  1.45.3,  which  features  the  electrical  impedance 
in  shunt  position,  the  mechanical  impedance  in  series  position,  and  the  coupled  impedance  -P/Ze 
transferred  to  the  electrical  mesh  where  it  appears  in  series  position  as  -l/j<oC0.  The  mechanical 
boundary  condition  is  constant  S,  while  the  electrical  boundary  condition  is  constant  D. 


Fij.  2.13.2  —  Equivalent  circuit  of  a  thickness  expander  piezoelectric  plate 


Case  II.  Thickness  shear  mode  of  a  piezoelectric  plate 
equivalent  circuit  is  Fig.  2.13.2  modified  as  follows: 


with 


(a) 

(b) 

(c) 


the  orientation  of  axes  is  changed  as  shown  to  the  right: 
vb  is  replaced  by  vf  (defined  below). . 
all  other  parameter  are  given  by 


15  coupling. 

Jh 


i, 


In 


this  case 

*• 


the 


t~ 

*/ 
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Iw  d  c^5  2 
TT-*  vs - I" 


,yj 


Z0  -  p/wvf,  N  -  Cq/ms  “  2  k'5- 

t  pus 


Case  III.  Length  expander  with  31  coupling,  Fig.  2.13.3.  In  this  case  the  coupling  capacitance, 


m 


is  in  parallel  with  Co.  Hence  the  electrical  capacitance  Co  is  reduced  by  a  factor  1  —  k3u  where 

k  2  _ 

31  *fi  e33  ‘ 


U,  _  _ ,0, 

H  ZP-r  2? 


t  < 


Fig.  2.13.3  —  Equivalent  circuit  of  a  thickness  shear  mode  in 
a  piezoelectric  plate 


This  figure  conforms  to  the  canonical  equivalent  circuit,  Fig.  1.45.2,  with  the  coupling  between  meshes 
accounted  for  by  k$\. 

Case  IV.  Length  expander  with  33  coupling,  Fig.  2.13.2  modified.  This  figure  conforms  to  the 
canonical  circuit  Fig.  1.45.2  in  which 


S3  —  5^3  7^3  +  g33D 
E3  "■  -  #33  E'i  +  p33D3 


^•3 

m 

■ms 


skat, 


.2  _  #33 

”  flJCcft  ' 
r*  33-^3 


To  summarize:  the  design  of  piezoelectric  (and  piezoceramic)  transducers  is  greatly  facilitated  by 
use  of  the  basic  Mason  equivalent  circuit  displayed  in  several  forms.  Other  standard  equivalent  circuits 
are  discussed  next. 
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2.14  STANDARD  EQUIVALENT  CIRCUITS 


The  representation  of  transducers  by  equivalent  electrical  circuits  has  been  standardized  into  sim¬ 
ple  diagrams.  These  are  listed  below. 

/.  Electric  Field  Transducers 

The  canonical  equivalent  circuit  is  Fig.  1.45.2.  The  transformer  ratio  <j>  has  the  units  of  C/m  or 
N/V.  Fig.  2.14.1  shows  the  conventional  circuit.  In  it,  all  shunt  branches  are  in  admittance  form  and 
all  series  branches  are  in  impedance  form.  Because  the  direction  of  v  is  reversed,  the  direction  of  F  is 
also  reversed.  The  analogy  used  is  e/F,  i/v. 


V:  hen  this  transducer  acts  as  a  sound  radiator  it  is  convenient  to  convert  Fig.  2.14.1  into  an  all  electri¬ 
cal  circuit.  To  do  this  we  use  the  rules  of  Table  1.47.1.  Figure  2.14.2  shows  the  result.  Here  Y 
represents  the  shunt  portion  of  the  purely  electrical  admittance;  Lm,  Rm,  Cm  represent  the 
(transformed)  mechanical,  and  Ra,  Xa  represents  the  (transformed)  acoustic  load,  the  latter  written 
here  as  mechanical  impedance  ra  +  jx„  (see  Fig.  1.7.7a). 


When  the  electrostatic  transducer  is  used  as  a  sound  receiver  it  is  convenient  to  convert  Fig.  2.14.1  into 
an  all  mechanical  equivalent  circuit,  again  using  the  rules  of  Table  1.47.1.  The  result  is  Fig.  2.14.3. 
Here,  Fa  is  the  equivalent  acoustic  (force)  generator,  F0  is  the  electrical  load  admittance  and  Y  is  the 
purely  electrical  portion  of  the  electromechanical  transducer. 
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Fig.  2.14.3  —  All  mechanical  equivalent  circuit  of 
an  electrostatic  sound  receiver 


%l  *E 


II.  Magnetic  Field  Transducers 

The  canonical  equivalent  circuit  is  Fig.  1.47.2,  shown  here  as  Fig.  2.14.4,  in  which 


_Mx_ 
M  do +r 


Fig.  2.14.4  —  Standard  simplified  equivalent  of  a 
magnetostrictive  transducer 


as  obtained  from  Eq.  2.36.4.  Here,  >>(-Z~')  is  the 
mechanical  admittance  (or  mobility).  Note  that, 


-  2  Ns  Fs 

units  of  a2:  —  x  — 
C  m 


When  used  as  a  sound  radiator  this  circuit  is  modified  by  adding  an  acoustic  load  to  terminals  2,  2',  and 
then  transferring  all  the  mechanical  mesh  to  the  electrical  (left)  side.  To  do  this  we  first  note  from 
Table  1.20.3  that  a  parallel  mechanical  network  is  converted  into  an  equivalent  electrical  parallel  VF 
network  according  to  the  rule: 


F  ->  v  c  +  jcont  +  ~r~ 
I  I  l  J°> 


1  ,  .  *~i  ,  1 

l-e|  -  +  JKC  +  —. 

Since  velocity  v  is  an  across  variable  we  also  see  from  Table  1.47.1  that 

F  e  ll2 

for  mechanical  resistance  c:  F  =  vc  transforms  to—  =  /,  u\  =  e,  so  that  —  -  ^  —  R„ 

n  i  c 


for  mechanical  mass  m:  F  =  jcomv  transfoi-ns  to4  =  -p—  or  Cm  =  min2 

i  jcom 


'f.y.vv,  .V/-VJ-. ‘.v.  .w.v;- /-■ 

\ V  VVA  vw  r-  v«  * -  «  A  «\  -  4  ’  .  -,v  v\V„  *v-r  ■*  Vj.-  V  v  V v  *  *  »  V  -  -  V  •*■•«*.  ,  • ,  - .  •  . 

>  V  V*  V  V*  V  *«.'  /*  •*>  mHM  .* ,  %**  ■  " 


:->SvXv: 


:.-0 

>  VI 


\-.‘ V  .  /.v* 
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for  mechanical  spring  k:  F  =  ~r~v  transforms  to—  -  - ,  or  Lm  - 

JO)  t  K  K 


The  parallel  form  of  the  acoustical  loading  in  VF  form  is  shown  in  Fig.  1.7.7b.  Again  one  sees 
from  Table  1.47.1  that  the  following  transformations  occur: 


for  acoustical  resistance:  v  =  Fr/Rkad  transforms  to  4  *  RAD 

I  At 


or  Oa  = 


lRAD 


for  acoustical  reactance:  v  =  Fx/ja>MRAD  transforms  to  — 


JL 


i  >o)A/rad 


or  Crad  - 


t^RAD 


The  equivalent  circuit  of  the  magnetic  field  sound  radiator,  in  which  all  the  mechanical  mesh  has 
been  transformed  to  the  electrical  side,  is  shown  in  Fig.  2.14.5.  Here,  Z0  is  the  internal  impedance  of 
the  voltage  generator.  When  the  magnetic  field  transducer,  Fig.  2.14.4,  is  used  as  a  sound  receiver  its 
equivalent  circuit  is  modified  by  inserting  a  force  source  F0  in  shunt  across  terminals  2,  2'  and  placing 
an  electrical  load  Z0  across  terminals  1,1'.  Again,  according  to  the  rules  of  Table  1.47.1  the  electrical 
equivalent  of  the  force  source  acting  as  a  through  variable  is  Fo/fi ,  and  the  electrical  equivalent  of  the 
velocity  (acting  as  an  across  quantity  is  fiv.  The  equivalent  circuit  is  then  given  by  Fig.  2.14.6. 


Fig.  2.14.5  —  Equivalent  circuit  of  a  magnetostrictive 
sound  radiator 


Fig.  2.14.6  —  Equivalent  circuit  of  a  magnetostrictive 
sound  receiver 


We  consider  next  the  case  where  the  core  loss  is  a  prominent  feature  of  transduction.  In  Fig. 
2.36.1  (see  below)  the  core  is  represented  by  R'e,  L'e  in  shunt  position.  We  may  write  it  in  complex 
form: 


z;  =  jX'ee~>9  =  R'e  +  for  L'e 


(2.14.2) 


Now  let  us  consider  this  shunt  impedance  together  with  the  transformed  mechanical  impedance 
(=Zm)  and  acoustic  impedance  Za.  This  is  the  impedance  involved  in  electromecn.mical  coupling, 


-T  T 

Z7  1  _J_  W  Cttl  _  r-t  ' 

roonN  ‘  ~ -  A"  ■ 


■+■  Z/, 

/n  a 


— .  T=n.. 


n  id  31 


Since  we  take  T  to  be  lossy  we  can  also  write  it  in  complex  form,  Te~je.  We  now  wish  to  write 
mechanical  elements  as  equivalent  electrical  elements.  Calling  these  Zy,  ZA ,  we  can  find  explicit  for¬ 
mulas  for  them  by  assuming  Za/  +  ZA  are  in  parallel  with  Z'e. 
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z 


coupled 


1 


I 

Zm  +  ZA 


Ze(Zu  +  ZA)  Z? 

Ze  +  ZM  +  ZA  r  zt  +  ZM  +  ZA 


We'* 

^coioled  “  Zt  +  Zi  +  Zm  +  Za- 

Equating  corresponding  terms  in  Eqs.  2.14.3  and  2.14.4  one  obtains 

I  T\  2e~j2e  \Xl\2e~j29 
zm  +  ZA  Z'  +  ZM  +  ZA 


Rfd  ”  rm 

x< 

T 

2 

-Re 
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r,  f 

T 

Lm-  m 

k\ 

T 

) 

-K 

Xa~ 

X'e 

T 

-  1 
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2 

Cm“~k 
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• 

(2.14.4) 


The  turns-ratio  corresponding  to  these  equivalent  circuit  elements  is 


X'e 

2 

X'e 

X 

* 

K 

rpt 

T 

MB 

T 

o 

•1 

•6- 

1 

+ 

T 

.  M  -  J 

X'e 

We  use  <f>  in  transforming  all  mechanical  parameters  to  the  electrical  side,  and  /jl  in  transforming 
all  electrical  parameters  to  the  mechanical  side.  Hence  velocity  and  force  are  transformed  according  to 
the  rules  of  Table  1.47.1: 


The  equivalent  circuit  of  the  magnetic  field  transducer  (acting  as  a  sound  radiator)  reduced  to  the 
electrical  side  is  shown  in  Fig.  2.14.7.  When  acting  as  a  sound  receiver  we  transform  all  electrical 


nncnmntAPP  ts\  f  Un  rv*  r»r»Uor>!rtol  r>>  rir\  nnW  AUf  nm  CJn  0  1  A  Q 
puiuiuvvvi ^  iv  iuv  iiivvuuiiivui  vmv  unu  vviuiu  *  ■  1  «*v. 


To  summarize:  standard  transducer  circuits  based  on  canonical  models  provide  the  transducer 
designer  with  easy  means  to  make  initial  designs  and  estimates  of  performance.  Other  design  aids  are 
considered  next. 
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'  14.7  —  Equivalent  circuit  of  a  magnetostrictive 
transducer  reduced  to  the  electric  side 


Fig.  2.14.8  —  Equivalent  dircuit  of  a  magnetostrictive 
sound  receiver  reduced  to  the  mechanical  side 


2.15  INTRODUCTION  TO  DESIGN  AIDS 

In  Chapter  1  the  structure  of  an  acoustic  transducer  was  presented  as  a  cascade  of  component 
parts  whose  interaction  with  themselves  and  with  the  environment  was  described  by  a  set  of  mat.ix 
equations  relating  input  and  output  through  integral  differential  equation  in  space  and  time  or  through 
impedance.  These  relations  were  interpreted  as  electrical  circuits  with  lumped  parameters,  or  with  dis¬ 
tributed  parameters,  in  conformity  with  historical  precedent  and  convention.  Newer  methods  of 
analysis  such  as  signal  flow  graphs  and  bond  graphs  were  shown  also  to  be  capable  of  displaying  and 
analyzing  the  complex  matrix  equations  of  relations  between  components,  sometimes  with  advantage. 

A  rational  design  of  acoustic  transducers  is  itself  based  '«n  the  formulation  of  dynamical  descrip¬ 
tion  of  elements  in  the  matrices,  including  numerical  values  t«  be  assigned  to  material  parameters.  Ir. 
the  course  of  the  historical  development  of  the  art  of  transducer  design,  procedures  have  been 
developed  to  aid  rational  design,  and  models  have  been  created  to  provide  insight  and  guidance.  The 
following  Sections  a>e  a  list  of  procedures,  models  and  design  aids  which  will  prove  helpful  in  con¬ 
structing  explicit  forms  of  the  elements  of  input/output  matrices.  The  full  appreciation  of  these  Sec¬ 
tions  can  be  achieved  by  frequent  reference  back  to  the  pertinent  parts  of  Chapter  1. 

Since  the  driver/load  structure  of  a  transducer  is  complicated  it  will  be  useful  to  define  the  most 
important  impedances  which  describe  the  transfer  of  energy  from  input  to  load. 


.V.v. 

.v.v. 


Transducer  Impedances 

A  simple,  but  quite  general,  acoustic  transducer  structure  is  shown  in  Fig.  2.15.1.  The  representa¬ 
tion  of  the  transduction  block  as  a  T-network  is  discussed  in  Sect.  1.29  of  Chapt.  1. 

Each  pair  of  terminals  of  this  equivalent  diagram  is  characterized  by  a  voltage  "across"  and  a 
current  "through."  The  corresponding  electrical  impedances  relating  voltages  and  currents  (not  neces¬ 
sarily  at  the  same  terminals)  are  several  in  number.  They  constitute  a  group  of  important  diagnostic 
and  performance  parameters.  A  list  of  terminal  voltages,  currents  and  impedances  is  presented  in  Table 
2.15.1. 


The  words  "available  power"  appearing  in  this  table  refer  to  a  condition  in  which  a  source  with  1 

impedance  Zs  is  connected  to  a  load  with  conjugate  impedance  ZL.  For  simplicity  this  is  shown  in  Fig.  ’-'Vs!*' 

2.15.1  with  the  transductions  block  omitted.  By  definition  "conjugate"  nieaii&  n4_4.  =  Rs  and  A'4_4’  =  ■'!/ IX 

-Xs.  Since  the  load  power  is  v'vv' 


-4.  =  e} 


R 


4-4' 


Iz,  +  Z4_4.|2 


r\v’>V 
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it  is  seen  by  denominator  that  the  load  power  is  a  maximum  if  Z4_4-  is  the  conjugate  of  Zs, 


‘,“4  4  R, 


Similarly,  the  available  power  of  a  source  is, 


Electrical 

Source 


Transduction 

'Block 


Mechanical 
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Load 


Transduction 
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Mechanical 

Source 


Fig.  2.15.1  —  Generalized  block  diagram  of  acoustic  transducers,  (a)  projector,  (b)  receiver 
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Table  2.15.1  —  Voltages,  Currents,  Impedances  of  Acoustic  Transducers  [after  [9]] 


Symbol 

Definition 

Conditions  of  Measurement 

es 

source  voltage 

terminals  1-1  opend-circuited 

4 

source  current 

terminals  1-1  short-circuited 

Zs 

source  impedance  at 
terminals  1-1 

(1)  no  load  at  terminals  1-1 

(2)  es  =  0 

Ws 

available  power  at  terminals  1-1 

impedance  of  load  at 

source  impedance 

e 2-2 

input  voltage  of  T-network 

both  source  and  load  are 
connected  to  the  T-network 

h 

input  current  of  T-network 

both  source  and  load  are 
connected  to  the  T-network 

W2.r 

input  power  to  the  T-network 

both  source  and  load  are 
connected  to  T-network 

Z2-r 

input  impedance  loading  forward 
into  the  T-network  from  terminals  2-2' 

(a)  load  connected  to  T-network 

(b)  terminals  2-2'  open  circuited 

ei-y 

output  voltage  at  terminals  3-3' 

(a)  source  connected  to  T-network 

(b)  terminals  3-3’  open-circuited 

h 

out  current  at  terminals  3-3' 

(a)  source  connected  to  T-network 

(b)  terminals  3-3'  short  circuited 

Z3-y 

output  impedance  at  terminals  3-3' 
looking  toward  the  source 

(a)  terminals  3-3'  open-circuited 

(b)  source  voltage  es  =  0 

fVs-r 

output  available  power  of  transduction 
block  at  terminals  3-3' 

source  connected  to  T-network 
(load  has  conjugate  impedance) 

(Z2- 2')b 

blocked  (input)  impedance  at 
terminals  2-2' 

load  terminals  3-3'  are  open-circuited 

(Z2_2')/ 

free  (input)  impedance  at 
terminals  2-2' 

load  terminals  3-3'  are 
short-circuited 

(Z3-y)b 

reverse  blocked 
output  impedance  looking 
toward  source 

terminals  1-1'  open-circuited 

(Z3_3-)/ 

reverse  free  output  impedance 
looking  toward  source 

terminals  1-1'  short-circuited 

ZT(m) 

mutual  impedance  of  the 

T-network, 

Zum)  ~  e2-2 .'/ h 

where  e2_2'  is  open-circuited 

Ztfr 

transfer  impedance  of  transducer 

(a)  both  source  and  load  connected 

(b)  Z,fr  =  ej ir 

U 

load  current 

source  is  connected  to  T-network 

z  4-4' 

load  impedance 

terminals  4-4'  open-circuited 

^4-4' 

power  delivered  to  the  load  at 
terminals  4-4' 

source  is  connected  to  T-network 
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Relations  Between  Impedances 

(1)  In  the  T-network  representation  of  the  transduction  block  it  is  seen  from  the  definitions 
given  in  Table  2.15.1  that 

(Z2-2’)a  =  Z}[\ ,)  +  Znm) 

(Z3-3O  a  =  zj-[l)  +  ZT(m). 

(2)  By  inspection  of  Fig.  2.15.1  it  can  be  deduced  that 

ZtM  *  t  ( ^3-3') b  t (Z2-2') 4  _  (Z2_20/]}1/2 

“  { (  Z2_2>)  ^  t  (  Z  3_3')  —  (  Z3_3>)  y] } 1/2 

-  ll(Z2-2')t  ~  Z2_r][Z3_3.  +  z4_4.] } 1/2 

-  U(Z3_3.)6  -  z3_3'] [Zj  +  (Z2_2.)*]}1/2. 


(3)  By  definition  of  the  transfer  impedance 


z*  -  f 

>4 

=  I Z  3—3'  +  Z  4—4’  I 
(4)  Using  simple  algebra  one  finds 


es  I  Zs  +  Z2_2'|  I  (Z3_3')*  +  Z4 — 4'  | 


-Tim) 


|ZS  +  (Z2_2.)J 


I Z 3_3>)  —  Z3_3'| 


1/2 


z2_2- =  (Z2_2.)* 


Z3-3'  =  (Z3-y)b 


z2 


Tim) 


(Z3_3')  ft  +  Z4_4> 


z? 


/■(m) 


(Z2_2')*  +  Z5 


(5)  Knowing  ZT(m),  Z2-y,  and  Z3_3’  one  can  deduce  source  and  load  impedances, 

Zhm) 


(Z3-3O  b  ~  Z3-3' 


Z4-4'  — 


z-2 


r(m) 


(Z2_2’)*  —  (Z2_r) 


—  (Z2_20a 


-  (Z3_3') a- 


Other  impedance  relations  can  easily  be  inferred  by  use  of  this  table  in  conjunction  with  Fig. 
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Transmission  Losses 

The  two  output  powers,  H/J(=  W |_r)  and  BV3'  of  Fig.  2.15.1  are  regarded  as  available  powers , 
meaning  the  impedance  of  the  block  following  each  of  them  is  the  conjugate  impedance.  The  two  input 
powers,  W2-r  and  ^4-4  are  regarded  as  powers  derived  to  nonconjugate  impedances. 

Because  of  internal  resistivity  and  impedance  mismatch  at  junctions  between  components,  the 
power  transfer  from  terminal  to  terminal  is  accomplished  by  losses.  Such  losses  can  be  expressed  as 
ratios  of  powers  between  selected  terminals.  Table  2.15.2  contains  a  list  of  six  possible  ratios  of  powers 
formulated  in  terms  of  impedance  ratios  derives  from  the  definition  given  in  Table  2.15.1. 


Table  2.15.2  —  Transmission  Power  Ratios  [after  [9)1 


Power  Ratio 

Impedance  Formulation 

Description  as  10  log10  x  Ratio 

Ws 

Zs  +  Z2-2' 

dB  power  loss  between  electrical  source 

output  and  transducer  input  caused 

by  mismatch 

W2-T 

W2-7 

4R2-rR2-y\Zs  +  (Z2_2)*|2 

dB  power  loss  between  input  and 

output  terminals  of  the  transducer 

due  to  internal  resistance 

H'j-j* 

|Zj  +  Z2_2.|2|Z3_3-+  Z4_4.|2 

1 Z3-3'  +  Z4_4.|2 

dB  power  loss  between  transducer  and 

load  due  to  mismatch 

^4-4' 

V 

1 

as 

1 

Tj- 

Ws 

*3-3’  |ZS  +  (Z2_2-)J2 

dB  available  power  loss  from 

electrical  power  output  and 

transducer  output 

^3-3- 

w* 

|Z3_3'+  Z4_4'|2|Zs  +  (Z2_2)j|2 

dB  power  loss  between  electrical 
source  output  and  load 

*4-4' 

4/?jR4_4|Z7(m)|2 

W2-2' 

R2-2'  \(Z}-3')b  +  Z4_4.|2 

dB  power  loss  between  input  to 

transducer  and  input  to 

the  load 

*4-4' 

R4—4'  |Zr(m)|2 

The  subject  of  design  aids  is  continued  next  with  a  discussion  of  impedance  and  admittance 
diagrams. 

2.16  FREQUENCY  OF  MAXIMUM  MOTIONAL  IMPEDANCE  AND  FREQUENCY  OF  MAX¬ 
IMUM  MOTIONAL  ADMITTANCE 

In  Eqs.  2.8.10,  2.8.11  the  symbol  Zm  must  be  properly  interpreted  to  contain  electrical  terms  cou¬ 
pled  into  the  mechanical  mesh.  We  consider  first  the  moving  armature  transducer  which  is  an  example 
of  magnetic  coupling  shown  in  Fig.  2.36.1  in  which  the  coupling  terms  are  Z„  =  R',+  jo>L..  Upon 
transferring  these  to  the  mechanical  mesh  according  to  Table  1.47.1  one  sketches  the  equivalent  circuit 
to  be  that  of  Fig.  2.16.1.  Here,  Z"m  is  the  intrinsic  (=  uncoupled)  mechanical  impedance,  and 
Z'm  =  T2/Z'e  is  the  equivalent  mechanical  impedance  coupled  from  the  electrical  mesh  into  the  mechan¬ 
ical  mesh.  The  frequency  wA  at  which  the  motional  impedance  is  a  maximum  is  then 
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Im  -^r  +  Z"m  +  Za|  =  0  [at  coA  (**coR)] 

) 

in  which 

T2  1  4>2x  ..  Ns 

-57  *  —  — c“  units:  —  • 

Ze  ja>  (d0  +  VnaSg  m 

From  Eq.  2.8.3  this  is  the  condition  for  maximum  velocity  at  constant  current  drive.  Similarly  the  fre¬ 
quency  at  which  the  motional  admittance  is  a  maximum  corresponds  to  the  condition, 


+  Z”m  +  Za 


Im  - 


A2e-Jte-'\ 


[at  cdb(“  wr)]. 


From  Eq.  2.8.4  this  is  the  condition  for  maximum  velocity  at  constant  voltage  drive. 

The  case  of  electrostatic  coupling  in  the  form  of  an  electrostatic  transducer  is  illustrated  by  Fig. 
2.39.1.  Here  the  symbol  Zm  must  be  interpreted  to  contain  both  the  coupled  compliance  Cn  and  the 
self  compliance  Cm, 


=  rm  +  jo>™  + 


it 

m 


The  transferred  impedance  is  obtained  from  Eq.  2.39.2, 

T 2  -C0 


2.17  GEOMETRICAL  CONSIDERATIONS  OF  MOTIONAL  IMPEDANCE 
AND  MOTIONAL  ADMITTANCE  CIRCLES 


A.  Case  of  Magnetic  Field  Coupling 

The  motional  impedance,  Eq.  2.8.5,  features  the  reciprocal  of  the  mechanical  impedance  (self  plus 
loading  impedance),  ZM  =  Zm  +  Za  =  Rm  +  jXM{ w).  Since  a  plot  of  ZM,  for  RM  constant,  versus  co  is 
a  straight  line,  a  plot  of  Z^1  is  a  circle.  Hence  a  plot  of  the  motional  impedance  is  a  circle  tilted  down 
from  the  horizontal  by  ihe  angle  of  -  TmeTem,  which  is  2/3.  The  origin  O'  of  ZM0T  is  at  the  blocked 


Design  of  Acoustic  Transducers 

electrical  impedance  Re  +  jXe.  Figure  2.17.1  shows  the  geometry  of  this  circle.  Point  A  obtained  by 
drawing  a  diameter  D  from  O'  inclined  at  angle  2/3  is  the  resonance  frequency  fR,  defined  as  the  fre¬ 
quency  at  which  the  motional  impedance  is  a  maximum.  Point  B,  obtained  by  drawing  a  chord  O'B  at 
angle  /3  with  the  horizontal,  is  the  point  of  maximum  resistance, 


Rmax  =  Re  +  d  cos2  0. 


(2.17.1) 


,£*•>  (W) 


mu 


Fig.  2.17.1  —  Geometric  rela¬ 
tions  in  the  motional- 
impedance  circle  for  the  case 
of  magnetic  coupling 


Fig.  2.17.2  —  Geometric  relations  of  a 
motional  admittance  circle  anchored  to 
the  clar.ped  admittance  at  D,  for  the 
case  of  magnetic  coupling 


Point  C,  the  terminus  of  the  diameter  through  B,  locates  the  minimum  resistance, 


•^min  Re  ^  sin  ft- 


(2.17.2) 


Point  E,  which  is  the  intersection  of  line  OB  with  the  circle,  locates  the  frequency  fY  at  which  the 
motional  admittance  is  a  maximum.  A  proof  of  this  construction  is  discussed  below.  In  the  case  of 
magnetic  coupling  (shown  in  Fig.  2.17.1)  one  has  fY  >  fR.  Hence,  the  effective  coupling  coefficient  is; 


^eff  = 


fy  ~  J r 


(2.17.3) 


The  geometric  basis  for  finding  fR  (=  A-type  resonance)  given  fY  (=  B-type  resonance)  is 
shown  in  Fig.  2.17.2  for  the  case  of  magnetic  coupling.  The  following  steps  explain  the  rationale  and 
illustrate  the  procedure 

1.  assume  radiation  loading  is  purely  real. 

2.  locate  point  A  (as  defined  above)  on  the  circle  at  some  arbitrary  point  (wA  <  wB),  later 
to  be  determined  with  certainty  by  a  geometric  construction. 

3.  line  OD  is  the  clamped  admittance  and  line  OA  is  the  admittance  at  resonance  fR.  The 
angle  between  them  is  <f>A . 

4.  line  DB  is  the  motional  admittance  at  resonance  fv  (=  u>).  Line  DA  is  the  motional 
admittance  at  resonance  fR  (=w0).  The  angle  between  them  is  also  4>A. 


5.  lines  BA  and  BD  subtend  chord  DA  at  angle  9.  lines  ED  and  EA  also  subtend  this  chord. 
Therefore  angle  DEA  equals  9. 
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6.  Triangle  OEA  is  congruent  to  triangle  DBA.  Therefore  angle  OAE  is  a  right  angle. 


7.  Draw  diameter  EC.  Triangle  0"ED  =  triangle  0"BC.  Therefore  chord  CB  equals  chord 
DE. 


8.  lines  AC  and  AB  subtend  chord  CB  at  angle  a.  lines  AD,  AE  subtend  chord  DE.  Since 
DE  equals  CB,  the  angle  DAE  =  a.  Therefore  line  OAC  is  a  straight  line. 

Hence,  to  find  point  A,  draw  line  ODE,  connect  E  to  C  through  a  diameter,  then  draw  straight 
line  OC.  The  intersection  A  locates  point  fR  given  point  fY. 

The  construction  becomes  approximate  when  the  radiation  impedance  is  not  purely  real,  and  when 
the  admittance  circle  is  small. 

The  procedure  for  finding  point  fY  on  the  impedance  circle  given  point  fR  follows  similar  lines, 
Fig.  2.17.3. 


Fig.  2.17.3  —  Geometric  construction  for  finding  fy  (-<u0B) 
given  fR(- o>0A)  for  the  case  of  magnetic  coupling 


1.  draw  line  OD  intersecting  the  circle  at  E. 

2.  draw  diameter  EC. 

3.  draw  OC,  intersecting  circle  at  point  B  where  f=fy  =  w03. 
B.  Case  of  Electric  Field  Coupling  Transducers 


These  are  analyzed  by  use  of  motional  admittance  diagrams  with  a  simple  transfer  of  symbols 
from  the  case  of  magnetic  field  transducers.  Thus  the  parameters  and  constructions  of  electric  field 
transducers  can  be  said  to  be  governed  by  rules  very  analogous  to  magnetic  field  transducers  provided  a 
substitution  of  notation  is  used.  Table  2.17.1  is  a  list  of  changes  needed. 

Table  2.17.1  —  Interchange  of  Notation  Which  Allows  Electric  Field 
and  Magnetic  Field  Transducers  to  be  Governed  by  Analogous  Rules 
in  Geometrical  Relations  of  Impedance  and  Admittance  Charts 


Magnetic  Field 
current  I 

electric  impedance  Z 
electric  resistance  R 
electric  reactance  X 
magnetization  M 
magnetic  field  H 
magnetic  permeability  p 
inductance  L 


Electric  Field 

voltage  V 
admittance  Y 
conductance  G 
suceptance  B 
electric  polarization  P 
electric  field  intensity  E 
electric  permittivity  e 
capacitance  C 


227 


> vw!v!> v'1  yxv'- y^'V- v- v-  \ '•_’> . ■ '  .' '  -V' «^'AV V'.v , 


(units:-^). 


Design  of  Acoustic  Transducers 


(2.18.3) 


Sjcti 

V  vn 

m 


A  second  example  involves  the  pair 


Ts  =  Cfs  S$  -  h\s  D\ 


Ei  =  hisSs  +  fi\i  D i 


(2.18.4) 


Then, 


For  A  -  wl, 


Ex 

h~h»JK- 


(units:  N/V). 


(2.18.5) 


In  view  of  the  definitions: 


<*3i  *  *3rs/ sfi  c33  ;Ai5=*  kurfpKcE 


both  Eq.  2.18.3  and  2.18.5  can  be  interpreted  in  terms  of  material  coupling  coefficients  fc31  and  *35.  It  is 
thus  seen  that  the  turns-ratio  in  every  case  can  be  written  in  terms  of  the  coefficient  of  electromechani¬ 
cal  coupling. 

2.19  RESONANT  FREQUENCIES  AT  CONSTANT  CURRENT  AND 
CONSTANT  VOLTAGE  DRIVE 

This  topic,  discussed  earlier  in  Sect.  2.10,  is  further  developed  here  in  connection  with  impedance 
and  admittance  plots. 

We  return  to  Eq.  2.10.15  and  write  the  electrical  impedance  for  constant-H  drive: 


Ze  -  Ze  +  ZM0  T\  zMOT  •• 


Zm  rm  +  jXm 


m 


Let  Zm  include  a  load  impedance  rL  +  XL.  It  is  seen  immediately  that  ZMOt 's  a  maximum  at  fre- 


miAnpv  ■»-  /.%  nmK 

W  W  f  OUVil  lliut) 


Xm  -  wiM-  — \=r-  +  XM  -  0, 
W1  I'm 


(2.19.1) 


that  is 
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a)  —  2nfr(mech ) 

This  condition,  shown  in  Fig.  1.41.1b,  is  one  where  the  total  electrical  impedance  is  a  maximum. 
We  now  invert  Zee  to  obtain  the  total  admittance,  also  at  constant  -H  drive, 


Ye  +  >W 


Z?m  _  2tt_  dhj\  Re (y )  —  y'lm (y ) 
Z,  a  jco  (Rcy^)2  +  ImOyfi)2 

This  leads  to  the  condition: 


"2 M-  -  +  XL(a >2) 


lirA  hji  Reyfi 

a  W2  {Reyfx)1  +  (Imy^)2 


(2.19.3) 


It  is  to  be  noted  that  the  imaginary  part  of  -  Z}jZe  is  a  positive  number.  Hence  the  net  mechanical 
impedance  at  co2  is  positive.  This  means  that  in  a  plot  of  X^^vs  <o  for  a  magnetic  field  transducer  the 
frequency  <a2  will  be  greater  than  the  frequency  wj.  Thus  the  frequency  separation  0)2—0)!  depends 
specifically  on  the  right  hand  side  of  Eq.  2.19.3,  that  is,  on  Z}jZe.  This  latter  quantity  is  proportional 
to  An,  hence  proportional  to  the  coefficient  of  electromechanical  coupling.  One  then  defines  (as  earlier) 
the, 

Ktff  1  y2 

In  practice  f2  is  measured  from  the  admittance  plot  and  f\  from  the  impedance.  The  above  formula 
then  gives  k}ff.  Alternatively,  one  measures  on  the  impedance  plot  of  Fig.  1.41.1b,  the  quantities 
fr(mech)  at  maximum  impedance  and  / (damped)  at  minimum  impedance.  Then  one  set  /  (damped  =  f2 
and  fr(mech)  “  f\  by  observing  the  coincidences  between  Fig.  1.41. Id  and  1.41.1b.  This  latter  procedure 
for  funding  keff  is  called  the  resonance  method  and  is  often  used. 

2.20  QUARTER-WAVE  AND  HALF-WAVE  LONGITUDINAL  VIBRATORS 

Longitudinal  vibrators  under  forced  harmonic  drive  are  often  used  at  frequencies  of  mechanical 
resonance.  The  number  of  such  resonances  in  distributed  systems  is  infinite.  Two  cases  of  resonant 
operation  of  widespread  applications  are  presented  here. 
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Case  I.  Quarter-wave  Resonance 

Assume  a  bar,  mass  M,  length  I,  is  rigidly  fixed  into  a  wall  at  end  b  and  is  force  driven  into 
quarter-wave  resonance.  This  means  driving  it  at  a  frequency  a>0(-7rc(2n  -  0/24  n  -  1,  2  ...)  at 
which  the  length  of  the  bar  is  a  multiple  (2n  —  1),  n  -  1,  2  ...  of  a  fourth  of  a  wavelength,  x/4. 
Effectively  the  wall  represents  infinite  mass  (namely  the  earth)  and  its  velocity  vA  is  always  zero.  At 
each  length  /  -  A/4,  /  -  3X/4,  /  -  5A/4  ...  the  terminal  velocity  vfl  is  a  maximum. 

Thus,  at  quarter-wave  resonance,  for  every  pair  of  consecutive  masses  the  one  at  vA  must  be 
short-circuited.  Then  the  mass  mfll  is  in  parallel  (-  has  the  same  velocity  difference)  with  the  spring 
«i,  the  mass  ma2,  is  in  parallel  with  /i2,  etc.  The  VF  mechanical  circuit  then  appears  as  Fig.  2.20.1  with 
short  circuits  introduced: 


Fig.  2.20.1  —  Lumped  parameter  approximation  to  a  quarter-wave 
longitudinal  vibrator  in  VF  form 

The  meaning  of  this  figure  is:  at  the  first  quarter  wave  resonance  /  -  X/4,  -  ttc/21,  m\  -  M/2, 

«i-  nk$/ir2.'  ‘Where  nk-n,/\-k2,  «,  being  the  low  frequency  compliance  of  the  bar,  and  k1  a 
coefficient  of  electromechanical  coupling  when  such  coupling  exists.  All  remaining  masses  and  springs 
are  short  circuited.  Similarly  at  the  second  quarter-wave  resonance,  l  -  3X/4,  o>2  -  3trc/2l, 
n2  -  Snk/9n2,  and  again  all  other  masses  and  springs  are  short  circuited,  etc. 

Case  II.  Half-wave  Resonance 


Let  a  bar  be  driven  at  a  frequency  w„  =  tre//^,  where  le/r  is  the  fraction  1/(2 n  -  1)  of  the  actual 
length  of  the  bar.  Thus  at  cui  —  7rc/the  length  is  irc/o)\  —  v/un /A)  —  \/2g  i.e.,  it  is  exactly  one  half¬ 
wavelength  long.  The  equivalent  circuits  for  equal  loads  at  a,  b  is  the  same  as  two  quarter-wave  resona¬ 
tors  Fig.  1.22.5.  It  is  customary  however  to  design  half-wave  resonators  to  be  free  at  one  end  and 
loaded  at  the  other  end.  Assume,  for  example,  end  a  of  Fig.  1.22.5  is  unloaded,  so  that  fa  =  0.  The 
output  terminals  a,  c  are  then  opened  and  K2  is  directly  connected  to  terminal  C,  Fig.  2.20.2. 


Thp  mpphaniral  aHmittanppc  Y.  V.  aro 

-  - - - -  t*  *  L  ^ 


lUo  onmA  rtA  CSa  t  OO  C 

»»»V  OUI11V  UJ  X  1£.  X  .  1.4- .  . 


V  U~1 - 1 - 

nviv  iiiat  i  2  UVIVI151115  Uiv 


unloaded  part  of  the  resonator  now  appears  in  series  position.  Since  velocity  vw  is  across  the  ends  a 
and  b  it  is  desirable  to  derive  a  circuit  for  the  loaded  end  b  alone.  This  is  accomplished  by  introducing 
a  velocity  transformer  which  steps  the  velocity  vw  down  by  1/2  to  give  vw.  Also  the  7r-network  (right 
hand  side  of  Fig.  2.20.2)  being  such  that  the  series  branch  is  equal  to  one  parallel  branch  is  reducible  to 
a  half-tee  by  standard  transformation.  Thus  the  equivalent  circuit  becomes  Fig.  2.20.3. 
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Fig.  2.20.2  —  A  VF  mechanical  equivalent  circuit  of  a  one-side-toaded  half 
wave  longitudinal  vibrator.  Yt,  are  defined  in  Fig.  1.22.5. 


fw  fw  ^  f 


Fig.  2.20.3  —  A  VF  mechanical  equivalent  circuit  of  a  half  wave  longitudinal  vibrator 
with  one  end  loaded  and  the  other  end  free 

At  very  low  frequencies  tan  w//2c  —  cu//2c.  Hence  the  T3  branch  (which  represents  the  free  half  of 
the  resonator)  can  be  approximated  by  a  series  grouping  of  parallel  LC  circuits  designed  to  represent 
velocity  resonances,  similar  to  Fig.  2.20.1.  However  the  compliances  n„  will  be  different  (see  Fig. 
2.20.4  below).  Similarly  the  series  branch  K4,  which  represents  the  loaded  half  of  the  resonator,  can  be 
approximated  by  a  parallel  echelon  of  series  connected  LC  circuits  calculated  to  represent  force  reso¬ 
nances.  The  approximate  equivalent  circuit  in  the  /-/analogy  is  Fig.  2.20.4. 

2.21  THE  MASON  EQUIVALENT  CIRCUIT  OF  THE  LONGITUDINAL  TRANSDUCER 

This  circuit,  discussed  earlier  in  Sect.  2.13  as  a  design  aid,  is  analyzed  here  in  greater  detail.  A 
bar  of  rectangular  cross-section,  length  Ly ,  width  Lw,  and  thickness  L,  made  of  piezoactive  material  is 
electroded  on  the  faces  P,  Q  normal  to  the  3-direction,  Fig.  2.21.1.  It  is  loaded  on  both  faces  in  the  1- 
direction.  Upon  being  excited  by  a  voitage  Eiy,  t)  —  E{y)  x  e  E0e~!'":,  ii  vibrates  in  a  compiex 
pattern  of  modes.  In  order  to  grasp  the  fundamentals  of  the  analysis  it  will  be  useful  to  consider  only 
motion  in  the  1-direction.  The  analysis  which  follows  will  lead  directly  to  the  Mason  equivalent  circuit 
[2]/ 
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I.  The  Constitutive  Equations  of  the  Piezoelectric  Material 

Because  of  its  widespread  use  the  material  of  the  bar  is  assumed  to  be  polarized  electrostrictive 
ceramic,  U.S.  Navy  Type  I  or  Type  III  (formerly  designated  as  PZT-4  or  PZT-8).  The  piezoactivity  of 
this  material  for  the  case  of  dc  polarization  in  the  3-direction  and  motion  only  in  the  1 -direction  is 
described  by  constitutive  equations, 


•V' 

es 

Cft 


V  i 

.\w\ 
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v$: 

XX 


m  J**y\ 
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fii.'Ca 

P. 


■-V. 

As 

hTJS 


r,  -  *31z>3  -  efis, 


(2.21.1a) 


£3  +  /tjiS] 
03*3 


(2.21.1c) 


and  substituting  the  result  in  (la)  leads  to  the  relation, 

~  £3^31 


(1  -  *2]CfiSi 


h3\h3\ 
P&Cf,  ‘ 


the  symbol  k 2  is  the  coefficient  squared  of  electromechanical  coupling.  Its  appearance  in  (2)  shows 
that  the  stiffness  coefficient  Cfj  is  reduced  by  the  piezoactivity  of  the  material.  The  reduced  coefficient 
may  be  written  as  an  open  circuit  parameter  (that  is,  E  *  0), 


Cft  -  (1  -  A:2)  Cf, 


(2.21.4) 


Eq.  (2)  is  a  statement  that  the  force  Fc  at  any  cross  section  is  the  sum  of  an  elastic  reaction  FM  and  an 
applied  electrically  induced  force  FE, 


Fc  —  Ft 


M 


LwL,h3XE3 

Fe  =  - ? - 

03*3 

=  LWL,C fi  -|^ 


(units:  N) 
(units:  N). 


(2.21.5a) 

(2.21.5b) 

(2.21.5c) 
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Tj  -  mechanical  stress  on  cross  section  LWL,  at  any  position  y(Nm-2) 

*• 

h3X  -  mechanical  stress-electric  displacement  piezo  constant  (NCT1) 

Cfi  —  mechanical  stress-strain  (stiffness)  coefficient  measured  at  zero  electric  displacement 

r  * « 

(*•  circuit)  (Nm-2) 

5]  —  longitudinal  strain  (mm-1) 

■X>\ 

.->V» 

pf3  —  inverse  electrical  permittivity  (VmC-1) 

h3X  "  (same  as  h3X,  but  with  units  Vm-1) 

1 

D3  -  electric  displacement  (Cm-2)  . 

Solving  (lb)  for  D3, 
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(2.21.2) 
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II.  One  Dimensional  Equation  of  Motion 


The  longitudinal  vibrator  is  first  modeled  as  an  infinitely  long  piezoactive  rod  along  which  is  pro¬ 
pagating  an  elastic  stress.  The  force  accelerating  a  unit  volume  of  material  at  any  cross  section  in  the 
1 -direction  giving  it  a  displacement  £  (y ,  t)  (units:  m)  is  given  by  the  dynamical  equation, 


Cf, 


*2t  i!l 


by1 


bt 2 


(units  of  each  term:  Nm-3). 


(2.21.6) 


Since  only  the  steady  state  is  considered,  £(y,  t)  =>  ((y)e~la\  so  that  (6)  reduces  to, 

£L 


by 


2  +  kH  -  o, 


cu2  .  2tt 

2  >  k‘  ~r 
v2  X 


v* 


Cf, 


(2.21.7a) 

(2.21.7b) 

(2.21.7c) 


Here  vc  (units:  m/s)  is  the  speed  of  sound  in  the  elastic  rod,  and  is  the  wavenumber  at  frequency  tv. 

The  solution  of  (7a)  may  be  couched  in  the  form 

(■(y)  =  G  cos  ky  +  H  sin  ky  (2.21.8) 

in  which  G,  H  are  to  be  determined  by  application  of  boundary  conditions.  To  this  purpose  the  rod  is 
made  finite  (length  Ly )  and  two  boundary  conditions  are  imposed  at  the  left  end,  namely  the  force 
applied  is  F\ ,  and  the  velocity  applied  is  £,. 


F\  is  considered  first.  The  mechanical  force  at  any  cross  section  is  .Eq  (2.21.5c) 
Fm  —  LwL,Cf]  [-  Gk  sin  ky  +  Hk  cos  /cyl 

Aty  -  0,  Fm  -  F\.  Hence, 

H  ^ 
wLwL,pVc 

Next  is  considered.  Then  y  =  0,  £  =  =  -  /cv£,  -  G.  Hence, 

k\ 


(2.21. 5d) 


(2.21.8a) 


G  = 


—to) 


(2.21.8b) 


Thus  the  mechanical  displacement  due  to  the  mechanical  forces  (action  and  reaction)  only  is, 


£(y.  t)  = 


£i  F\ 

— -  cos  ky  +  - 

—  IQ)  Q)LwI,tp\c 
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The  total  force  at  any  cross  section  also  includes  the  mechanical  force  due  to  the  applied  electric  field. 
The  mechanical  velocity  at  any  cross  section  is  therefore, 


H y,  t )  =  f!  cos  ky  -  /- 


LwL,hnEi 

03*3 

LwLtpvc 


sin  ky \e 


(2.21.9) 


This  is  the  velocity  equation.  In  a  similar  way  the  force  equation  can  be  constructed.  Substituting 
(2.21.8a,  8b)  into  (2.21.5d)  and  simplifying  terms  lead  to  the  explicit  form, 


FM  =  F\  cos  ky  -  ik\LwLt\cp  sin  ky. 


(2.21.10a) 


Here  the  first  term  represents  an  applied  force  while  the  second  term  is  a  reactive  force.  Since  the 
mechanical  force  due  to  the  applied  field  is  an  applied  force,  it  can  be  grouped  with  F\.  Thus  the  total 
force  at  any  cross  section  is 


LwLthnEj 

03*3 


LwL,h  3i£3 
03S3 


F  +  — - — = - -  Fi  +  — — t -  cos  ky  -  i£\LwLtp\c  sin  ky. 


(2.21.10b) 


III.  The  Electrical  Equation 

Equation  (2.21.1c)  for  the  electric  displacement  with  help  of  Eq.  (2.21.8)  may  now  be  written, 


Djiy,  t )  «  +  ~  [-  Gk  sin  ky  +  Hk  cos  e  h 


(2.21.11a) 


Since  the  electric  current  is 


/  *  fQy  DjLwdy  (units:  Cs-1  -  A) 


(2.21.11b) 


the  required  integration  along  y  leads  to 


io)LwLyEj  tti\Ew  , 


(2.21.11c) 


IV.  The  Electromechanical  Transformer  Ratio 

Examination  of  Eq.  (2.21.11c)  shows  that  electric  current  and  mechanical  velocity  are  related 
through  a  constant  $, 


i  = 


(2.21.12a) 


6  =  —  e3‘  (units:  N/V). 


(2.21.12b) 


PWVTV*  ^  > 
r<> -  . 


:v; 

'.V. 

'.V, 

I 


<W\WV'V  ■ 


'.v>v^^wav>V'T^^-*^7>"7-v7''1'7^7-v7' 


V'*  .  Vi  J  -.  .'2  V'''  .'■■ 
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Similarly,  examination  of  Eq.  (2.21.10b)  shows  that  mechanical  force  and  electrical  voltage  are  related, 

F  =  <f>E  (2.21.12c) 


E  =  EjL,  (units:  V). 


(2.21. 12d) 


Since  (12a)  and  (12c)  combined  give, 


it  is  concluded  that  in  the  conversion  of  electrical  power  to  mechanical  power  the  conversion  may  be 
described  as  that  of  a  transformer  with  ratio  1  to  <f>2\ 


cf>2ZE  =  ZM.  (2.21.13) 

This  conclusion  is  based  on  the  analogy  F  -*  E,  k~*  i. 

V.  The  Equivalent  Circuit 

The  longitudinal  vibrator  is  modeled  as  a  short  transmission  line.  By  analogy  with  the  theory  of 
electric  transmission  lines  the  assumption  is  first  made  that  the  longitudinal  vibrator  has  distributed 
mass,  stiffness  and  mechar.ical  resistance.  The  analysis  then  follows  electric  circuit  theory  closely. 
These  are  the  steps. 

Let  R,  L,  C  be  the  electrical  resistance,  inductance  and  capacitance  per  unit  length  of  an  electrical 
transmission  line,  and  let  G  be  the  leakance  to  ground.  The  voltage  drop  per  unit  of  length  is  then 


dE  =  —  i(jo)L  +  R)  dx 


and  the  current  branching  is 


di  =  -  E(G  +  jcoC)dx. 

These  equations  describe  a  set  of  propagating  waves  (for  time  e+jw‘)  traveling  to  the  right  and  to  the 
left.  (For  a  discussion  of  transmission  line  theory  see  Sections  2.29,  2.30,  2.31  below).  The  sum  con¬ 
stitutes  a  standing  wave  with  complex  propagation  constant  9: 

i  -  Aeey  +  Be~9y,  9  =  VU?  +  JuL)  {G  +  jwC)  (units:  nr1) 

where  A,  B  are  constants  to  be  determined  from  boundary  conditions  at  y  —  0.  In  terms  of  applied 
current  /0  and  applied  voltage  Eq,  both  at  y  =  0,  it  can  directly  be  deduced  that  at  any  point  y  of  the 
transmission  line  the  values  of  A,  B  lead  to  the  equations, 

E  =■■  Eq  cosh  9y  -  i0Zo  sinh  9y  (2.21.14a) 


/  =  /'0  cosh  9y  — —  sinh  Qy 
Zo 


(2.21.14b) 
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Zo 


VR  +  jtoL 
G  +  josC 


(2.21.14c) 


[3]. 

These  are  the  exact  equations  for  a  very  long  transmission  line.  When  the  line  is  made  "short  enough" 
its  filtering  action  may  be  approximated  by  a  T-network,  Fig.  2.21.2,  for  which, 


E2 


Zt  +  2Z2]  ,  .  Z,(Z,  +  4Z2) 
2Z2  +  *'  4Z2 


(2.21.15a) 


h  “  'i 


Zi  +  2Z2 
2  Z2 


(2.21.15b) 


Fig.  2.21.2  —  T-network  representation  of  a 
short  transmission  line 


The  sign  associated  with  E2  comes  from  the  loop  equation  for  mesh  II  in  which  E2  is  regarded  as 
a  rise  in  potential.  On  comparing  2.21.15a,  b  with  2.21.14a,  b  it  is  deduced  that  by  making 


£i 

2 


Z0  tanh 


Zp 

sinh  0y 


(2.21.16) 


the  two  sets  of  equations  will  be  formally  the  same,  provided  E  is  opposite  in  sign  to  E2. 

To  this  point  9  is  complex  with  both  real  and  imaginary  parts.  It  is  useful  to  consider  the  resis¬ 
tance  R  and  leakance  G  to  be  very  small  so  that  9  becomes  purely  imaginary.  Then,  for  time  given  by 
exp  jo>t. 


=  jZ0  tan 


wV  LC 


Z,= 


-jZ0 


sin  to 


VIC 


(2.21.17) 


These  are  the  parameters  associated  with  the  T-network  representation  of  a  short  transmission  line 
described  by  the  equations 

E  -  E0  cos  (ywVZC)  —  /0 Z0  sin  (yooy/LC )  (2.21.18a) 


/  -«  i0  cos  (ytoy/LC )  — sin  (ywVZC). 


(2.21.18b) 


f  ""'""  "  . 


M 

Aj 


i* 
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A  formal  comparison  of  18a,  b  with  Eqs.  2.21.10b  and  2.21.9  shows  that  if  one  makes  the  correspon¬ 
dences 


E-+  F  + 


/-£ 


LwL,hi\E3 


Zq  *  LwL,p\c  “  Z0 


jVZc  -*  ^ 

V, 


then  the  mechanical  equations  can  be  represented  by  an  equivalent  circuit  in  the  form  of  a  T-network, 
Fig.  2.21.3.  This  network  equivalent  is  valid  for  all  frequency  ranges  provided  the  vibrator  is  "short- 


enough"  (generally  a  fraction  of  a  wavelength). 
Several  cases  of  Fig.  2.21.3  are  now  considered. 


Fig.  2.21.3  —  T-network  representation  of  the  piezoelectric 
longitudinal  vibrator  in  Fig.  2.21.1 


2.22  LONGITUDINAL  BAR  TRANSDUCER  CLAMPED  AT  ONE  END 

In  this  case  £i  -  0,  and 


j  Zn  i  (1)LV  t 

— 7— — r  +  y  Z„  tan  —  -  -  y  Z,  col 


O >Ly 

sin 

vc 

(2.22.1) 


Hence  the  equivalent  circuit  reduces  to  Fig.  2.22.1. 

In  many  important  applications  the  vibrator  is  operated  at  (or  near)  a  frequency  u>R  such  that  the 
impedance  of  the  series  branch  vanishes.  Setting  u  =  coR  +  Aw,  Aw  «  a)R,  it  is  found  that, 
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Thus,  near  w  =  uR  the  longitudinal  vibrator  clamped  at  one  end  is  represented  by  Fig.  2.22.2. 

2.23  A  LONGITUDINAL  BAR  TRANSDUCER  WITH  ONE  END  FREE  AND 
ONE  END  DRIVING  A  LOAD 


In  this  case  F\  =  0,  meaning  the  left  terminal  of  Fig.  2.21.3  is  short-circuited.  The  equivalent  cir¬ 
cuit  then  takes  on  the  appearance  of  Fig.  2.23.1. 
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Fig.  2.22.2  —  Approximation  of  Fig.  2.22.1 
near  m  ™  cog 


Fig.  2.23.1  —  Equivalent  electrical  circuit  pf  a  longitudinal  vibrator  free  at  one 
end  and  driving  a  load  at  the  other  end 


The  right  end  of  this  circuit  is  a  left  /.-network  with  two  equal  branches  (Zj  =  Z2).  According  to 
Norton  [4]  it  is  equivalent  to  a  right  /.-network  ( Zx  =  Zy )  as  seen  through  a  transformer  of  turns  ratio 
4>.  Since 

Zy  =  Zx  =  2jZo  tan  ^  =  Z,  +  Z2  (2.23.1) 

and  d>  *  2,  the  right  side  of  Fig.  2.23.1  reduces  to  Fig.  2.23.2. 


Thus,  Fig.  2.23.1  simplifies  to  Fig.  2.23.3. 

According  to  this  equivalent  circuit  the  longitudinal  vibrator  exhibits  a  frequency  dependence  of  both  a 
series  branch  and  a  shunt  branch.  Near  the  resonant  frequency  of  the  series  branch 

The  series  branches  are  combined  through  the  transformer  (turns  ratio  4>  =  2), 


-/'4Z0  »Ar 

- +  2 j  Z0  tan 


sin 


ft)  /,„ 


t  o>Lv 

n  z„  cot  — 


(2.23.2) 
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i  vffTv»\n  y t  ^v*  vn^ *.  > yv^vy* ,  •  V'* v\  ^  ,v  ^ 


■  .** 


_  <  WLy 

V  Zo  tan 


.  4  Z0wA 


ir  A  co 

it  is  seen  by  comparing  .Eq  (2.23.27)  with  .Eq  (2.23.6)  that  the  equivalent  mass  M2  is 
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(2.23.7) 


M,  -  — 


8  Z0 


and  the  resonating  stiffness  is 


C2 


7T  (0A 


<»AM 2 


(units:  Ns2/m) 


(units:  m/n). 


(2.23.8) 


(2.23.9) 


With  these  approximations  Fig.  2.23.3  reduces  to  Fig.  2.23.4.  Its  frequency  dependence  is  discussed  in 
the  next  section  under  the  title  of  bandwidth  properties  of  transducers. 


Fig.  2.23.4  —  Equivalent  electrical  circuit  near  the  resonant 
and  antiresonant  frequencies  of  a  longitudinal  vibrator 
loaded  at  one  end  and  free  at  the  other  end 


2.24  INTRODUCTION  TO  BANDPASS  AND  BANDREJECT  PROPERTIES 
OF  TRANSDUCERS 

In  the  theory  reviewed  in  Secs.  1.0,  1.1  transducers  were  modeled  as  simple,  or  complex,  cascades 
of  series/parallel  components.  These  components  were  classified  as  resonant  or  nonresonant.  We  treat 
in  the  next  sections  components  which  are  series  resonant,  or  parallel  resonant  to  show  their  bandpass 
properties. 

2.25  PARALLEL  RESONANT  MECHANICAL  CIRCUITS 

By  definition  in  this  treatise,  a  mechanical  network  whose  elements  are  in  parallel  relative  to  force 
is  one  in  which  the  force  divides  among  the  elements.  Alternatively,  it  is  a  network  whose  elements 
possess  a  common  velocity.  We  consider  first  a  network  of  mass  mp,  compliance  np,  and  damping  Rp  in 
parallel,  Fig.  2.25.1a.  The  appropriate  equation  of  motion  in  the  steady  state  involves  a  sum  of 
mechanical  impedances: 


(a)  (b)  (c)  (d)  (e)  (f)  (g) 

Fig.  2.23.1  —  (a)  A  parallel  mechanical  network,  (b)  formulas  for  impedance  and  mobility,  (c)  plot  of  its  complex  impedance, 
(d)  plot  of  its  complex  mobility,  (e)  plot  of  magnitude  of  total  mechanical  impedance  vs  frequency,  (f)  plot  of  magnitude  of  total 
mobility  vs  frequency  (g)  phase  angle  of  velocity  vs  force  [161.  C.  M.  Harris  and  C.  E.  Crede,  Shock  and  Vibration  Handbook ,  1 
(1961),  *>1961  McGrav'-Hill  Book  Co.;  by  permission. 
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The  magnitude  of  impedance  (—  \F/V\)  and  angle  of  impedance  ( 9 )  is  shown  in  (b)  and  (d)  of  this 
figure.  Here  co02  -  ( mpnp)~K  The  magnitude  of  mobility  (-  |  V/F I)  is  also  given  in  (c). 

When  the  mechanical  circuit  forms  the  secondary  of  a  transduction  chain  it  is  convenient  (as 
noted  earlier  in  Sec.  1.23)  to  transform  secondary  parameters  into  primary  parameters  with  the  aid  of 
the  law  of  transduction.  To  simplify  this  transformation  one  adopts  a  suitable  analogy.  For  example, 
let  us  assume  the  parallel  mechanical  circuit  of  Fig.  2.25.1  forms  the  secondary  of  an  electromechanical 
transducer  whose  transduction  is  that  of  a  gyrator.  A  simple  VF  form  of  gyrator  satisfies  the  formulas, 

e  V  is  the  across-variable 

gyrator  transduction:  V-  iy:  F-  —  .  ... 

J '  y  [and  F  is  the  through-variable 

in  which  y  is  a  simple  scale  factor.  Substitution  in  Eq.  2.25.1  gives  the  electrical  equivalent  network 

F_  e_  \ _ e  1 

V  y  iy  i  y* 

or 

4  -  y2  jo>mp  +  cp  +  .  (2.25.3) 

'  J<»np 

This  is  the  equation  of  an  electrical  series  circuit  in  which 

y2mp  -  Lm\  y2cp  -  Rc\  njy2  -  Cp  i  -  e  -  yF.  (2.25.4) 

In  this  circuit  the  electrical  current  i  is  the  through-quantity  and  the  electrical  voltage  e  is  the  across- 
quantity.  Figure  2.25.2  shows  the  electrical  equivalent  circuit  of  this  parallel  mechanical  circuit,  as 
transduced  by  a  gyrator: 

A  universal  curve  of  the  velocity  response  of  a  parallel  resonant  circuit  for  fixed  applied  force  is 
shown  in  Fig.  2.25.3.  The  parameter  a  used  in  this  figure  is  defined  as, 

cycles  off  resonance 
resonant  frequency 

Q  ”  too Ll R 

L  R  C 


e  =  yF 


(2.25.2) 


Fig.  2.25.2  —  An  electrical  equivalent  circuit  of  a  secondary  parallel 
mechanical  circuit  transduced  to  the  primary  by  agency  of  a  gyrator 
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iO  2.5  20  15  10  05  0  0.5  10  15  2.0  25  10 

Frequency  Below  Resonance  Values  of  a  Frequency  Above  Resonance 

Fig.  2.25.3  —  Velocity  response,  or  current  response,  of  Fig.  2.25.2  normalized  to 
response  at  resonance.  A  -  magnitude,  B  —  phase  relative  to  phase  of  applied  force 
[11].  F.  E.  Terman,  Radio  Engineers  Handbook  (1st  ed)  (1943),  *1943  McGraw-Hill 
Book  Co.;  by  permission. 

It  is  noted  that  because  Fig  2.25.2  is  a  FV  diagram  and  Fig.  2.25.1  is  a  VF  diagram  the  phase  angle  9 
opposite  in  sign  (that  is,  lead  and  lag  are  interchanged).  Table  2.25.1  gives  several  responses  for  rapid 
estimation  of  this  curve. 

Table  2.25.1 


^  cycles  off  resonances 
resonant  frequency 

a 

V/  ^resonance 

Phase  0  (average) 

1 

6  Q 

1/6 

0.95 

18°  lag 

1 

4  Q 

1/4 

0.90 

26°  lag 

1 

20 

1/2 

0.707 

45°  lag 

1/0 

1 

0.447 

63°  lag 

2/  0 

2 

0.242 

75°  lag 

4/0 

4 

0.124 

83°  lag 
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^  actual  frequency 
y  resonant  frequency  ’ 

The  force  through  the  mass  (or  spring)  at  resonance  for  applied  force  F0  is, 


h-  fc-f0q. 


Far  below  resonance  (i.e.,  where  y  >  3 /Q)  one  has 


h 


-l 


Fc=  [Q(y2  —  l)]-1. 


The  magnitude  and  phase  of  impedance  corresponding  to  are  shown  in  Figs.  2.25.4a  and  2.25.4b. 


It  is  often  useful  to  represent  the  secondary  mechanical  circuit  by  analogous  primary  circuit  forms 
(in  this  case,  electrical  forms).  For  example,  the  parallel  mechanical  network  of  Fig.  2.25.1  can  be 
described  in  terms  of  ihe  forces  Fn,  Fm,  and  Fc  flowing  through  the  spring,  mass  and  damper: 


“  jcortpFf,  “ 


1 

jump 


Fm 


/ 

(2.25.5) 


Since  is  it  always  convenient  to  represent  parallel  mechanical  elements  by  parallel-type  electrical 
symbols,  we  choose  the  analogy  /  —  F;  e  —  V,  thus  making  force  the  through-quantity  and  velocity  the 

across-quantity.  Then  np  appears  as  an  inductance,  m  as  a  capacitor,  and  -  (-  h)  as  an  admittance. 

r  Q 

Fig.  2.25.5  shows  this  representation  of  the  secondary: 


To  summarize  the  salient  features  of  Figs.  2.25.1,  2.25.2,  and  2.25.5.  Figure  2.25.1  gives  the  response  of  a 
parallel  mechanical  circuit  in  the  form  of  impedance,  mobility,  and  phase  plots.  Figure  2.25.5  gives  an  electri¬ 
cal  symbol  representation  of  the  circuit  as  it  would  appear  in  the  secondary  of  an  electromechanical 
transformer.  Figure  2.25.2  gives  the  electrical  symbol  representation  of  the  circuit  as  it  would  appear  trans¬ 
duced  by  a  gyrator  into  the  primary  of  an  electromechanical  transducer. 


It  remains  now  to  consider  the  parallel  mechanical  circuit  of  Fig.  2.25.1  to  be  the  secondary  of  an 
electromechanical  transducer  in  which  the  transduction  is  that  of  an  ideal  transformer  in  VF  form: 


VF  form  of  id*;al  transformer  transduction:  e  =  — ;  i  —  xF 

x 


V  is  across-variable 
F  is  through-variable 


(2.25.6) 


Here,  xis  a  scale  tactor.  Substitution  into  Eq.  2.25.1  leads  to  the  relation, 


=  J2 

,  .  1 
jwmp  +  cp  +  - - 

-  J2 

F_ 

P  P  jun„ 

V 

(2.25.7) 


This  is  the  equation  of  an  electrical  parallel  circuit  in  which, 


"j'.'.Wv '.VMV.- Y-V*\>V-!A .\v-i-w  V - 


.•  V 
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Fig.  2.25.4  —  Representation  of  Fig.  2.25.1  transduced  by  an 
ideal  transformer  from  the  secondary  into  the  primary  of  an 
electromechanical  transducer,  (a)  magnitude  of  Z/R  versus 
y,  (b)  phase  of  versus  Z  y  [11].  F.  E.  Terman,  Radio  En¬ 
gineers  Handbook  (1st  ed)  (1943),  °1943  McGraw-Hill  Book 
Co.;  by  permission. 


Fig.  2.25.5  —  A  VF  representation  of  Fig.  2.25.1  expressed  in 
electrical  symbols,  as  it  appears  in  the  secondary  of  an  elec¬ 
tromechanical  transducer  [11].  F.  E.  Terman,  Radio  Engineers 
Handbook  (1st  ed)  (1943),  ®1943  McGraw-Hill  Book  Co.;  by 
permission. 
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Figure  2.25.6  shows  the  parallel  primary  circuit  equivalent  of  the  parallel  secondary  circuit,  when  the 
latter  is  transduced  through  an  ideal  transformer: 

The  effect  of  type  of  transduction  on  the  dynamic  behavior  of  a  parallel  mechanical  circuit  is  very 
significant.  Transduction  by  the  VF  form  of  gyrator  action  converts  this  circuit  into  a  series-connected 
electrical  equivalent  circuit,  with  the  current  /  being  the  analog  of  the  velocity.  Transduction  by  ideai 
transformer  action  converts  this  circuit  into  a  parallel-connected  electrical  equivalent  circuit,  with  the 
current  i  being  the  analog  of  the  force. 


Fig.  2.25.6  —  Parallel  primary-circuit  equivalent  of  the 
parallel  secondary-circuit 


2.26  SERIES-CONNECTED  RESONANT  MECHANICAL  CIRCUITS 

By  definition  in  this  treatise,  a  mechanical  network  whose  elements  are  in  series  relative  to  force 
is  one  in  which  the  force  is  common  to  all  elements.  Alternatively,  it  is  a  network  in  which  the  input 
velocity  is  divided  among  the  elements.  We  consider  here  a  network  of  mass  ms,  damping  cs,  and  com¬ 
pliance  ns  connected  in  series,  Fig.  2.26.1. 


Fig.  2.26.1  —  (a)  A  spring  dashpot,  mass  series-connected  mechanical  network  (b)  impedance  and  mobility  equations  (c)  Plot  of 
ImZ  vs  ReZ  (d)  Plot  Im  M  vs  ReAf  (e)  Plot  |Z|  vs  to  (f)  Plot  \M\  vs  to  (g)  Plot  of  H  vs  to  (161.  C.  M.  Harris  and  C.  E.  Crede, 
Shock  and  Vibration  Handbook ,  1  (1961),  c196l  McGraw-Hill  Book  Co.;  by  permission. 


The  appropriate  equation  of  motion  in  the  steady  state  involves  a  sum  of  mobilities: 


where 


r£M, 

I 


=  F  — 
Cs 


+  join,  H - jtoms 

y 


=  FM 


(2.26.1) 


«o  =  (msns)  1 


We  now  let  this  circuit  be  the  secondary  of  an  electromechanical  transducer.  To  display  a  convenient 
representation  for  it  we  choose  the  analogy  /  *  F,  e  =  V,  and  compare  Eq.  2.26.1  with  the  form, 


».*  “  *  \  \  /•  . 


Thua  it  is  concluded  that 

Ls  —  ns.  Cs  —  ms.  Rs  —  1/ cs 
Figure  2.26.2  shows  this  representation. 
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(2.26.2) 


Cs 


v  ms 


Fig.  2.26.2  —  Equivalent  circuit  representation  of  Fig. 
2.26.1a  as  a  secondary  circuit  of  a  transducer 


A  first  step  in  analysis  of  a  transducer  is  to  convert  secondary  circuits  into  equivalent  primary  cir¬ 
cuits,  or  vice  versa,  through  use  of  the  transduction  circuit.  We  consider  here  transduction  via  gyrator, 
or  via  ideal  transformer. 


gyrator  transduction:  V  «  iy\  F  —  — . 


i 


Substitution  into  Eq.  2.26.1  leads  to  the  result  that, 

i  u  i  ,  yo>"s  ,  i 

—  as - mt  ■-  -  -f-  — — —  -f-  ■  "  "  » 

e  y 2  y*c  y2  jo>msy 2 

This  formula  corresponds  to  the  parallel  electrical  circuit  shown  in  Fig.  2.26.3a. 

i  =  V/y 


>  . . — 1 

< 

- -  < 

:  i  - 

R< 
-  Fy 

. . . . ( 

>  vV  c 

- - - - i 

—  n*  L  a 

1  — 1 

(2.26.3a) 


Fig.  2.26.3a  —  Equivalent  ciicuit  obtained  by  transferring  the  secon¬ 
dary  circuit  of  Fig.  2.26.2  into  a  primary  representation  via  a  gyrator 

A  mechanical  series  network  more  commonly  encountered  consists  of  a  lossy  spring  in  series  with 
a  "lossy"  mass,  Fig.  2.26.3b.  Its  FV  diagram  is  shown  in  Fig.  2.26.3c. 

The  electrical  circuit  consists  ot  Zc(>=*Ki  +  l/ywC)  and  ^(“^2  +  jo>L)  in  parallel.  The  total 
impedance  Z,  the  electrical  Q ,  and  resonant  frequency  w0,  are 

Z  -  -5^—-;  Q  -  Rs  -  Ri  +  *2;  «o  =  ULC  (2.26.3b) 


(2.26.3b) 


"■•Vi 

V.S 

» 
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k  _  c 


C  >R, 


(b) 

Fig.  2.26.3b  —  A  mechanical 
series  network  consisting  of  a  los¬ 
sy  spring  and  a  damped  mass 


Fig.  2.26.3c  —  Electrical  equivalent 
circuit  of  Fig.  2.26.3b 


The  magnitude  of  Z  varies  with  frequency  as  shown  in  Fig.  2.26. le.  It  phase  is  given  by  Fig.  2.26. lg 
with  the  sign  reversed  (because  of  change  from  a  KFto  a  FV diagram).  A  plot  of  the  magnitude  Z/Zj 
versus  Zt/Z2  (Z i,  Z2  being  Zc  or  ZL)  is  shown  in  Fig.  2.26.3d.  For  each  value  of  frequency  one 
determines  Z\,  Z2,  and  phases  <f>\,  $2 .  Then  the  chart  is  consulted  for  the  value  of  IZ/Zj.  A  second 
chart,  Fig.  2.26.3e,  shows  the  phase  angle  of  Z/Zj. 

When  the  electrical  Q ,  defined  by  Eq.  2.26.3a  is  greater  than  10  the  resistance  and  reactance  com¬ 
ponents  have  the  shape  shown  in  Fig.  2.26.3.f. 
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Fig.  2.26.3d  —  Magnitude  of  Z/Zt  vs  Zx/Z2  where  Zx,  Z2  can  be  Zc  or  ZL  [111.  F. 
E.  Terman,  Radio  Engineers  Handbook  (1st  ed)  (1943),  ®1°43  McGraw-Hill  Book  Co.; 
by  permission. 
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As  for  transduction  via  ideal  transformer,  one  has: 

V 


e  ■=  — ;  /  =  xF. 
x 

Substitution  into  Eq.  2.26.1  leads  to  the  result  that, 

£  _  J/  _  1  j<»ns  1 

i  x2  y2x2  x 2  j<omsx2 ' 

This  formula  corresponds  to  the  series  electrical  circuit  shown  in  Fig.  2.26.4. 


(2.26.4) 


i  =xF 
0 — *• — Wv 


Fig.  2.26.4  —  Representation  of  Fig.  2.26.1a  as  a  primary  equivalent  circuit 
transduced  from  the  secondary  via  an  ideal  transformer 

2.27  SERIES/PARALLEL-CONNECTED  MECHANICAL  CIRCUIT 

The  series-parallel  mechanical  circuit  shown  in  Fig.  2.27.1  may  be  analyzed  conveniently  as  a 
parallel  circuit  with  one  series  branch.  The  appropriate  equation  of  motion  is 


(a)  F-Fx  +  Fi-  V(Zt  +  Z2) 


(2.27.1) 


(b)  Z, 


*2. 7  1 

>'Z|"TT 


i2L  +  _i_ 
fri  jwm 


w 

k\ 


1 

tom 


-J 


(c)  Z, 


total 


z,  +  z, 


(d)  co  i 


■J: 


k2  +  k\  k2 


to2m 


rr 

k\k2 

m 

k\  +  k2 

to 

k\ 


to2 


1 

tom 


■Jk\!  m. 


“V\ 

*.  v 

w; 


We  now  let  this  circuit  be  the  secondary  of  an  electromechanical  transducer  and  choose  the  /  =  F, 
e  =  v  analogy  to  display  it.  In  Lhii  diiaiogy  one  sets  spring  compliance  — *  inductor,  mechanical  damper 
— ♦  inverse  resistor,  mechanical  mass  -*  capacitor.  Figure  2.27.2  shows  the  representation. 
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Fig.  2.27.1  —  (a)  Series/ parallel  circuit  (b)  Impedance  and  mobility  equations  (c)  plot  of  ImZ  vs  ReZ  (d)  plot  ImA/  vs  ReM  (e) 
plot  of  |Z|  vs  to  (f)  plot  of  I M  vsail  (g)  plot  of  W  vs  cj  [161.  C.  M.  Harris  and  C.  E.  Crede,  Shock  and  Vibration  Handbook ,  1 
U961),  e1961  McGraw-Hill  Book  Co.;  by  permission. 


Fig.  2.27.2  —  Representation  of  Fig.  2.27.1a  by  an  equivalent  circuit 
in  the  i/F  analogy 


The  transfer  of  this  secondary  circuit  to  the  primary  side  of  the  transducer  make  use  of  the 
transduction  block  (see  Fig.  1.2.1  of  Chapter  1).  As  before,  two  simple  transductions  are  the  VF  form 
of  gyrator  and  ideal  transformer.  When  we  substitute  the  gyrator  transduction  v  =  iy,  F  **  e/y  into  Eqs. 
2.27.1a  and  2.27.1c,  we  find  that 


y2  —  =“y2Zmech 


(2.27.2) 


k\y2  jcomy2 


This  equation  corresponds  to  a  series-connected  electrical  circuit  in  which  each  element  is  multiplied  by 
y2  Figure  2.27.3  shows  the  result. 


i  =  v/y 


e  =  Fy 


Fig.  2.27.3  —  Transfer  of  Fig.  2.27.2  to  the 
nrimarv  side  via  a  avrator 


'  V  V 
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An  important  observation  here  is  that  transfer  from  secondary  to  primary  (and  vice  versa) 
through  a  gyrator  converts  parallel-connected  elements  into  series-connected  elements  (and  vice-versa). 

When  the  transduction  is  through  an  ideal  transformer  (e  =  V/x;  i  =  xF)  the  result  is  quite 
different: 


e 


=  v.2  7  _ 

mech 


x2k2 


+ 


Id) 


1 


k\X2 


jd>mxL 


(2.27.3) 


This  equation  corresponds  to  a  parallel-connected  electrical  circuit  in  which  each  element  is  multiplied 
by  x2.  The  result  is  shown  in  Fig.  2.27.4 


Fig.  2.27.4  —  Transfer  of  Fig.  2.27.3  to  the  primary  side  via 
an  ideal  transformer 


One  notes  that,  except  for  a  scale  factor,  the  analogy  /  =■  F,  e  ==  V  allows  the  preservation  of 
series  (or  parallel)  form  from  secondary  to  primary,  provided  the  transduction  is  through  an  ideal 
transformer. 


2.28  MECHANICAL  AND  ACOUSTICAL  WAVE  FILTERS 

In  Secs.  1.0,  1.1  it  was  seen  that  periodic  repetition  of  a  combination  of  simple  series  parallel  cir¬ 
cuits  in  the  form  of  a  ladder  constitutes  a  wave  filter  structure.  The  filter  building  blocks  discussed 
there  were  configured  as  left-,  or  right-,  L-sections  in  which  acoustical  mass  appeared  in  the  series 
branch  and  acoustical  stiffness  in  the  parallel  branch.  Repetition  of  such  L-branches  in  a  ladder  leads 
naturally  to  an  echelon  of  7  networks.  Since  any  4-terminal  (=  two-connection)  system  can  be 
represented  by  an  equivalent  T  network  it  is  seen  that  mechanical  (acoustical)  wave  filters  can  be  con¬ 
structed  by  repetition  of  a  basic  single  two-connection  system.  In  the  discussion  now  to  be  presented 
the  T-section  comprising  the  filter  can  thus  be  any  suitable  network. 

A.  Theory  of  a  T-Section  Filter 

We  consider  a  chain  of  identical  T-sections  driven  by  a  force  source,  and  model  it  by  use  of  an  FV 
diagram,  Fig.  2.28.1.  For  mathematical  convenience  the  first  and  last  series  branch  are  made  Z/2. 


Fig.  2.28.1  —  A  T-section  mechanical  wave  filter  in  the  form  of  a  FV  network 
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At  the  nth  T-section  the  node-equation  connecting  velocities  and  the  loop  equation  connecting  forces 
have  the  forms: 

V„-  Vn+l  +  Fn+l  Y„  (2.28.1a) 

Fn-Fn+l+VnZn.  (2.28.1b) 

We  now  assume  that  the  nth  ^-section  attenuates  the  (sinusoidal)  wave  and  changes  its  phase,  by 
amounts  e®,  where  $  is  a  complex  quantity.  Thus, 

yn+l  -  e*  vn-  Fn+l  -  e*F„.  (2.28.2) 


Substitution  of  Eq.  2.28.2  into  2.28.1  leads  to  the  relation 


and 


—  In 


1  + 


ZnYn 


V 


1  + 


ZnYn 


-  1 


(2.28.4b) 


The  term  ZnYj 2  is  complex  in  the  general  case.  By  choosing  ZnYn  to  have  purely  reactive  com¬ 
ponents  cosh  $>  can  be  made  into  a  real  number.  If  the  magnitudes  are  adjusted  such  that, 


Z  Y 

-2  <  <  0 


(2.28.5) 


vuvu  -o  f/uivi)  uiiu&iiiuij  won  i  •r  —  vuo  '*r  /  •  k/hiw  ,  i  n  uiv  lunv-uviio  ui  muiw  id 


evidently  a  band  of  frequencies  Aw  over  which  the  condition  posed  by  Eq.  2.28.5  holds. 
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The  filtering  properties  of  the  structure  in  Fig.  2.28.1  are  described  by  the  ratio  of  output  force 
(across  the  load  impedance  ZL)  to  input  force  Ftn  =  F__.  This  ratio  may  be  obtained  by  solving  the 
network  for  the  ioop  velocities  v1(  v2,  ...  \N  of  an  N  section  filter.  First,  for  any  two  adjacent  sections 
it  is  seen  that  by  the  loop  law: 


-v„— 1  L  .  2I  1 

— —  +  vfl  |Z  +  —  -  —  vn+1  =  0. 


(2.28.6) 


This  is  a  difference  equation  in  loop  velocities,  which  has,  by  analogy  with  differential  equations  the 
solution 


v„  *  +  c2e~n* ,  (<J>  =  complex  function) 


(2.28.7) 


where  4>  is  defined  by  Eqs.  2. 28. 4a, b.  Application  of  this  solution  to  the  first  and  last  loop  of  Fig. 
2.28.1  leads  to  the  set  of  equations, 


—  [-  c}  sinh  4>  +  c2  sinh  $]  -  Fin 

c{eN*(ZL  Y  +  sinh  <t>)  +  c2e~N*(ZL  Y  -  sinh  4>)  -  O’ 


(2.28.8) 


Upon  easy  solution  for  constants  c{,  c2,  and  upon  substitution  into  Eq.  2.28.7,  one  finds  (for  the  case 
of  N  sections)  that  the  velocity  of  the  /th  loop  is 


v, «  FY 


sinh  4>cosh()V  -  r)<P  +  ZLY  sinh(Ar  -  r)<P 
sinh  <t[sinh  N<P  +  ZL  Y  coshlNS*)] 


In  particular  when  r  -  N, 


and  when  r  —  0, 


Vn  sinh  N<t>  sinh  $  +  ZL  Y  cosh  N$> 


sinh  <I>  cosh  NQ  +  ZLY  sinh  NQ 
V°  sinh  4>[sinh  N<P  sinh  <P  +  ZLY  cosh  N4>]  ’ 


(2.28.9a) 


(2.28.9b) 


Thus,  the  output/input  ratio  becomes 

Fo u.  2l\n 


F  1 

cosh  N<b  +  ■■■„  v  sinh  $  sinh  N$> 
ZL  Y 


(2.28.10) 


The  filtering  properties  described  by  this  ratio  can  be  summarized  here:  in  general  $  —  a  +  j/3, 


7Y 

cosh  (a  +  Ji 3)  -  1  +  — . 


(2.28.11) 
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For  a  "pass-band"  of  frequencies  such  that  (a)  Z(w),  Y(<o)  are  purely  imaginary  (and  the  product 
therefore  being  purely  real),  and  for  (b)  the  condition  of  Eq.  2.28.5,  one  has  a  ■*  0  and 

cos/3-l-ff,  -2  <  1  +  <  0.  (2.28.12) 

All  hyperbolic  functions  in  Eq.  2.28.10  become  trigonometric  functions.  There  is  then  no  attenuation 
between  sections:  that  is,  Eq.  2.28.2  takes  on  the  form 

Fn+l~e‘PF„.  (2.28.13) 

Thus  each  T-section  introduces  only  a  phase  change,  or  alternatively,  introduces  only  an  (apparent) 
time  delay  in  traveling  wave  signals. 

Outside  of  this  "pass-band"  of  frequencies  a  is  no  longer  zero.  In  this  "stop-band"  of  frequencies 
the  attenuation  is  given  by 


cosh  a 


1  + 


ZY 


1  + 


ZY 


>  0  or  <  -  2 


■■  ±  it,  or  /3  ■  0. 


(2.28.14) 


If  a  single  T-section  is  connected  to  a  source  of  internal  impedance  Zs  and  a  load  of  impedane 
ZL,  then  the  image  impedance  of  the  T-section  "looking  in"  from  the  source  is  just  the  impedance  of  the 
source;  and  the  image  impedance  "looking  back"  from  the  load  is  again  just  the  impedance  of  the  load. 
The  image  impedances  of  the  T-sections  discussed  here  is 

Zr- A/f+T'  (2'2815) 

In  the  pass-band  both  Z(o>),  T(w)  are  imaginary;  hence,  ZT  is  (ideally)  real,  that  is,  it  is  a  pure  resis¬ 
tance.  In  the  stop-band  the  ideal  image  impedance  is  a  pure  reactance. 

D.  Input-Output  Relations  of  One  T-Section 

In  Eq.  2.28.10  we  take  N  -  1.  Then  the  output  force  is  related  to  the  input  force  via  the  equa¬ 
tion: 


F\  -  AT 


cosh  4>  + 


ZrY 


sinh24> 


-l 


Also,  from  Eq.  2.28.9b,  for  the  case  of  N  —  1  section 


v0 -FT 


(cosh  v  -r  Zi  Y) 
[sinh2  4>  +  ZL  Y  cosh  $] 


(2.28.16) 


'  VT.-«-,  r.  -rjrj  7 
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Vi 


_ FT _ 

[sinh2  +  ZL  Y  cosh  $>] 


V0B 


(2.28.17) 


cosh  $  +  zL  r 

The  input-output  relation  for  one  T-section  terminated  in  load  Zl  can  therefore  be  written  as  a  simple 
matrix  equation: 


>1 

A 

0 

F 

Vl 

0 

B 

v° 

(2.28.18) 


C.  Qualitative  Description  of  Low-Pass,  High-Pass,  Band-Pass  Filters 

Mechanical-acoustical  wave  filters  can  be  designed  to  exhibit  low-pass,  high-pass,  or  band-pass  fre¬ 
quency  regimes.  The  basic  f-structures  are  shown  in  Fig.  2.28.2. 
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(b)  HIGH-PASS 


(c)  BAND-PASS 


Fig.  2.28.2  —  Simple  T-section  filters  (a)  low  pass,  (b)  high  pass,  (c)  band  pass 


In  a  low-pass  filter  the  mass  impedance  is  small  at  low  frequency  while  the  compliance  impedance  is 
large.  Hence  the  transmitted  force  (F2)  is  nearly  that  across  the  shunt  branch  and  is  nearly  the  applied 
force  (-/’1)  itself.  As  the  frequency  increases,  the  mass  impedance  increases.  This  results  in  a  sub¬ 
stantial  diminution  of  force  across  the  compliance,  which  tends  to  reduce  the  force  still  further  because 
of  its  own  lowered  impedance.  Thus  at  high  frequencies  the  output  force  F2  is  considerably  attenuated. 

In  a  high-pass  filter  the  force  at  low  frequencies  across  the  shunt  mass  M2  is  much  smaller  than 
the  applied  force  both  because  the  series  compliance  impedance  is  very  high  and  the  shunt  impedance 
is  very  low.  As  the  frequency  increases,  the  force  across  M2  increases  because  the  series  impedance  is 
diminishing  and  the  shunt  impedance  is  increasing.  Finally  at  very  high  frequencies  the  force  across 
M2  is  nearly  the  applied  force  and  the  output  force  F2  is  nearly  the  force  across  the  mass  M2. 

In  a  band-pass  filter  the  attenuation  at  low  frequencies  is  very  great  because  of  the  presence  of 
the  open-circuited  compliance  impedance.  The  force  across  M2  is  therefore  much  smaller  than  the 
applied  force.  As  the  frequency  increases,  the  series  mass  and  compliance  tend  to  cancel  each  other 
and  the  force  across  M2  tends  to  be  equal  to  the  applied  force.  This  condition  endures  over  the  pass- 
band  of  the  filter.  Beyond  the  pass-band  the  impedance  of  the  series  branch  again  increases  due  to  the 
mass  Again  ine  force  across  M2  diminishes,  and  hence  the  output  torce  1 2  becomes  greatly 
attenuated. 


R 


7).  Design  of  Mechanical-Acoustical  Filters 
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The  nomenclature  of  filter  design  has  been  standardized  by  electrical  engineers.  Figure  2.28.3 
shows  the  attenuation  diagram  of  a  very  general  case  of  a  band-pass  filter.  We  use  it  here  to  define  the 
quantities  needed  in  designing  filters. 


ATTENUATION 


►-  FREQUENCY 


T  I  oo  f  l  f2  ^2  oo 

Fig.  2.28.3  —  Standard  nomenclature  of  filter  design 


The  parameters  are: 


fi¬ 

ll- 

/loo  “ 

fix  — 

R  - 
L  - 
C  - 


low  frequency  limit  of  pass  band 
higher  frequency  limit  of  pass  band 

a  frequency  of  very  high  attenuation  in  the  low-frequency  attenuating  band 
a  frequency  of  very  high  attenuation  in  the  high  frequency  attenuating  band 
load  resistance,  i.e.,  ideal  real  image  impedance  of  a  /-section  filter 
mechanical  or  acoustical,  mass 


m— 


1  - 

I?l\ 

fa 

a 


1  or  2 


Table  of  Parameters  til].  F.  E.  Terman, 
Radio  Engineers  Handbook  (1st  ed)  (1943), 
®1943  McGraw-Hill  Book  Co.;  by  permis¬ 
sion. 
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7)  7.  Design  of  Low-Pass  Mechanical-Acoustical  Filters 


si 


¥ 

%■ 


V 

i* 


% 


The  following  Table  2.28.1  gives  the  essential  formulas  for  the  design  of  low-pass  mechanical- 
acoustical  filters: 
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XnW.'TOW  J'W A ■ V-i.-*  . v.*-\  . 


6 


V  =  VI  -  0.36=  0.8. 
J  2 


Using  Table  2.28.1  we  summarize  the  circuit  parameters  needed  for  each  type: 


li/2  Li/2 


L1/2  L1/2 

o-W1 — C-- 'MT'—o 


L,  -  0.6  x  73.7  -  38.2 

m4 


L,  -  0.6  x  63.7  -  38.2  Lx  -  03.7  (kg/m4) 

nr 


lj  -  4 — x  63.7  -  16.98 
4  x  .6  m4 


L2  -  7~;  fA  63.7  -  17.0  -&■  C2  -  63.7  x  10"7  (ms/N) 

4  X  U.o  nv 


J2  -  0.6  x  63.7  x  10"7  -  38.2  x  10“7  C2  -  0.6  x  63.7  x  10"7  -  38.2  x 

!  10-7  m5/N 

A  physical  embodiment  of  a  low-pass  acoustical  filter  consists  of  a  hollow  vessel  with  a  circular  hole. 
The  acoustic  mass  MA  is  the  small  volume  (of  air)  that  moves  into  and  out  of  the  hole  when  the  cavity 
is  excited  to  vibrate  at  a  specific  frequency.  Its  magnitude  is  given  by 

Ma  -  —  — ■  ^  (units:  Ns2/m5) 


/'  —  actual  depth  of  hole 


/"  -  end  correction  of  hole 


a  =  radius  of  hole. 


In  the  present  case  we  choose  /'  =  0  and  /"  =  0.85a  [5],  Then 

63.7  =  1.18  ^  x  —  yiy  -  -^2- 
nr  tt  a  (m)  a 


or  a  —  5  x  10  3  meter. 

The  volume  of  the  cavity  is  determined  from  the  bulk  modules  K. 

c  =_v_ 

'  k  yPo 
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or  V  -  63.7  x  10~7  ~  x  1.4  x  10s  =  0.89  m3. 


A  possible  filter  structure  embodying  these  parameters  is  shown  in  Fig.  2.28.4. 


Fig.  2  28.4  —  A  low  pass  acoustical  filter  (type  II)  [5] 


In  this  figure  the  mass  component  of  the  filter  resides  in  the  hole  at  H  and  at  the  holes  at  £,  while  the 
compliance  component  resides  in  closed  volume  V.  The  image  impedance  (resistance)  resides  in  the 
holes  £ 


A  Type  I  low-pass  filter  may  be  constructed  along  similar  lines.  The  holes  £  in  this  case  are  relo¬ 
cated  in  hole  H.  This  places  acoustic  mass  in  the  shunt  branch. 

D  2.  Design  of  High-Pass  Mechanical-Acoustic  Filters 

Table  2.28.2  gives  the  essential  formulas  for  the  design  of  high-pass  acoustical  filters.  We  illus¬ 
trate  its  use  with  an  example: 

Table  2.28.2  [after  11].  F.  E.  Terman,  Radio  Engineers  Handbook 
(1st  ed)  (1943),  ®1943  McGraw-Hill  Book  Co.;  by  permission. 


Fundamental  Relation* 

Ri  «■  load  resistance  /i  •»  cut-off  frequency  a  frequency  of  very 

(lowest  frequency  transmitted)  high  ntteuuation 


Example  2. 

Design  a  high-pass  T-section  acoustical  filter  to  cut  off  at  /r  =  150  Hz  and  to  be  heavily 
attenuated  at  =  0.8(150)  =  120  Hz.  The  image  impedance  should  be  R  =  103  MKS  ohms. 


The  calculated  parameters  are: 

1 


CK- 


1 


4irfiR  4t r  x  150  x  103 


5.3  x  10"7  m5/N. 
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R  103(Ns/m5) 


4tt/, 


4tt  150 
m  -  0.6 


0.53 


NSI 2 


nr 


The  parameters  for  each  type  are: 


Ci  -  8.83  x  10~7  m5/N 

Cj  -  ~~  x  5.3  x  IQ'7 
-  1.99  x  10-7  m5/N 

Lz  -  ~  -  0.8« 

•0  m5 


2Ci  2Ci 

I - ° 


_L 

“T”  °2 

o - 1 - o 


5.3  x  1Q~7 

0.6 


8.83  x  10~7  m5/N 


C2  -  y~  *  x  5.3  x  10"7 
-  1.99  x  10“7  m5/N 

i2.0f  _0„Nd 

•6  nr 


C,  -  5.3  x  10"7  m5/N 
Ns2 


L7  -  0.53 


mJ 


Figure  2.28.4  may  also  serve  as  a  high-pass  acoustic  filter  (Type  II)  by  opening  the  side-branch  (-  area 
5). 


D  3.  Design  of  Band-Pass  Mechanical  Acoustical  Filters 

Table  2.28.3  gives  the  essential  formulas  for  the  design  of  band-pass  acoustical  filters.  We  illus¬ 
trate  its  use  with  an  example: 

Example  3. 

Design  a  Type  II  band-pass  T-section  acoustical  filter  to  pass  all  frequencies  from  f\  —  100  Hz  to 
A  ”  300  Hz.  Let  the  image  impedance  (/?)=*  104  MKS  ohms.  The  calculated  parameters  are: 

r  AR _ 100  X  IQ4  NS2 

1  "  vfiifi  ~  f\)  7r  200(100)  =  m5 

I  -  (/l  +  h)R  _  300  x  1Q<  =  Ns2 

2  4t tA/2  4tt100  x  200  m5 


A- A 
**AAR 


200  -  100 
4tt100  x  200  x  104 


=  3.98  x  10'8  m5/N. 


263 


Design  of  Acoustic  Transducers 


Table  2.28.3  [after  11].  F.  E.  Terman,  Radio  Engineers  Handbook 
(1st  ed)  (1943),  ®1943  McGraw-Hill  Book  Co. 


Fundamental  Relations 

R  —  load  resistance  /i  «=  lower  frequency  limit  of  pass  /j  >=  higher  frequency  limit  of  pass 

band  band 

fu,  m  a  frequency  of  very  high  attenuation  in  low-frequency  ft.  -  a  frequency  of  very  high  attenuation  in  high-frequency 
attenuating  band  attenuating  band 

-  r  =  A  r  (f>  ~  ft)R  n  ft  —  fi  r  1 

L“  »(/.-/.)  4*/,/,  C“  InfdtR  C“  *(/»-/•)« 
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A  physical  embodiment  of  this  filter  is  shown  in  Fig.  2.28.5. 

S  (OPEN) 

-  DIAPHRAGM 


Fig.  2.28.5  —  A  band  pass  acoustic  filter 

Acoustic  Filters  and  Bond  Graphs 

Acoustic  filters  which  consist  of  cascades  of  tubes  and  cavities  are  customarily  designed  by  use  of 
lumped  parameter  equivalent  circuits  in  which  the  relations  between  pressure  and  flow  are  assumed 
linear.  Such  models  are  valid  for  low  flow  rates  and  small  pressure  differentials.  High  flow  rates  and 
high  pressure  levels  require  nonlinear  theory  for  accurate  prediction  of  filtering  capability.  Nonlinear 
theory  is  difficult  to  apply  in  practice,  and  one  is  reduced  to  making  modifications  to  linear  theory  by 
use  of  a  simple  perturbation  of  the  formulas,  often  leading  to  numerical  and  graphical  procedures  for 
obtaining  results. 

The  extension  of  lumped  parameter  (linear)  theory  to  distributed  parameter  (linear  theory) 
increases  the  validity  of  analysis  in  frequency  ranges  where  lumped  parameter  theory  fails.  The  exten¬ 
sion  is  carried  out  by  use  of  normal  modes.  In  applications  where  one-dimensional  analysis  is  satisfac¬ 
tory,  and  where  only  a  few  normal  modes  are  adequate  to  extend  the  frequency  range  as  needed,  a 
representation  of  the  filter  by  bond  graphis  should  prove  useful.  The  theory  of  these  filters  of  extended 
frequency  range  has  been  developed  by  Karnopp  [13]  and  is  presented  now. 

Assume  a  pipe  flow  in  which  the  pressure  distribution  p(x,  t)  and  the  acceleration  of  flow 
Q(x,  t)  per  unit  of  length  is  adequately  described  by  the  set  of  second-order  integral-differential  equa¬ 
tions. 


+paC 2  If 


(b) 


Jje.  _  _L  &e  .  ki  +iZ 

8x 2  C 2  8r2  5  dt  8x 


(2.28.19) 


p0  -  mass  density  (Ns2/m4) 

C  -  speed  of  sound  (m/s) 

Q  -  volume  flow  (m3/s) 

/  -  applied  force  per  unit  length  (N/m) 

q  -  injected  volume  flow  per  unit  of  length  (m3/s  •  m) 

p  —  fluid  pressure  (N/m2) 

A  solution  of  Eq.  (a)  in  normal  modes  is  obtained  by  setting  q  -  0  and  writing, 


Q  -  I  Gh{x)  („(t) 

_ A 


in  which  the  units  of  t;n(t)  are  m3/s,  and  the  Gn  is  dimensionless.  To  determine  Gn(x)  we  make  the 
pipe  to  have  rigid  walls  and  assume  the  pipe  pressure  does  not  fluctuate  with  time  at  the  ends  of  the 
pipe.  From  the  equation  of  mass  continuity  of  flow,  it  is  seen  that  dQ/dx  —  0  at  the  ends.  Hence 
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-  i  \  nirx 

G„\x)  -  cos  — — . 

The  eigenvalue  problem  posed  by  Eq.  (a)  thus  has  the  solution, 

B2Gn(x) 

ax2  “XnG"(x) 


in  which  Gn  is  orthogonal  over  the  range  x  -  0  to  x  -  with  normalization  U„m,  where 

enm  -  o  i  *'  r  *  m, 

€„«  -  1  «f  n  -  m  -  0 
1 

”  J  »  n 


Eq.  (a)  therefore  becomes, 


PoC2  |  (-)  Gn(x)  tn(t)  -  p0  |  G„(x)  C 


Multiplying  through  by  Gm(x)  and  integrating  over  0  <  x  <  /,  one  obtain 


\2 

0C2  *f  limn  tn(t)  +  p0  ItmntnW  “  Jq  COS  ~~  dx. 


Choose  the  forcing  function  to  be 


/-  S  {po8(x)  -  p,  8(x  -  /)} 


in  which  S  is  the  cross-sectional  area  of  the  pipe.  Performing  the  integration  over  x,  then  integrating 
the  entire  expression  over  time  lead  to  the  set  of  formulas, 


for  n  -  m  -  0:  —  f0(t)  -  p0-  p, 


for  n  >  0:  p0C2  /'{,(*)<*  +  ~  £„(/)  -  p<fi(x)  -  p,(- 1)". 


(2.28.20) 


The  coefficients  multiplying  are  acoustic  masses  (units:  Ns2/m5)  and  the  coefficient  multiplying 
are  acoustic  capacitances  (units:  m5/N).  It  is  seen  that  for  the  zeroth-order  mode  the  pipe  acts  as  a 
pure  inertance  while  for  modes  1,2 _ the  pipe  acts  as  a  combined  inertance  and  capacitance. 

The  bond  graph  corresponding  to  these  equations  is  shown  in  Fig.  2.28.6. 

In  sum :  solution  of  the  equation  in  flow  Q  when  driven  by  forces  has  led  to  the  existence  of 
modes  in  a  long  pipe,  characterized  by  inertance  of  mass  flow  accompanied  by  capacitance  in  the  higher 
order  modes. 
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Fig.  2.28.6  —  Bond  graph  of  a  pipe  flow  with 
normal  modes 

_  irxi  irx2 

TF\  -  cos  — — ;  TF2  -  cos  -y 

2irxi  2nx2 

TF)  -  cos  — TF*  “  cos  — J~ 


I  —  1 — C, 

V*\ 


^o- 

T. 


One  turns  now  to  a  solution  of  Eq.  2.28.19  (b)  in  the  pressure  distribution  pix,  t )  of  a  long  cav¬ 
ity.  For  simplicity  assume  df/dx  -  0,  and  let  the  flow  injection  between  x  -  x\,  and  x  ”  x2  be 

q  -  Q\  Six  -  -  Q2  Six  -  x2). 

At  the  ends  of  the  cavity  let  the  flow  vanish.  Then  dp/dx  -  0  at  the  ends.  Assume  a  solution  in 
modes, 

P“  T  Hnix)y\„it) 

n~ 0 

in  which  the  mode  shapes  satisfy  the  boundary  conditions 


The  eigenvalue  problem  is  again, 


rr  f  \  'ITTX 

H„ix)  -  COS - . 

X 


d2H„ix)  nir 

d*2  / 


As  before,  H„ix)  is  orthogonal  in  the  interval  0  <  x  <  /  with  normalization  /em„.  For  each  mode  Eq. 
(b)  reduces  to, 

\2 

l*mn  *?„(')  +  “  /Q  [Q\S<X  -  X,)  -  Q2S(x  -  X2)]  COS  J~. 


Performing  the  integration  over  x,  then  integrating  the  entire  result  over  t  one  obtains: 

for  n  -  m  -  0:  —  —  t )„it)  -  Q\  -  Q2 
P  o  CL 


(2.28.21) 


SI  ,  ,  ,  n2ir 2  C  ,  -  nrrxt  nirx2 

for  n  -  m  *  0:  r)nit)  +  s  I  Vn^dt  “  Q\  cos  — - - Q2  cos  — — . 

Thus  the  pressure  distribution  in  the  long  cavity,  when  driven  by  iqjection  of  massflow,  is  described  by 
modes  characterized  in  the  lowest  order  by  capacitance  C  -  SI/p0C 2  (units:  m5/N),  and  by  capacitance 
2Sl/paC 2  accompanied  by  inertance  /-  2p0l/n2TrS  (units:  Ns2/m5)  in  the  higher  order  modes.  The 
bond  graph  corresponding  to  these  equations  is  formed  by  writing  them  in  the  form, 
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c  -Jt  +  ■/  /  "  •  dt  7?«')  +  02  C0S  ~~f~  ~  01 


(2.28.22) 


In  electrical  terms,  using  the  current/fluid  flow  analogy  this  is  seen  to  be  a  modal  equation  in  which  Q 
is  in  series  position  and  pressure  (i.e.,  17)  is  in  shunt  position.  The  bond  graph  reduces  to  the  following 
structure,  Fig.  2.28.7. 

C  ? 

\  / 

A 


-1- - -O — 


Fig.  2.28.7  —  Bond  graph  of  pressuie/flow  in  a  long  cavity 


1— 


Figures  in  combination  allow  to  construct  lumped  parameter  models  of  acoustic  filters  using  nor¬ 
mal  modes.  An  example  illustrates  the  procedure. 

Example.  Figure  2.28.8  shows  an  acoustic  filter  with  three  cavities  and  four  tubes.  Cavity  2  and 
pipes  1  and  5  are  ‘short,’  while  cavities  4,  6  and  tubes  3,  7  are  ‘long.’  The  corresponding  bond  graph  is 
shown  in  Fig.  2.28.9. 


Fig.  2.28.8  —  A  fluid  filter 
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Fig  2.28.9  -  Bond  graph  of  Fig.  2.28.8 
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It  is  noted  that  the  sequence  93  -  Pt,  -  <73  -  Pa  is  used  to  simplify  the  readibility  of  the  graph. 
Since  the  second  q$  has  no  multiport  attached  to  it  directly,  it  is  a  redundant  dummy,  inserted  for  pure 
convenience. 

2.29  THEORY  OF  ACOUSTICAL  AND  MECHANICAL  TRANSMISSION  LINES 

The  design  of  acoustic  transducers  is  often  facilitated  by  use  of  analysis  based  on  transmission  line 
theory.  This  design  aid  is  treated  below. 

Case  I.  Lumped  Parameter  Transmission  Lines 

In  Sect.  2.28  the  characteristics  of  acoustic  wave  filters  were  discussed  in  detail.  Key  points  in  the 
discussion  are  reviewed  here  to  provide  an  introduction  to  mechanical  transmission  lines. 

Figure  2.29.1  shows  a  section  of  a  transmission  line  with  an  opening  A,  a  construction  B,  and  a 
shunt  volume  D.  Its  equivalent  circuit  is  based  on  a  FV  analogy  — that  is,  pressure  p  is  chosen  to  be  the 
across  variable  and  volume  velocity  u  the  through  variable.  In  accordance  with  procedures  already  elu¬ 
cidated  the  equivalent  circuit  is  constructed  in  these  steps: 


Fig.  2.29.1  —  Lumped  parameter 
representation  of  elements  of 
acoustic  transmission  lines 


u-~  Pi  f 


(1)  the  degrees  of  freedom  to  be  used  in  analysis  are  first  determined.  Here  there  are  three, 
namely  volume  velocities  u A,  uB,  «c.  A  fourth  is  used  below,  but  it  is  set  to  zero  upon  allowing  the 
equivalent  circuit  to  be  open-circuited. 

(2)  the  number  of  acoustic  pressures  to  be  used  is  determined.  Here  there  are  three, 
P\>  Pi-  Pi  "  Pg- 

(3)  the  acoustic  pressures  are  related  to  the  volume  velocities  through  acoustical  impedances: 


Pi  -  Pi  =  ZA  uA 

(2.29.1) 

P\~  Pi  —  ZBuB 

(2.29.2) 

Pl~  Pl  =  Z(TWC 

(2.29.3) 

(4)  the  acoustic  volume  velocities  are  related  to  the  acoustic  pressures  through  acoustical  admit¬ 
tances: 


* v * ^  V V \  f A \\. \ Vf^v^V  v^v  V  V  V  V \V\r* w  ."V  .  1%  ; 
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UA-  uB-  YA  (p{  -  Pi) 

Ug  ~  ud  ”  Yc  (P2  ~  Pi) 


UB  ”*  Yg(p\  —  Pi). 


(2.29.4) 


(2.29.5) 


(2.29.6) 


To  illustrate  the  method  of  obtaining  the  equivalent  circuit  let  us  assume  Pi  is  a  reference  pressure, 
taken  here  to  be  zero  and  let  us  set  ud  =  0,  as  before  .  Then 


P\  ”  Ya  ua 


P\  —  Pi“  YBuB 


Pi  ~  Zcuc 


uA-  uB-  Y Apx 


uc  -  Y cp2 


(2.29.7) 


(2.29.8) 


(2.29.9) 


(2.29.10) 


(2.29.11) 


uB-  uc~  Yg(px  -  Pi). 


(2.29.12) 


An  interpretation  of  these  equations  on  the  basis  of  an  FV  analogy  leads  directly  to  the  equivalent  cir¬ 
cuit.  For  example,  Eqs.  2.29.7,  2.29.9  are  statements  of  single  pressures  p\,  Pi .  These  are  construed  as 
branches  acting  as  across-variables,  hence  are  placed  in  shunt  position.  In  contrast  Eq.  2.29.8  is  a  state¬ 
ment  involving  two  pressures.  It  is  therefore  a  coupling  (that  is,  a  series)  branch.  This  series  branch 
and  the  parallel  branches  are  inserted  in  their  proper  places,  leading  to  the  circuit  constructed  in  the 
manner  shown  in  Fig.  2.29.1.  In  a  second  example  a  simple  periodic  acoustic  transmission  line  is 
shown  in  Fig.  2.29.2.  Following  the  previously  outlined  procedure  one  finds  the  pressures  and  volume 
velocities  to  be: 


^*1  P**\\ 


Fig.  2.29.2  —  Illustrative 

sketch  of  a  periodic  acoustic 
transmission  line 


Pn-l  ~  Pn~  Z/i-l  Un.  i 


Pn  ~  P, i+l  “  Z»  “/I 


(2.29.13) 


(2.29.14) 


i! 


rf’.V'.  *rfc  r.  ^  ^  «“. w  *  *•  '  *  -, 

",  ,  »  a  #  »  .  •  »"»*-  «  *  * 


-  v  v*~w*"*"  y%y%  v^v*  j^*yv\Tr 


«n-l  -  M»  “  J'nU.  ~  />G> 
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(2.29.15) 


un  ~  un+ 1  “  )«+!  (Pn+l  ~  Pg ) 


(2.29.16) 


U 


In  the  E/p,  I/u  analogy  an  FK  equivalent  circuit,  Fig.  2. 29.3a, b,  is  easily  constructed.  In  it  we 
take  pG  -  0. 
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Fig.  2.29.4  —  Illustrate  sketch  of  a  short  mechanical 
transmission  line 


To  interpret  these  relations  as  describing  an  equivalent  circuit  we  consider  first  the  arbitrary  choice  of 
analogy.  We  let  velocity  be  the  across-variable  and  force  the  through-variable  (=  VF  anology).  Then 
Eqs.  2.29.17  are  each  interpreted  as  voltage  =  impedance  x  current.  Thus  the  mechanical  admittances 
y\,  y2  ...  are  seen  to  be  all  in  series  position  on  this  VF  chart,  Fig.  2.29.5.  In  contrast  Eqs.  2.29.18  are 
each  interpreted  as  current  =  admittance  x  voltage.  Thus  the  mechanical  impedances  z i,  z2  ...  are  all 
in  shunt  position  on  this  VF  chart,  as  shown  in  Fig.  2.29.5. 


F'  —7 
-  V 

t  _ IL 


Fig.  2.29.5  —  A  VF  black-box  description  of  the 
mechanical  transmission  line  in  Fig.  2.29.4 


*.  4 


The  admittances  >>  and  impedances  z  can  be  assigned  specific  electrical  symbols.  Noting  that 


—  10)  —10) 


(2.29.19) 


one  can  interpret  these  as  electrical  inductances 


L\  *=  1 ;  Lj  “  #2  '» 


(2.29.20) 


Also,  since 


Z]  —  io)M\  +  b\\  z2  =  —io)M2  +  b2\ 


(2.29.21) 


one  can  interpret  these  symbols  as  electrical  admittance  in  which  mass  is  capacitance,  and  damping  is 
conductance: 


M\  =*  C  b\  —  G\\  M2  =  C 2,b2  —  G2  •  •  •  • 


(2.29.22) 


Thus  the  electric  circuit  equivalent  of  Fig.  2.29.5  with  these  explicit  electrical  symbols  can  be  displayed 
as  Fig.  2.29.6. 
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Fig.  2.29.6  —  An  electrical  equivalent  circuit  of  the  mechani¬ 
cal  transmission  line,  Fig,  2.29.4,  in  VF  form  (velocity  across, 
force  through) 

The  dual  of  this  circuit  is  constructed  by  changing  the  interpretation  of  the  basic  equations.  We 
first  make  the  choice  that  force  is  the  across- variable  and  velocity  is  the  through-variable  in  a  FV  chart. 
Equations  2.29.18  are  the  interpreted  as  voltage  =  impedance  x  current.  This  places  all  the  mechanical 
impedances  z  in  series  position  on  the  FV  chart,  Fig.  2.29.7.  Similarly,  Eqs.  2.29.17  can  be  interpreted 
as  current  —  admittance  x  voltage.  This  places  all  the  mechanical  admittances  y  in  shunt  position  on 
the  FV  chart.  The  equivalent  electrical  symbols  in  such  a  construction  are: 


M\  ™  L\,  b\  **  R\\  A/j  =■  Li.bi  “  . . . . 


Fig,  2.29.7  —  FV  black-box  description  of  Fig.  2.29.4 

Using  them  one  arrives  at  the  electrical  equivalent  circuit  in  KFform,  Fig.  2.29.8. 

Case  II:  Travelling  Wave  Transmission  Line  (6al 

The  importance  of  transmission  line  theory  in  the  design  of  acoustic  transducers  leads  one  to 
expand  the  theory  to  include  fluid  transmission  lines  a  they  appear  in  hydraulic  circuits.  The  following 
is  a  discussion  of  the  chief  concepts  of  this  theory. 

The  transmission  of  power  in  a  1 -dimensional  transmission  line  can  be  modeled  as  a  pair  of  first- 
order  partial  differential  equations.  While  the  exact  form  of  these  equations  depends  on  the  choice  of 
power  variables  the  derivation  and  final  results  of  these  equations  follow  a  general  pattern  which  is 
independent  of  which  variable  are  chosen. 
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Fig.  2.29.8  —  An  electrical  equivalent  circuit  in  FV  form  of  Fig.  2.29.4  based  on 
mass/ inductance,  spring/capacitance  analogy 


To  illustrate  the  method  we  consider  the  flow  of  fluid  in  a  long,  uniform  diameter,  frictionless 
pipe.  The  power  variable  in  this  case  are  total  fluid  pressure  P  (units:  N/m2)  and  fluid  flow  T(m3/s). 
For  a  fluid  in  motion  P  -  p  +  m  +  pV2/ 2  which  is  Bernoulli’s  equation),  in  which  p  is  the  thermo¬ 
dynamic  pressure,  w  the  weight  density,  z  is  the  elevation  above  a  datum  plane,  p  the  mass  density  and 
V  the  magnitude  of  the  fluid  velocity  vector  V.  Similarly,  in  a  pipe  of  cross-sectional  area  A  the  flow 
Q-  AV 

Assuming  unsteady  conservative  fluid  motion  in  which  nonpotential  body  forces  viscous  forces  are 
negligible  one  can  reduce  Navier-Stokes  equation  to  the  form 

i?-£+vv  (m23> 

Similarly  the  equation  of  continuity  of  mass  becomes, 


De_ 

DT 


-  V  V 


(2.29.24) 


Since  the  pressure  and  velocity  are  functions  of  distance  and  of  time,  it  is  natural  to  consider  the 
unsteady  motion  to  take  the  form  of  propagating  waves.  One  then  introduces  the  celerity  C  (units:  m/s) 
of  these  waves,  and,  for  compressible  motion,  obtains, 

[c(p)]2  -  (2.29.25) 

In  addition,  from  the  nature  of  the  dynamic  equation  and  the  need  to  track  pressure  in  relation  to  fluid 
velocity  it  is  useful  to  scale  the  pressure  so  that  it  is  represented  by  an  entity  which  has  the  units  of 
velocity.  A  model  of  such  scaling  can  be  deduced  from  the  case  of  plane  waves, 


Introducing  C  in  the  conservation  laws  one  obtains 

D\ 

(a)  — - — h  CV  U  =  0  (conservation  of  momentum) 
Dt 


(b)  +  CV  ■  V  =  0  conservation  of  mass) 

Dt 
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This  set  of  coupled  equations,  one  scalar  and  one  vector,  reduces  to  two  scalar  equations  if  one  takes 
the  case  of  1 -dimensional  flow,  say  in  the  s-direction: 


dt  Bs  Bs 


(2.29.26) 


*JL  +  W§JL  +  C<£L 

Bt  ds  Bs 


0 


By  addition  and  subtraction  it  is  readily  seen  that 

(a)  —  +  (V  +  C)~  -  0,  J  -  V  +  U 
Bt  Bs 


(2.29.27) 


(b)  +  (V  +  C)~  -  0,  K  -  V  -  U 

Bt  Bs 

These  equations  (first  derived  by  Riemann)  can  be  interpreted  in  a  physical  sense:  the  quantities  J,  K 
are  characteristics  of  the  partial  differential  equations  of  conservation  noted  above:  J  —  const,  travels 
along  the  path  ds  (V  +  C)dt  downstream;  K  —  const,  travels  along  the  path  ds  —  (V  —  C)dt 
upstream.  Thus,  for  an-upstream  point  s  -  a,  and  a  downstream  point  s  -  b,  and  for  travel  time  T,  the 
propagation  of  J,  K  is  governed  by  the  relations: 

Jb(t)  -Ja(t-  n-A/, 

Ka{t)  -  K„(t  -  T)  -  A  K„  (2.29.28) 


where 


Here  A  is  a  time  translation  operator  defined  by  the  relation  AJ(r)  -  X(t  -  T).  Returning  now  to  the 
equations  of  pipe  flow  one  can  immediately  deduce  from  the  J,  K  characteristics  that 

A  +  A  Va  —  Ub  +  Vb 

A  Ua  —  A  Va  -  A2  U„  —  A2 (2.29.29) 


and  hence  that, 


1  x  a2 

A-D-^C-B 


(2.29.30) 


In  terms  of  hyperbolic  function, 


-'»w  v’-^r  ,*-  j’  '■£"  "T  ~ . 

%  V  \  %  \  \*  V  V 
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Ua 

fcosh  TD  sinh  7Z>1 

ub 

V“ 

“  l  sin  TD  cosh  TD\ 

V6 

where 


cosh  TD 


sinh  TD  — 


,TD 


+  e 


■TD 


eTD  -  e~TD 


1  +  A2 
2A 

1  -  A2 


(2.29.31) 


2  2A 

By  simple  inversion, 

Ub  -  (cosh  TD)  Ua  -  (sinh  TD)Va 

\b  -  -  sinh  TD  Ua  +  (cosh  ro)VB 


(2.29.32) 


These  are  canonical  forms  of  transmission  line  equations,  more  easily  recognized  when  in  steady  state, 
for  then  D  -  jot. 

We  consider  next  1 -dimensional  flow  of  a  liquid  in  a  pipe  which  is  surrounded  by  air.  Because  the 
pipe  is  elastic  the  speed  of  propagation  of  waves  (—a)  inside  must  be  less  than  the  celerity  C  waves  in 
an  unbounded  medium.  For  the  important  case  where  V  «  a  <  C  (called  the  subsonic  case)  we  may 

set  D/Dt  =s  — ,  thereby  neglecting  the  convection  term.  Replacing  C  by  a,  and  s  by  x  one  can  refor- 
ot 


mulate  the  conservation  equations  to  read, 

(a)  I  -&■  -  -  I  -  p! A  [units:  Ns^m6)) 


(b)  C 


bP  bQ. 


9/ 


9x 


;C 


Pa 


units : 


m 

N 


(2.29.33) 


Here  I  can  be  interpreted  as  the  inertance  (units:  Ns2/ m5)  per  unit  of  length,  and  C  can  be  interpreted 
as  the  capacitance  C  (units:  m5/ N)  per  unit  of  length.  These  partial  differential  equations  are  given  a 
physical  interpretation  by  use  of  finite  differences  over  distance  Ax  -  x„+i  -  x„: 

bP  t  P rc+1  ^  w  d  Q  t  Qn+ 1  ~  Qn 

bx  Ax  ’  9x  Ax 


The  interpretation  is: 


(a)  Pn  -  P„+l  + 


IAx 


bt 


Qn 


(b)  Qn  -  Qn+l  + 


(2.29.34) 
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An  equivalent  electric  circuit  based  on  a  pressure/voltage  analogy  shows  these  equations  to  represent 
the  n’th  segment  of  an  inductance  coil  in  series  (Eq.  (a))  and  a  capacitance  condenser  is  parallel  (Eq. 
(b)).  This  is  a  classical  result. 


Since  the  pair  of  equations  in  P,  Q  have  been  derived  from  the  pair  in  U,  V  it  is  useful  to  relate 
the  four  variables  P,  Q,  U,  V.  A  simple  way  to  do  this  is  to  write  the  plane  wave  relations: 

Upa  —  P 


VA-  Q 


i 


and  divide  the  two  to  arrive  at, 


He- where  z° '  f 


(2.29.35) 


Thus  in  formulas  involving  U,  V  we  may  replace  U  by  P  provided  we  replace  Kby  ZqQ.  Similarly 


V  U 
Q  “  P/Z0 


(2.29.36) 


which  shows  that  we  may  replace  Vby  Q  provided  we  replace  U  by  P/Z0. 

The  quantity  Z0  appearing  in  these  scaling  laws  has  a  special  meaning.  By  direct  calculation  of 


z°"  V?  *A  (units:  Ns/mS) 


(2.29.37) 


Z0  is  seen  to  be  the  characteristic  impedance  of  the  transmission  line  model  of  the  pipe.  It  is  a  funda¬ 
mental  parameter  of  the  equation  governing  the  propagation  of  pressure  waves  in  the  pipe. 


.vy>v 

At'.V 


v  r. 


A  second  transmission  line  parameter  which  is  important  in  unsteady  flow  is  the  characteristic  time 
Ty  defined  relative  to  a  pipe  length  L.  A  meaningful  selection  of  this  parameter  is 


T  -  L-y/IC  -  L/a  (units:  s) 


(2.29.38) 


This  T  appeared  earlier  in  the  transmission  line  equations  derived  above,  as  the  delay  operator 
A  —  e~TD.  It  is  a  fundamental  parameter  of  a  pipe  line  in  the  transient  state  of  fluid  flow. 

We  now  make  use  of  the  scaling  laws  in  the  equations  of  U,  V  in  order  to  convert  them  to 
expressions  in  P,  Q.  Replacing  U  by  Pand  V  by  Z0Q  one  obtains, 


Pb  -  (cosh  TD)  Pa-  (sinh  TD)Z0Qa 


Qb  -  -  (sinh  TD)-rr  +  (cosh  TD)Qa 


(2.29.39) 


•\  *r.  «  .  *,  •*- 
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This  pair  of  equations  has  an  analog  in  electric  transmission  line  theory.  Customarily  the  input  to  the 
line  is  taken  to  be  sinusoidal  in  time  (exp jut)  and  the  field  variable  E,  i  express  the  frequency 
response  of  the  line  as  a  function  of  distance  x.  For  a  line  with  inductance  L  and  associated  resistance 
R,  together  with  capacitance  C  to  ground  and  associated  conductance  G,  all  per  unit  length,  and  with 
input  voltage  E0 ,  and  input  current  /'o,  the  electrical  transmission  line  equations  become, 

(a)  E  —  Eo  cosh  Bx  -  i0  Zq  sinh  Bx 

(b)  /  -  i'o  cosh  Bx  — sinh  Bx  (2.29.40) 

Zq 


(c)  K  -  y/(R  +  >L)(G  +  jcoC)  -  —  (when  R,  G  are  both  very  small). 


It  is  seen  that  in  going  from  the  transient  state  to  the  steady  state  the  parameter  TD  is  replaced  by  the 
parameter  Kx 

A  similar  analog  exists  for  elastic  fields  in  isotropic  solids  [6b].  To  develop  this  model  we  con¬ 
sider  only  those  fields  that  can  be  described  by  the  simple  constitutive  equation  relating  stress  T,  strain 
S,  stiffness  matrix  C,  viscosity  tj: 


T  <-  C  •  S  +  v  •  — 

1  ‘  dt 

that  is  stress  is  proportional  to  strain  and  strain  rate.  For  body  forces  F  the  equation  of  motion  in  the 
particle  displacement  u  reduces  to 


V  T  +  F 


and  the  strain  rate  reduces  to 


BS 

dt 


Vu,  V 


du 

dt 


Since  it  is  advantageous  to  consider  stress  as  the  independent  variable  one  multiplies  T  by  the  compli¬ 
ance  tensor  s  and  rearranges  terms: 


S  *•  s  :  T  —  r  :  VfV,  r  —  s  •  tj 

(Note  that  all  terms  of  this  equation  are  second-order  tensors  (dyadics)).  The  basic  equations  of  con¬ 
servation  of  momentum  and  mass  of  the  elastic  field  then  become, 


Component 


Conservation  Relations 


Component  |  Conservation  Relations 


9 
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When  Fx,  Fy,  F \  are  all  zero  each  pair  describes  a  (traveling)  wave  motion  in  which  we  can  identify 
inertance  and  capacitance.  For  example,  in  set  (a)  the  inertance  I  -  -p,  and  capacitance  C  -  -I/C44. 
The  characteristic  impedance  and  characteristic  time  are  then, 


(units:  NS/m3) 


The  corresponding  transmission  line  equations  become 

(Tj*-  (cosh  TD)(,Tv)a-( sinh  TD)Z0(Vx)a 

' 

(Vx)„  -  (-sinh  TD)  ~  +  (cosh  TD)(Vx)r 
Z0  a 

in  which 


T  —  — ;  c  —  celerity  of  the  elastic  wave 
c 


(2.29.42) 


n  V 


It  is  important  to  note  that  wave  motion  exists  only  when  both  conservation  of  momentum  and 
conservation  of  mass  participate  in  the  stress-strain  relation. 

The  transmission  line  model  just  derived  describes  transient  propagation.  When  the  input  is 
sinusoidal  in  time  and  the  line  is  finite  in  length  a  standing  wave  model  can  be  defined  in  a  similar 
manner.  Such  models  are  discussed  in  Sects.  2.31,  2.32,  2.33. 

2.30  DISTRIBUTED  PARAMETER  TRANSMISSION  LINES 

In  a  1-dimensional  transmission  line  with  continuously  ^-distributed  inertance.  compliance  and 
resistance,  a  standing  wave,  composed  of  interfering  plane  waves  at  frequency  to  =  kc/ 2tt,  has  the  form 

p  =  A  cosh  ( ikx  +  4> 0)  =  A+  elkx  +  A.e~lkx  (2.30.1) 


280 


Design  of  Acoustic  Transducers 


A+=  ±e**\  A--J  e~*°- 

Here  x  is  measured  from  the  point  ix  -  0)  launching  the  waves  to  the  observation  point.  The  symbol 
4>o  >s  a  complex  phase  whose  form  depends  on  the  acoustic-impedance  of  the  term'ndtiun  of  the 
transmission  line  at  x  —  /.  The  corresponding  particle  velocity  if  this  transmission  line  is, 


u  —  —  sinhG'fcx  +  4>o). 
pc 


(2.30.2) 


Thus,  the  specific  acoustic  impedance  at  at  x  is 


zGc)  =*  p/u  -  pc  coth  (ikx  +  «t0)  =  p,  tanh  (ikx  +  <J>0  +  in/2). 


(2.30.3) 


Now,  to  facilitate  the  use  of  calculation  charts,  prepared  for  the  purpose,  it  has  been  found  convenient 
to  express  <I>o  in  terms  of  two  parameters  a0,  %  and  an  arbitrary  phase  of  in/ 2: 


<t>0  =  n(a0-  ip0  -  i/2) 


(2.30.4) 


Thus, 


z{x)  =*  pc  tanh  jrrao  -  in |/3o - — 


(2.30.5) 


If  it  is  supposed  that  the  wave  attenuates  as  it  movei  toward  the  termination  the  propagation  constant 
becomes  complex, 


:>V\' 

LA 


,  «  ..  my* 

f-y-y: 


« **  - 


v  2  n  ,  . 

K  =  — — t-  inv,. 
A 


(2.30.6) 


At  the  termination  there  are  the  real  and  imaginary  part  of  the  termination  specific  acoustic  impedance 
which  one  can  choose  to  express  in  arbitrary  units  as  nat,  nPt  respectively.  Thus,  by  definition 


«0  =  a,  +  7 ;/;  /30  =  Pi  +  2  l/\. 


(2.30.7) 


In  terms  of  these  quantities,  the  specific  acoustic  impedance  at  any  point  x  measured  from  x  =  0  is, 


Z(x)  =  pc  tanh  n(a/  +  tj(/  —  x)  —  in  Pi  +  - 

A  A 


(2.30.8) 


Many  authors  find  it  convenient  to  express  x  in  terms  of  the  distance  d  from  the  termination, 
x  -  /  —  d.  Then, 


(2.30.9) 


Z(d)  =  pc  tanh  n(at  +  r\d)  —  in\pt  +  — 


Tu  Simplify  i.ili5  CAp*C5Si0il  it  iS  often  aSSUmed  that  there  arc  HO  105SC5  in  inC  System,  mCa PiiHg 


a,  =  0  ==  7).  Then 


Z(d)  =  pc  tanh{— /7T 1/3/  + 


(2.30.10) 
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Let  us  use  Eq.  2.30.13  to  find  the  impedance  at  the  radiating  end  of  the  composite-bar  transducer 
shown  in  Fig.  2.30.2.  For  simplicity,  let  us  assume  the  transmission  line  is  lossless.  Looking  in  from 
X  —  /  -  b  +  a  to  X  =  0,  the  mechanical  impedance  is, 


20) 

20 


n 


y\a  4-  r-1  [q2T{y2b  -  //327I')1 


(2.30.14) 


Fig.  2.30.2  —  A  composite-bar  transducer  A  —  piezoo.ramic, 
B  —  elastic  layer 


Since  X  ”=  0  is  a  node  of  motion  (=  clamped)  its  impedance  is  infinite.  Then  f32  -  To  account  for 
the  remaining  part  of  the  symmetric  bar  (X  =  0  to  X  -  -  D  we  must  double  this  impedance: 


Z(/)  _  T*(kia)r(k2b )  -  q2 

Z0  “  r(k2b)  +  q2r(k,a) 


where  T*  now  stands  for  ‘tan.’  Written  in  explicit  form,  this  is: 


in  which 


Z(/)«-/2 


.  a >b  A  (o  a 
tan  — tan — 


pcccSc 

PsCsSs 


.  _  ,  Pccc^c  .  o >a 

tan —  + - —tan — 


Pscs$s 


psc5Ss  (units:  Ns/m) 


pccc  =  characteristic  impedance  of  the  piezoceramic 

PjCj  =  characteristic  impedance  of  the  elastic  material. 


(2.30.15) 


Equation  2.30.15  is  the  standard  formula  for  the  mechanical  impedance  of  a  symmetrically  loaded  com¬ 
posite  bar. 


The  general  Eq.  2.30.13  allows  one  to  analyze  an  acoustic  transmission  line  with  any  number  of 
segments.  It  is  seen  however  that  a  line  of  many  segments  presents  a  formidible  task  of  aralysis. 
Other  cases  of  Eq.  2.30.13  are  treated  next. 


2.31  UlMKlUlilLU  rAKAivii<ijC,tt  i AAiMomiooiuin  nnn 

AT  ONE  TERMINUS 


In  this  case  let  the  nth  segment  be  terminated  by  a  mechanical  impedance  Zm.  Then  in  Eq. 
(2.30.13)  the  m\ h  entry  is  replaced  by  an  augmented  term 
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The  factor  2  accounts  for  the  second  haii  M  the  piezoceramic  bsr.  Since  the  center  is  clamped  we  set 
P  -  1/2  and  find  that, 


zm_ 

oCS 


2/  coth  y. 


(2.31.7) 


This  is  the  classical  formuL  for  the  mechanical  impedance  of  a  piezoceramic  bar  with  one  free  end  and 
no  mass  load. 


2.32  AN  ELECTRICAL  CIRCUIT  WHICH  IS  THE  EQUIVALENT  OF  A 
MASS-LOADED  PIEZOCERAMIC  BAR 


The  mechanical  impedance  of  a  mass-loaded  piezoceramic  bar  Fig.  2.31.1  calculated  at  the  force 
end,  looking  toward  the  mass-load,  is  given  by  Eq.  2.31.5,  repeated  here  for  convenience: 


Z(0) 

—ipcS 


f(a)\  f(a) 


a.kl 

1  -  qa  tan  a 


qj  / 

c 


(2.32.1) 


Since  the  mechanical  resonant  frequency  co„  occurs  at  values  of  a  „  such  that 


f(ot„)  -  0 

where  an  are  the  roots  of  the  numerator,  namely 

qa  +  tan  a  =  0, 


and  where 


it  is  useful  to  write  Eq.  2.32.1  in  inverted  form, 

—ipCS  1  =  1  —  qa  tan  a  =  p(a) 
Z(0)  /(a)  qa  +  tan  a  q{a) 


(2.32.2) 


(2.32.3) 


(2.32.4) 


(2.32.5) 


Now  the  values  a„  have  two  important  properties: 

(1)  they  are  simple  poles  of  the  functions  l//(a) 

(2)  they  can  be  ordered  as  |/?J  <  |a2l  <  la3| . 

Under  these  conditions  one  can  expand  1  //(a)  in  rational  fractions  of  a  by  applying  the  Mittag-Leffler 
theorem  [7]: 


/(«)  /(a)  Uo  n- 1 


(2.32.6) 


Here  b„  is  the  residue  at  the  n’th  pole, 
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f,  »  p('a^  _  1  ~  <?«„  tan  an 

J3.(a  )  <7  +  sec2  a„ 

da  U  n> 


qa„ - tan  an 


it  is  seen  that 


Thus, 


1  +  q  cos2  a„ 


_I _ 1 _ +  y  _ a _ 

q(a)  (l  +  q)a  n±\  (1  +  q  cos2  a„)  (aan  -  a 2) 


(2.32.7) 


This  form  can  lend  itself  to  interpretation  as  a  lumped-parameter  network  in  which  the  equivalent 
masses  and  springs  have  values  associated  with  frequencies  to  near  to„.  In  approximation  therefore, 


ja _  x  «  + 


“+«»  a.(a2-a2)  a2  -  a2 ' 


Hence, 


1  ~  1  00 
Z(0)  (1  +  q)a  +  l 


1  ,,  2  \  |  f  lpCS 

—  (1  +  q  cos 1  an)  a - 


(2.32.8) 


Recalling  that  A/0  —  pSL,  a  —  <ol/c,  q  -  Af/A/n,  one  can  now  write, 


F(0)  Z(  0)  -/to(M0  +  A/) 


«-!  (]  +  q  cos2  a„)Mo  + 


(1  +  q  cos2  an)a„  YS 
—2/to  / 


in  which  Y  is  Young’s  modulus  for  the  bar.  In  symbolic  form  the  velocity  V{Q)  thus  consists  of  an 
infinite  sum, 


K(0)  -  F(0)[Y0  +  Y\  +  Y\+  V2  +  ... 


(2.32.10) 


— /(O (A/o  +  M)  .  (1  4-  n  COS2  n.)n?  vc 

-  T  0  +  *  - 32—^-  T 

Eq.  2.32.10  can  be  modeled  as  an  FKchari  (F  across,  V  through)  Fig.  2.32.1,  or  a  FFbond  graph  (V 
across,  F  through)  Fig.  2.32.2. 
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Fig.  2.32.1  —  Sketches  illustrating  concept  of  work 
done  (a),  (b),  (c)  explained  in  the  .ext 


V 


Fig.  2.32.2  —  (a)  FV  equivalent  circuit  of  Eq.  2.32.9, 
(b)  VF  equivalent  circuiut  of  Eq.  2.32.9 


in  which 

M„  -  y  (1  +  q  cos2  a„)A/0;  -  y  (1  +  q  cos2  a„)a2  -y 


One  can  see  from  Fig.  2.32.1  that  at  the  n’th  series  resonance  the  velocity  Vn  is  maximized.  Simi¬ 
larly,  from  Fig.  2.32.2  it  is  seen  that  at  the  n’th  parallel  resonance  the  velocity  again  is  maximized. 

2.33.  RESONANT  TRANSDUCER  INTERPRETED  AS  A  BAND-PASS  FILTER 

We  consider  the  case  of  a  generalized  transducer  that  can  be  represented  by  a  2-mesh  equivalent 
circuit  with  the  mechanical  impedance  in  series  position  and  the  electrical  (blocked)  impedance  in  shunt 
position,  Fig.  1.45.3.  An  all-electric  representation  is  shown  in  Fig.  2.33.1.  It  can  be  readily  applied  to 
toroidal  ring  magnetostrictive  transducer  operating  near  mechanical  resonance.  The  impedances  then 
are  in  lumped  form,  and  their  values  can  be  assigned  from  experimental  data.  A  useful  procedure  is  to 
use  electrical  admittance  data  for  this  purpose.  To  simplify  the  discussion  we  assume  the  leakage 
impedance  to  be  negligible.  This  is  the  impedance  due  to  leakage  flux  coupling  to  the  core  winding  but 
not  involving  the  cons  itself.  The  shunt  impedance  is  then  the  core  impedance.  The  measured  core 
admittance  becomes 


/ 


1  :n 

- \JC  -  J»c 


( 1\ 
\L.OO.  IJ 


where  the  core  susceptance  is 
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(T/z«) 


Fig.  2.33.1  —  All  electrical  equivalent  circuit  obeying 
the  canonical  equations 


The  total  series  branch  impedance  is  represented  by  an  inductance  L\,  a  capacitance  Cj  and  a  load 
resistance  R\.  At  the  frequency  <oy  of  maximum  motional  admittance,  one  measures  the  diameter  Dy 
of  the  motional  circle  and  the  admittance  Qy  obtained  from  the  quadrantal  frequencies.  By  definition, 


C,  -  -pr— 

QyOOy 


/?,  -  MDy 


Suppose  now  the  transducer  is  ‘tuned’  by  adding  to  the  terminals  a  shunt  capacitor  of  special 


value, 


C,-  — 


together  with  a  generator  with  series  resistance  Rg  *=  1  /Gg.  The  equivalent  circuit  of  the  toroidal  ring  is 
shown  in  Fig.  2.33.2.  A  significant  feature  of  this  sketch  is  the  section  between  the  dotted  lines.  It  has 
the  appearance  of  one  section  of  a  band-pass  filter  made  up  of  two  impedances: 


Z\  =  j(OyL  1  +  - 


j(OyC\ 


j(OyC2  +  ~ 


jOiyLi 


Let  us  suppose  now  that  C2  is  selected  such  that 


L\C\  =  L2C2. 


(2.33.4) 


(2.33.5) 


v&sH 

avW.V.1 
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Fig.  2.33.2  —  Equivalent  circuit  of  a  toroidal  magnetostrictive  ring 
transducer.  Values  of  parameters  are  given  in  the  text 


Then  it  is  seen  that  the  zero  cf  the  series  impedance  Z\  coincides  with  the  pole  of  the  shunt  impedance 
Z2.  The  product  of  these  two  impedances  is, 


Z|Z2  -  -zr  *  k1 


(2.33.6) 


Since  k 2  is  constant  the  filter  is  of  the  constant-/:  type.  In  filter  theory  it  is  useful  to  rescale  the 
impedances  by  writing  1^  -*  L\/2  and  L2  -♦  2Z2.  Such  rescaling  allows  us  to  use  image  impedances  of 
the  symmetrica!  Tand  symmetrical  n  sections  of  a  ladder  filter.  This  is  explained  next. 


Suppose  that  we  can  design  two  impedances,  ZT,  Z„  such  that  at  the  terminals  ab  of  Fig.  2.33.2 
the  impedance  looking  toward  the  right  is  just  Zn,  and  at  the  terminals  cd  the  impedance  looking 
toward  the  left  is  just  Zr.  This  is  shown  in  Fig.  2.33.3.  There  are  the  image  impedances  of  the  ‘L- 
section’  with  rescaled  values.  By  definition 


Zk 


k  zr 


Fig.  2.33.3  —  Image  impedances  Zr,  Z„ 


2r 


Zr-VZAL-^V^5 


(2.33.7) 


in  which  Z0,  Zs  are  the  open  circuit  and  short  circuit  impedances  at  terminals  cd  looking  leftwards. 
Similarly, 


Z,  -  ■ 


Vz|z, 


1  + 


4Z2 


T7T 


(2.33.8) 
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in  which  Zq,  Zs  are  now  considered  to  be  the  relevant  impedances  looking  rightwards. 

Now  at  the  frequency  where  Z,/4Z2  -  -1  it  is  seen  that  ZT  =  0  and  Z„  -  ».  No  real  power  is 
then  transferred  to  the  image  impedances.  There  are  two  such  'cut-off  frequencies  w,,  o>2.  The  range 
w2  -  w,  thus  constitutes  the  pass-band  of  the  constant-^  section  filter.  By  plotting  Z,  and  -4Z2  versus 
frequency  one  arrives  at  Fig.  2.33.4  in  which  the  pass-band  appears  hatched.  The  frequency  is 
identified  with  the  frequency  coy  measured  from  the  admittance  circle  at  maximum  admittance.  In 
explicit  terms, 


co[  «  2v /, 


co  2  -  2 tt/2 


rLi-  +  _J _ L_ 

L\C2  £|C|  VZ,c2 

+ _ !_ 

i.c,  L,C, 


(2.33.9) 


The  width  of  the  pass  band  of  this  L  section  is, 


Dividing  this  by 


(02  —  CO\ 


jL&i 


(2.33.10) 


_  2  y/L^C]  =  /C7 

COr  -J  L  i  C2  1  C2 


(2.33.11) 


(reactance) 


42, 


“k.'i 


Fig.  2.33.4  —  The  bandpass  constant-A:  section 


The  percentage  bandwidth  is  defined  as 


(O  2  CO, 


■•  -.-  -*v  -7 


By  use  of  impedance  data,  this  is  approximated  as, 


_ /min(z)  y max(z) 

/max(z) 
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(2.33.13) 


We  wish  to  relate  this  filF'to  the  effective  coefficient  of  electromechanical  coupling.  By  definition, 


fmm(z)  /max(z)  /min(z)  fmax(z)  ./min(z)  f max(z) 


f min(z) 


•/min(z) 


•/min(z) 


or  approximately,  if  /,/2  =  fl. 


(2.33.14) 


C/~min(z)  /man(z)) 
/min(z) 


C/2  ~  /l)2 

fl 


(2.33.15) 


It  is  important  to  note  the  difference  in  the  denominators  of  BW' and  K}k,  one  being  /max(z)  and 
one  being  /min(2).  Based  on  this  difference  it  is  seen  that 


BW'  =  \  ■— -■ T  . 
2  1  -  -'iff 


(2.33.16) 


If  we  use  admittance  data,  flIK'as  defined  relative  to  the  frequency  of  minimum  admittance  while  k iff 
is  defined  relative  to  the  frequency  of  maximum  admittance.  When  k^  «  1  then 


(t)  2  ~  (0 1  I 

Reference  [8]  takes  -  for  an  L-section  to  be  one  half  of  the  theoretical  value.  Hence  it 

0>y  I 

writes  for  a  toroid. 


m 


(02  ~  CO]  /  Uy  .  . 

- =  -v  /  7 rir  '■*  ^eff  (band-pass  L -section). 

toy  V  Qyttc 


(2.33.17) 


:£Kv 

/-x/Vf 

v  •* 

Li  *0  "O > 


This  form  then  agrees  with  Eq.  2.33.15.  The  image  impedance  (defined  above)  at  w  =  <or  corresponds 
to  the  condition  ZI  =  0.  Thus, 


Zr=  R 


Dy  Bc  Bc  ke  ff 


(2.33.18) 


Thus  the  most  real  power  will  be  transferred  to  a  load  if  the  load  is  a  pure  resistance  having  a  value 
close  to  R.  Similarly  maximum  power  will  be  delivered  by  the  generator  in  Fig.  2.33.2  if  its  conduc- 


tanr**  Cl  ic  nhrtCAn  cnr»h  that 
- --  - - ~ —  ~~w**  “,M' 


Bckeff  ~  Gg  +  Gc 


(2.33.19) 
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Fig.  2.33.1  is  most  useful  in  interpreting  electrical  admittance  data  because  £can  be  held  constant 
across  impedance  Ze .  In  magnetostiictive  transduction  this  corresponds  to  a  drive  at  constant  induction 
(constant- B).  To  obtain  a  drive  at  constant  magnetic  field  we  place  Ze  in  series  position  and  Zm  in 
shunt  position,  Fig.  1.47.2.  The  analogy  then  becomes  E/v,  I/F  and  the  equivalent  circuit  takes  on  the 
form  of  Fig.  2.33.5. 


o->- 


Z 


T 

'em 


Be 


% 


■4> 


Fig.  2  33.5  —  Equivalent  circuit  of  a  magnetostrictive  toroid 
which  is  convenient  for  measurement  of  impedance  at 
constant-// drive 


Since  Ym  (—  Z~‘)  is  in  shunt  position  its  equivalent  electrical  impedance  is 


Y  T2 

1  m  1  em 


z. 


Thus  the  lumped  circuit  mechanical  admittance  in  parallel  form  will  become  an  electrical  impedance  in 
parallel  form.  Adding  a  tuning  capacitance  Cy  =  ( XbtoR)~l  in  which  Xb  is  the  sum  of  both  the  leakage 
reactance  and  the  core  reactance,  and  adding  a  generator  with  internal  resistance  Rg,  one  arrives  at  the 
equivalent  circuit  shown  in  Fig.  2.33.6.  If  we  neglect  Rc  (which  is  usually  small)  the  circuit  between 
the  dotted  lines  represents  an  L-section  electrical  filter.  The  choice  of  C,  makes  it  a  constant  k 
bandpass  filter.  Following  the  steps  outlined  above,  and  making  the  same  assumptions  it  is  found  that 
the  effective  electromechanical  coupling  factor  is 


(/2  ~  /.)2  _  kln  s  _A_ 
/.2  1  ~  kin  =  QzXb 


(2.33.20) 


-~DZ 


Fig.  2.33.6  —  Lumped  circuit  equivalent  corresponding  to  Fig.  2.33.5  with 
values  measured  on  the  impedance  circle 


and  the  image  impedance  at  midband  is 
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(2.33.21) 


It  is  emphasized  that  both  of  these  formulas  are  valid  for  a  magnetostructure  toroid  The  corresponding 
formula  for  a  magnetostructure  bar  is  different  because  the  stress  distribution  in  the  bar  is  not  uniform. 


2.34  INTRODUCTION  TO  DESIGN  OF  RECEIVERS 


The  design  of  acoustic  receiving  systems  based  on  electromagnetic  transduction  is  well  esta¬ 
blished.  For  completeness  it  will  prove  useful  in  appreciating  later  parts  of  this  treatise  to  review  the 
principles  which  guide  the  design  of  much  used  systems:  moving-armature,  electrostatic  and  piezoelec¬ 
tric. 


2.35  FUNDAMENTALS  OF  MOVING-ARMATURE  SYSTEMS 

A  simple  moving  armature  system  is  shown  in  Fig.  2.35.1.  A  battery  with  voltage  E0  polarizes  the 
magnetic  circuit  by  supplying  a  polarizing  magnetomotive  force  corresponding  to  the  battery  dc 
current  /0  flowing  through  the  coil; 


In  addition  the  coil  is  excited  by  a  signal  voltage  E  which  drives  a  signal  current  i  through  the  coil.  The 
incremental  magnetomotive  force  is  then, 

=  Ni  (2.35.2) 

At  equilibrium  (defined  as  the  armature  position  do  when  the  signal  current  /  vanishes)  the  magneto¬ 
motive  forced  drives  a  flux  0O  around  a  circuit  of  path  length  lm  in  the  core  and  d0  in  the  air  gap. 
The  core  reluctance  is  then  3ic.  When  a  signal  current  /  is  also  present  the  air  gap  changes  by  amount 
£.  The  reluctance  of  the  circuit  is  then  the  sum  of  core  reluctance^  and  air  gap  reluctance,  <#gap, 

+  ^Rap; ®c  =  ;  0aac  =  (2.35.3) 

Because  the  air  gap  furnishes  most  of  the  reluctance,  one  can  write, 


'  *  - 


y 


.*  .*  v  v*  .*  v  vw\:  v. '  *.  ,  «r< -~.  *  j  ^u"  -  .  o  -/ v  «.  v.'.\v/.  .*. :v.% 1  -  k  v - 
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&  =  Xg ap(l+8m) S 


gap-*  vm 


«  1. 


(2.35.4) 


gap 


Thus  the  total  flux  the  circuit  is, 


M 

0  =  0O  +  0,  “  -=rr-  + 


^gap  gap 


(2.35.5) 


In  moving  armature  systems  we  are  interested  in  incremental  changes  in  flux  0  due  to  changes  in  arma¬ 
ture  distance  £  and  signal  current  /.  For  convenience  let  the  s.nai!  number  8,„  be  neglected.  Then, 


0o(£)  =  ~7y.°%  0,(^,i)  =  -—y-  (units:  Ks) 
do  +  4  d0  4'  4 


(2.35.6) 


Thus,  the  incremental  change  in  flux  consists  of  two  parts: 


d(f>j 


30/ 


9£ 


l/-o 


90/ 


di 

f-0 


(2.35.7) 


90, 

91 


“°;  a  ■ 
|/-o  9/ 


90  90; 

Sz¬ 


amos',, 


le-o 


<4  +  f 


and, 


, ,  90o 

d<t>o  *  "57"  ^ 


9£ 


(2.35.8) 


30  90o  _  MoUqSg  _  0o 

9£  “  9?  {d0  +  02~  d0  +  t 


Eqs.  2.35.7,  2.35.8  can  be  used  to  calculate  the  increment  in  total  force  exerted  on  the  armature  due  to 
simultaneous  changes  in  £  and  /.  This  force  will  be  derived  from  the  formula  for  the  Maxwell  stress 
^maxwell  associated  with  flux  lines  in  the  air  gap  where  the  flux  density  is  Bg, 


'  MAXWELL 


2^0 


—  (units:  N/m 2) 


(2.35.9) 


or 


F  = 


-BlS. 


Sl_  -0 


2/i0  2/*0Sg 

Now  T7  =  F((j,i).  The  increment  in  force  is  therefore 


(2.35.10) 


3£  9^ 

90  3?  ?  90  9/  ' 


Since  0  =  0O  +  0,,  one  has, 


294 


i  "»v  '■  y\sr*,. 


■  -.  v  \v.- 


■'.- v 


■  *  j  -i-  -t  .  ■  ■ 


Design  of  Acoustic  Transducers 


dF 


00  +  00  0/  _  (00  +  0,)# 

MoS*(4)  +  £>  *  0o  +  £  " 


Now  0o  0/  0£  «  0o  0£,  and  0,0/  «  0O0/  because  0,,  0£  and  0/are  all  small  quantities,  as  assumed 
at  the  beginning  of  the  analysis.  Also,  the  changes  in  0  which  occur  when  there  is  an  increment  in  £, 
or  /,  or  both,  trace  out  a  hysteresis  loop  on  a  0  vs  F  chart.  Such  a  loop  introduces  a  phase  delay 
between  0  and  F,  which  must  be  accounted  for  by  a  complex  hysteresis  factor  \  multiplying  each  term 
in  the  above  formula.  Thus  dF  becomes, 


dF 


0oX 


IJ.i)Sg(do  +  £) 


dk- 


0o#  X  di 
0o  +  £ 


(2.35.11) 


In  Words:.  Whereas  in  an  ordinary  spring  a  force  must  be  exerted  on  its  ends  to  extend  it  (or  compress 
it)  in  a  polarized  magnetic  circuit  the  polarizing  field  gives  rise  to  the  phenomenon  that  an  increment  in 
displacement  is  associated  with  an  increment  of  force  exerted  by  the  armature  acting  in  the  same  direc¬ 
tion.  The  act  of  polarization  thus  introduces  a  negative  stiffness  into  the  mechanical  branch  of  the  elec¬ 
tromechanical  transducer.  This  stiffness  is  usually  written  as  an  inverse  compliance  C,-1.  In  contrast  an 
increment  of  current  generates  a  force  increment  orthogonal  to  it,  in  a  direction  obeying  the  Fleming 
left-hand  (a  motor)  rule.  This  accounts  for  the  negative  sign  in  the  above  formula. 


A 

* 


t: 
K 
>»  " 
X- 


■j- 


2.36  EQUIVALENT  CIRCUIT  OF  A  MOVING-ARMATURE  TRANSDUCER 

Let  us  arbitrarily  choose  the  F/E  analogy  and  construct  a  2-mesh  equivalent  circuit.  Beginning 
with  Fig.  1.44.1  we  break-up  the  electrical  impedance  Ze  into  the  blocked  impedance  Z"t  and  the 
velocity-coupled  impedance  Z't.  To  find  an  explicit  expression  for  Z't  we  note  that  flux  linkage  X  is 
related  to  flux  0  and  inductance  L  by  the  linearized  formula, 


The  incremental  inductance  is  then 


X  *=  N<f>  =  Li. 


I'  =  l y  00.  = 


(2.36.1) 


di  d0  +  t  * 

which  is  obtained  by  use  of  Eq.  2.35.7.  Thus  the  electrical  impedance  associated  with  electromechanical 
coupling  is, 


,  ,,  J(oN2fi0Sg 

Z,  =  J<oLe  =  x- 

0o  +  £ 

The  corresponding  mechanical  impedance  associated  with  coupling  is  obtained  from  Eq.  1.45.5 


(2.36.2) 


N 

;S 

r’% 

;.v 

* 


SX 


f>- 


T2 

7'  =  — 

m  z; 


(2.36.3) 


ivX't-v'*' 


The  transduction  coefficient  7*  is  found  from  the  force/current  relation,  Eq.  2.35.1  L 

* 


T  =  0#X 

0o  +  £ 


Ns  Vs 

units:  —  or  — 
C  m 


(2.36.4) 
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Now  let  us  choose  (again  quite  arbitrarily)  the  2-mesh  canonical  circuit  in  which  Z'e  is  in  shunt  position 
in  the  electrical  mesh,  as  drawn  in  Fig.  1.45.5,  and  —  PlZ'e  is  in  series  position  in  the  mechanical  mesh. 
From  Eqs.  2.36.3  and  2.36.4, 


P 

% 


1 

jo>ce  ' 


(d0  +  Ono  Sg 


(2.36.5) 


Thus  -  T2/Z e  cancels  the  negative  stiffness  impedance  \/joi Cf  in  the  mechanical  mesh  introduced  by 
the  polarization  of  the  magnetic  circuit.  However  the  coupling  impedance  Z'e  (in  shunt  position)  is  a 
permanent  feature  of  the  electrical  mesh.  It  contributes  electromechanical  coupling  eveti  when  the 
mechanical  mesh  is  open. 

/  |2 

The  equivalent  circuit  is  that  of  Fig.  1.45.5,  shown  here  as  Fig.  2.36.1.  The  units  of  — r  are 

Zt 

KC  •  N 

— — .  The  units  of  the  turns  ratio  T/Z,  are  —  or  C/m. 

Vm  V 


2.37  THE  DYNAMICS  OF  A  LENGTH  EXPANDER  BAR  WITH  BIASING  FIELD  PARALLEL 
TO  LENGTH 

We  consider  a  piezomagnetic  bar,  length  /,  mass  density  p,  with  rectangular  cross  sectional  area  Ab 
(width  w,  thickness  t)  much  smaller  in  magnitude  than  1,  Fig.  2.37.1.  It  is  wrapped  in  a  coil  made  up 


/=0 


Fij.  2.37.1  —  A  longitudinal  vibrator  in  the  form  of  a  magnetos- 
trictive  bar  polarized  by  a  dc  current  and  driven  by  an  ac  current 


Design  of  Acoustic  Transducers 


w\  ▼  ^ 


of  iV  turns  with  average  cross-sectional  area  Ac.  A  dc  excitation  polarizes  this  bar  at  a  value  of  B0.  At 
this  operation-point  an  ac  field  is  impressed  on  the  coil  which  causes  it  to  vibrate  at  the  forcing  fre¬ 
quency  f  Twr  *ypes  of  ac  drive  are  commonly  employed:  one  at  constant  voltage,  and  the  other  at 
constant  current.  Forced  drive  at  constant  voltage  generates  a  force  at  each  cross-sectional  area  of 
value. 


Fu 


AbC<& 


dx  3 


Abhtt  M3(x3). 


(2.37.1) 


This  is  a  force  associated  with  the  magnetization  M3  induced  in  the  bar  by  the  alternating  voltage 
through  the  agency  of  the  piezoemagnetic  /nconstant.  Similarly,  forced  drive  at  constant  current  gen¬ 
erates  a  force  at  the  same  cross-sectional  area  of  vaiue, 


Fh 


AbC% 


_  ^33  | 

r3S3c«| 


dp  (x3) 
dx  3 


Ab  htfH3(x3) 


yh 


,  (units: A/') 


(2.37.2) 


in  which  H3  is  the  applied  magnetomotive  force,  and  H\  ~  0,//2  «  0, 


Assume  the  coil  is  driven  by  a  constant  voltage  ac  generator.  The  net  force  accelerating  an  ele- 
ir.w'  tary  volume  of  the  bar  is  dFM(x3)/ dx3.  Since  there  is  no  flux  leakage  we  take  dM3/dx3  -  0  every¬ 
where.  Thus,  using  Newton’s  equation  of  motion  the  displacement  p  is  governed  by  the  relation, 


(2.37.3) 


W- 


The  solution  of  Eq.  (2.37.3)  for  forced  drive  at  frequency  cd  is, 


Pi 


.  (OX  .  a  (OX 

a  sin  —77  +  fi  cos  —77 
W  v? 


il<*t 


(2.37.4) 


(2.37.5) 


The  constants  a,\ 3  are  determined  from  the  stress  conditions  at  x  -  0  and  x  -  I.  At  x  -  0  we  set 
Fu-  0,  and  assume  M  -  M0eJul.  Then, 


Hence 


h®  Mo 

dx3  r 0  “  V?  “ 

vPHH'M 0 


(2.37.6) 

(2.37.7) 


Similarly  at  x  -  /,  the  force  FM  again  vanishes.  Hence 


hH>  M0 


(ol  , 
COS  — 77  —  1 

w 


CD  .  I 
— T7  Sin  CD-TT 

vj?  vf 


(2M.S) 
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Thus,  using  the  identity  tan  («/2 '  •«  u  -  cos  e)/  sin  «,  the  displacemeni  becomes, 


A  vif  .  tax  .  oil  cox]  hs$  M, 
£3  -  —  sin  -77  -  tan— 77  .  cos-77  — —7 — 

«  vf  2*^  v6w  Cft 


(2.37.9) 


The  magnetic  field  is  obtained  from  2.3.6c 


rr  /  \  ?,/  ,  X  ,  .  /  .  cox) 

i/3(x3)  -  yftA/o-  ^33  •  -w—  cosco -77  +  tanco— rr  sm  -77  e;<“ . 

C#  vf  2vf  vf 


Avero^inj  il  -vcr  the  length  of  the  bar  one  obtains 

0)1 

(#3)^  “  7  /  H3(x3)dx  -  yijMo  (-  *&)  -  fc323  tan-^y-  ;  y3s3  -  y^jl  -  kj3\ 

2tf| 

where 

”  hh/c&yii 

The  current  flowing  through  the  coil  is:  then, 

/  -  eJu“(H3)Ayl/N 

The  applied  voltage  is 

V  —  NA jo)  M^o)  t. 

The  electrical  admittance  of  the  coil  becomes, 


(2.37.10) 
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(2.37.11) 


The  second  term  constitutes  the  motional  admittance.  In  the  absence  of  losses  it  becomes  a  maximum 
at  the  antiresonant  (or  parallel)  frequency  where 

0)al  0)al  vff 

,a„_  .  or  _  .  or/.-—. 

The  electrical  admittance  vanishes  at  the  frequency  of  series  of  (electrical)  resonance  fn  where 


-  f.  „  f. 

tan-7  7-  tan-7  7- 
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(2.37.12) 
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Thus,  if  the  bar  is  driven  at  constant  voltage  as  the  frequency  changes  and  if  fa,fr  are  measured  on  a 
plot  of  electrical  admittance  one  can  find  the  coupling  factor.  Which  coupling  factor  this  is  depends  on 
the  definition  of  Young’s  modulus  Y0.  From  2.37.1  it  is  seen  that  when  the  piezomagnetic  bar  is 
observed  at  constant  magnetization  the  effect  of  the  coupling  of  the  stiffness  is  not  present.  Hence  we 
take, 


Y„-  Cfr 


The  coefficient  of  electromechanical  coupling  is  then  defined  as 


*33  “ 


(2.37.13) 


Thus, 


*33  _  *33 

jfi  1  “  *33 


2.38  FUNDAMENTALS  OF  ELECTROSTATIC  TRANSDUCERS 

A  charge  q  in  an  e’ectric  field  E  experiences  a  force  F  *  qEiq).  In  the  simple  cases  under  con¬ 
sideration  here  it  is  useful  to  assume  that  E(?)  -  q»/a,  in  which  a  is  a  unit  vector,  a  is  a  constant. 
For  a  parallel  plate  condenser,  a  —  CqS  (units:  e0  “*  C/Vm,  S  -  m1).  If  the  charge  q  builds  up  from  a 
datum  value  it  is  seen  that  the  force  F  varies  continuously.  Thus,  the  final  force  must  be  the  average, 

F  *  •£—  a  (2.38.1) 

2a 

We  consider  the  case  of  only  one  dimension  F  =  Fi  and  note  that  because  an  increase  in  charge  causes 
a  parallel  plate  condenser  to  contract,  we  must  take  this  force  to  be  negative.  Thus, 

F  =  -r-^r  (units:  AO.  (2.38.2) 

2e0o 

This  expression  for  the  force  coupled  into  the  mechanical  mesh  by  the  agency  of  transduction  appears 
in  the  equation  of  force  for  the  electrostatic  transducer,  Eq.  1.51.4a, 

mi  +  b%  +  k£  +  —  fit)  (2.38.3) 

in  which  £  is  the  incremental  distance  o<  movement  of  the  free  plate  relative  to  the  stationary  plate, 
and  fit)  is  the  applied  external  force. 

Application  of  the  variational  principle  (Sections  1.50,  1.51)  to  electrostatic  transducers  which  are 
electrically  excited  through  an  RLC  network  by  a  steady  voltage  e0  and  a  fluctuating  voltage  eit)  also 
leads  to  the  electrical  equation,  analogous  to  Ea.  1.51 .4b. 
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Since  q  is  coupled  to  itself  Eq.  (2.38.3)  and  to  the  displacement  f  Eq.  (2.38  4),  these  equations  are  seen 
to  be  nonlinear. 


A  solution  of  Eq.  (2.38.3)  which  allows  construction  of  equivalent  circuits  is  derived  by  letting 
fit)  to  be 


fit)  =  F\  cos  (at  +  F2  sin  t»t. 

S:nce  there  is  a  dc  excitation,  both  £  and  q  have  dc  components: 

|  “  £o  4"  A  l  cos  a)  t  +  A  2  sin  cu  t 


q  **  90  +  B\  cos  at  +  B2  sin  <Dt 


q*  -  ql  +  2 q0B{  cos  o)t  +  2 q0B2  sin  cot  + 


qf;  “  tfolo  +  qo^i  cos  cot  +  q^Ai  sin  cot  +  £o5i  cos  «»f  +  sin  «>•'  +  •. 
Noting  that  the  time-varying  component  of  displacement  is 

A  i  —  jA  2 


A\  cos  cot  +  A 2  sin  cot 
and  the  time-varying  component  of  q 2  is 


eJmt  +  conjugate 


2<7o| 


B  i  -  jB2 


eJa‘  +  conjugate 


we  discard  the  conjugate  terms  as  being  redundant.  Then, 

f  =  £i eJwl-,q  =  q\ejwl\  f  =  f\eJul\  e(t)  -  elejwl 

where 


_  A\  —  jA 2  _  Bx  -  JB2  FX  -  jF2 

si  o  »  Q]  >  J\  “ 


2  2  ’  •'*  2 
The  time-varying  component  of  the  force  equation,  linearized  in  this  way,  becomes 


jmm  H - +  b\ 

JO) 


<7  o 


Similarly,  the  time-varying  component  of  q%  is. 


,  (do  +  to)q\  ,  <7o  , 

-  —5“  +  7^ 
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Hence  the  time  varying  component  of  the  linearized  electric  field  equation  is. 


jtoL  +  R  + 


(do  +  fo) 


j<i)e0S 


<7i  + 
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jcoe0S 


£1  “  ex. 


The  steady  (dc)  components  are 
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kt  o  + 


2e0S 
Qo(do  +  fo) 
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«o5 


e0- 


From  Eqs.  2.38.5,  2.38.6  it  is  seen  that  the  transduction  coefficient  is 

~  <7o 


(units  Ns/C) 


j(oe0S 

Also  the  static  capacitance  associated  with  the  transduction  is 


(2.38.9) 
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(2.38.10) 


2.39  EQUIVALENT  CIRCUIT  OF  ELECTROSTATIC  TRANSDUCERS 


The  canonical  2-mesh  equivalent  circuit  with  Ze'  in  shunt  position  Fig.  1.45.2  will  be  the  choice 
to  represent  electrostatic  tranducers.  In  this  circuit  the  turns  ratio  is, 


.  _L 

$  7* 


8o  x  ywe  o$ 


<7o 


%c  ywc  (do  +  £o  do  +  £o 


.  C  N 

units:  —  —  — 
m  V 


(2.39.1) 


In  the  mechanical  mesh,  where  all  elements  appear  in  series  position,  there  is  seen  to  be  an  added 
impedance, 
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~  units:  wi/a). 


(2.39.2) 


The  symbol  CN  is  a  negative  compliance  acting  in  conjunction  with  the  positive  compliance  of  the  mov¬ 
able  (diaphragm)  plate  of  the  condenser.  Its  origin  is  this:  the  force  required  to  compress  or  expand  the 
positive  compliance  is  effectively  reduced  by  the  force  of  electrostatic  attraction.  Thus  it  reduces  the 
spring  constant  of  the  diaphragm. 


An  equivalent  circuit  embodying  Eqs.  2.38.5,  2.38.6,  2.39.1,  and  2.39.2  is  shown  in  Fig.  2.39.1. 
Upon  combining  stiffness  in  the  mechanical  mesh  one  has, 
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Fig.  2.39.1  —  A  :wo-mesh  equivalent  circuit  of  an  electrostatic  transducer; 


The  combined  compliance  is  then 
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(2.39.3) 


(2.39.4) 


in  which  k 2  is  the  coefficient  of  electromechanical  coupling;  and  Eq.  2.35.8  has  been  used  to  introduce 
the  bias  voltage  c0. 

Equation  2.39.3  poses  the  question  of  stability.  Evidently  it  is  required  that  k2  ^  1,  otherwise, 
upon  application  of  the  biasing  dc  voltage  the  diaphragm  would  collapse  on  the  stationary  electrode. 
The  stiffness  AT  (—  C~l )  must  obey  the  rule, 


K  > 


gp  fpS 

(do  +  £p)3 


But,  according  to  Eq.  2.38.8 


a:  -  -  eo  «<>s 

2M  +  £0)2 ' 

Thus  for  stability, 

K  _  -efcpS  >  gp2g^ 

2£p(r/p  +  £0)2  ( d0  +  £0)3 


(2.39.5) 
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This  means  the  bias  displacement  £0  introduced  by  the  dc  voltage  cannot  be  greater  than  1/3  of  the  gap 
d{ )  between  the  condenser  plates  in  the  absence  of  bias.  This  is  an  ideal  limit.  In  reality  the  limit  is  less 
because  of  nonuniformity  in  the  field  structure. 
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Equation  2.39.5  is  a  cubic  equation  in  the  unknown  variable  £0.  It  can  be  solved  for  a  given 
stiffness  of  diaphragm  by  numerical  (“graphical  means).  Once  £o/d0  is  determined  it  is  directly  noted 
from  the  value  of  K  (-  C~!)  of  Eq.  2.39.5  that 


k1 


~£c / 

1  +  £o/<4 


(2.39.7) 


2.40  PARAMETERS  OF  STANDARD  HYDROPHONE  DESIGNS  BASED  ON  POLARIZED 
PIEZOACTIVE  CERAMIC  MATERIALS  IN  CONVENTIONAL  GEOMETRIES 


It  is  common  practice  to  design  hydrophones  based  on  sensing  elements  in  the  form  of  hollow 
piezoceramic  shells.  A  compendium  of  the  most  useful  designs  is  presented  here. 

Let  the  hydrophone  be  a  simple  plate  or  curved  shell  of  piezoactive  ceramic  material,  and  assume 
its  "outside"  surface  is  exposed  to  a  fluid  pressure  of  magnitude  P0>  while  its  "inside"  surface  is  free  of 
this  pressure.  In  these  structures  the  number  of  secondary  surface  exposed  to  P0  depends  on  shape. 
Three  simple  shapes  are  shown  in  Fig.  2.40.1. 


Fig.  2.40.1  —  Three  shapes  of  shells  subjected  to  external  fluid  pressure,  (a)  rectangular,  (b)  cylindrical,  (c)  spherical 


As  a  result  of  this  external  force  the  shell  undergoes  deformation  and  develops  internal  elastic 
stress.  In  a  rectangular  system  of  coordinates  these  stress  are  Tx,  Ty,  and  Tz\  in  a  cylindrical  system, 
Tr,  Te,  and  Tz\  in  a  spherical  system,  TR,  Tg,  and  T$.  In  each  case  the  stresses  vary  with  the  thickness 
coordinate. 

Assume  next  the  piezoactive  shells  are  polarized  in  a  selected  direction  and  are  provided  with 
electrodes  to  collect  charge  and  thus  develop  potential  difference  E  (units:  V/m).  In  Fig.  2.40.1a  the 
possible  potentials  are  Ex,  Ey,  and  Ez\  in  (b),  ER,  Eg ,  and  Ez\  and  in  (c),  ER,  Eg,  and  E$. 

The  induced  stresses  T  generate  charge  (expressed  as  charge  density  D)  or  voltage  (expressed  as 
voltage  gradient  E).  According  to  the  theory  of  linear  piezoelectricity  the  relations  between  T,  D,  and 
E  are  formulated  in  terms  of  piezoelectric  stress  constants  d  and  g. 

3 

in  the  absence  of  applied  E:  D„  —  T  dT.T,  (2.40. 1 ) 

i- f 


in  the  absence  of  applied  D: 


Em  =  -  Z  8m,  T,. 


i- 1 


(2.40.2) 
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Here  g  is  the  "voltage-stress"  piezoelectric  constant,  and  d  is  the  "charge-stress"  piezoelectric  constant. 

Now  let  the  subscript  j  indicate  direction  of  polarization  and  A}  the  area  of  the  charge  collecting 
electrodes.  The  charge  Qj  is  then  given  by 

Q,  -  /  f  DjAj  -  /  /  £  dj, T,A„  J  -  1 .  2,  3.  (2.40.3) 


Although  "constants"  d  and  g  in  curvilinear  coordinates  are  functions  of  angles  9  and  <p  of  rota¬ 
tion,  it  is  customary  to  use  Cartesian  (=  unrotated)  values  in  applications  to  curved  shells.  This  prac¬ 
tice  is  a  source  of  error,  but  its  magnitude  must  be  ascertained  in  any  particular  case.  Examples  are: 

rectangular:  Qz  -  J  J  (4c Tx  +  dzyTy  +  d^Tjdxdy 
cylindrical:  Qr  x  J  J  (^rrTr  +  dRBTB  +  dRzTz)Rd9dz 

spherical:  QR  ™  J  /  (4«  Tr  +  dRBTB  +  dR+rjR'dOdt. 

In  a  similar  way  the  voltage  developed  across  electrodes  Aj  in  direction  of  the  polarization  ag  is  given 
by 

Vj-f  Ejdaj  =  /  X  (-gj,Ti)dccj,  j-  1,  2,  3.  (2.40.4) 

i 

Examples  are 

rectangular:  Vx~-J  (g„Tx  +  g^Ty  +  g^T.) dx 
cylindrical:  VB  =  -  J  (gBR  TR  +  gBB  TB  +  gBzdz)RdO 
spherical:  K,  -  -  J  (g6R  TR  +  gHT 0  +  g^BTB)Rd<j>. 


Equations  (2.40.3)  and  (2.404)  allow  one  to  calculate  the  ratio  of  open  circuit  voltage  to  applied 
acoustic  pressure  in  particular  cases.  These  are  discussed  next. 

VOLTAGE  SENSITIVITY  AND  FIGURE-OF-MERIT  OF  POLARIZED  PIEZOACTIVE 
CERAMIC  SHELLS 

Let  the  applied  acoustic  pressure  be  P0.  The  internal  stresses  developed  in  the  shell  are  taken  to 
be  negative  if  compressive,  or  positive  if  tensile.  To  avoid  ambiguity  when  using  curvilinear  coordi¬ 
nates  to  describe  shell  geometry  let  the  piezoelectric  constants  be  subscript  p  (=  parallel)  when  their 
two  subscripts  are  identical,  and  subscript  T  (=  tangential)  when  their  subscripts  are  not  identical.  This 
convention  assumes  there  is  only  one  tangential  constant,  rather  than  two,  which  is  true  of  isotropic 
elastic  bodies  in  the  conventional  geometrical  shapes  of  hydrophones  currently  in  use.  If  there  are 
actually  two  tangential  constants  correction  to  the  formulas  is  easily  made. 


,  v\ 
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Chapter  3 

UNDERWATER  HELMHOLTZ  RESONATOR  ACOUSTIC  TRANSDUCER 


3.1  INTRODUCTION 

The  analytic  and  design  procedures  explained  in  Chapters  1,  2  are  exemplified  in  transducer  prac¬ 
tice  by  several  modern  transducers.  We  choose  here  the  example  of  the  underwater  Helmholtz  resona¬ 
tor. 


The  radiation  of  appreciable  low  frequency  sound  into  a  liquid  medium  requires  large  motion  of 
substantial  masses  of  liquid.  Conventional  electromechanical,  or  hydraulic,  transducers  designed  for 
mechanical  resonance  tend  to  be  large  in  bulk,  heavy  in  weight,  and  generally  too  high  in  mechanical  Q. 
The  principle  of  the  Helmholtz  resonator  offers  a  device  that  can  be  designed  to  overcome  these 
difficulties,  with  the  additional  advantage  of  operating  at  great  depths  in  the  ocean  without  the  need  of  a 
pressure  release  to  avoid  clamping  by  hydrostatic  forces. 

3.2  CONSTRUCTION  FEATURES  OF  AN  UNDERWATER  HELMHOLTZ 
ACOUSTIC  RADIATOR 


The  classical  Helmholtz  resonator  (Fig.  3.2.1)  consists  of  a  rigid-wall  cavity  fitted  with  a  short- 
tube  neck  terminated  by  an  orifice.  The  compliance  of  the  cavity  volume  and  the  inertance  of  the  slug 
of  fluid  in  the  neck  form  a  simple  spring-mass  system  which  is  forced  into  resonance  by  a  forcing  exter¬ 
nal  pressure  at  a  specific  frequency.  The  compliance  of  the  equivalent  spring  is  found  as  follows.  For  a 
fluid  of  bulk  modulus  5(—  pqc2),  the  pressure  increment  due  to  volume  increment  is: 


Fig.  3.2.1  —  Classical 
Helmholtz  resonator 


dp 


Al 

dV 


dV 


(3.2.1) 


Since  a  fluid  displacement  £  across  the  area  S  is  equivalent  to  a  volume  change 
dV  =  S£  and  the  force  /on  S  is  pS  the  mechanical  stiffness  is 


/  =  _  Pqc2S2 
l  V 


(units:  N/m). 


(3.2.2) 


The  acoustic  compliance  is  then  (  £/ f)S2,  or, 


CA  -  — —  (units:  m5/N). 

r  v- 


(3.2.3) 


To  find  the  equivalent  mass  we  note  that  the  mechanical  mass  m  in  the  neck  of  length  /  is, 
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The  acoustic  mass  M  -  ( m'/S 2),  in  which  m  -  p0SI'  and  /'  contains  a  correction  to  the  length  /  due  to 
additional  fluid  outside  the  orifice  moving  with  the  fluid  in  the  neck, 


/'  ”  /  +  A /.  (3.2.4) 

( 

For  a  tube  of  radius  a  of  semi-infinite  length  the  end  correction  is  A  /  -  8a/3ir  0.85a  (unit:  m)  "v 

if  it  is  terminated  in  an  infinite  rigid  baffle,  and  A/1  =  0.6t3a  (units:  m )  if  there  is  no  baffle.  Thus,  for  /\ 

these  two  cases, 


Pq(1  +  0.85a) 

- - - ,  or  Ma 


p0(/  +  0.613a) 
5 


(3.2.5a) 


When  the  tube  is  finite  in  length  and  forms  the  neck  of  a  Helmholtz  resonator,  one  end  of  which  is 
free  of  baffle  and  the  other  end  leads  into  the  resonator  cavity  it  is  plausible  to  make  the  end  correc¬ 
tions  a  sum  of  the  two  cases,  and  the  corresponding  acoustic  mass  to  be, 


,,  p(l  +  1.46a) 
M*~  — s - 

Helmholtz  resonance  ( to, )  is  defined  by  the  formula 


(3.2.5b) 


(3.2.6) 


The  resonator  juct  described  can  act  as  a  receiver.  It  maybe  converted  into  a  projector  of  sound 
by  making  part  (or  all)  of  the  rigid  wall  of  the  cavity  into  a  vibrating  wall.  Figure  3.2.2  shows  this  sim¬ 
ple  modification.  The  wall  between  A  and  B  is  replaced  by  a  diaphragm  (or  flexible  disk)  which  is 
driven  into  vibration  by  some  external  agency.  Both  the  moving  wall  and  the  neck  radiate  sound  into 
the  external  medium. 
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Fig.  3.2.2  —  Helmholtz  resonator  modified 
to  act  as  an  acoustic  source 


3.3  ANALYSIS  OF  OPERATION  OF  A  HELMHOLTZ  RESONATOR 
ACTING  AS  A  SOURCE  OF  SOUND 

In  the  following  exposition  we  take  the  entire  wall  to  be  the  vibrator,  anrt  consider  the  externa! 
medium  to  be  water  and  the  internal  medium  to  be  oil.  Since  the  operation  of  this  transducer  is 
required  to  be  at  mechanical  resonance  it  will  be  useful  to  construct  a  low  frequency  lumped-parameter 
model.  We  consider  the  mechanical  circuitry  first  and  neglect  the  agency  that  supplies  power  which 
causes  the  diaphragm  to  vibrate.  The  steps  in  creating  the  model  are  as  follows: 


U 


-  '( 


>  / 


v  ^ 


X?  S 
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(1)  we  assume  that  this  transducer  has  two  degrees  of  freedom,  X)  at  the  diaphragm,  and  x2  at  the 
neck.  Although  these  are,  in  reality,  coupled  to  each  other,  the  building  of  the  equivalent  circuit  is 
rendered  simpler  by  this  assumption.  The  force  at  the  diaphragm  anu  the  corresponding  impedance  are 
Fj,  Ln;  the  force  at  the  neck  and  the  corresponding  impedance  are  F^,  L 22.  The  coupling  force  in  the 
cavity  fluid  is  F21  or  F]2,  and  the  corresponding  cavity  impedance  is  L\2  or  L21. 

Corresponding  to  this  picture  the  equations  of  motion  are, 


Fi  -  Fn*i  “  F12,  F12=-L12x2 
F2  -  F22x2  “  F21,  F2i  —  L2[X  1 

(2)  we  assume  further  that  the  transducer  is  linear  and  reciprocal, 

F12  =  F21  =  Fc  (3.3.2) 


and  permit  only  one  applied  force  (at  the  diaphragm)  by  setting  F2  -*  0.  Thus,  the  force  balance 
becomes, 


*i  ~  L\\  *1  =  Fc 
-  L22  x2  »  Fc. 


(3.3.3) 


In  words:  the  diaphragm  generates  cavity  force  Fc  which,  in  turn,  produces  a  fluid  velocity  in  the  neck. 

(3)  based  on  these  formulas  we  construct  first  a  VF  mechanical  circuit  ( V  =  across  variable,  F  = 
through  variable).  In  this  choice  of  circuit  Eqs.  3.3.3  are  interpreted  as  nodal  equations:  Fj,  Fc  are  flow 
(“  through)  quantities  and  x\,  x2  are  across  quantities.  The  symbol  Lu  is  an  integro-differential 
operator  which  includes  all  impedances  associated  with  xi  at  the  diaphragm:  these  are  the  impedance  of 
the  applied  force  driver,  the  external  radiation  load  and  the  internal  load  due  to  the  cavity  fluid. 

The  diaphragm  is  taken  to  be  a  mass-spring-dashpot  system  having  common  velocity  xj.  To 
represent  this  in  the  circuit  we  place  a  capacitance  CM  (  —  mass),  an  inductance  LM  (=  spring),  and  a 
conductance  Gm  (=  dashpot)  in  shunt  position  as  three  elements  in  parallel  with  xj  (~  the  across  vari¬ 
able). 


The  acoustic  loading  of  the  moving  spherical  wall  is  that  of  a  sphere  radiating  into  a  fluid  medium. 
Its  representation  in  the  equivalent  network  is  a  matter  of  choice.  We  choose  the  "common  force" 
form,  Fig.  1.7.5c,  in  which  the  radiation  mass  Mrad  is  a  capacitance  and  the  radiation  resistance  is  a  con¬ 
ductance  1/Frad  (see  Sec.  1.7  for  explicit  forms).  Both  of  these  elements  are  in  series  across  the 
circuit -that  is,  also  parallel  with  X). 


The  loading  on  the  diaphragm  supplied  by  the  cavity  is  considered  to  be  a  lossy  spring  in  the  low 
frequency  range  in  question.  As  a  spring  it  shares  velocity  X]  at  one  end  and  x2  at  the  other  end.  It  is 
thus  represented  by  an  inductance  Lc  in  series  position  between  the  two  "potentials"  x1(  x2.  In  a  first 


approximation  the  1OSS  rOSiSiaHCC  Of  the  CaVity  i$  fiC^ICCicu. 
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The  cavity  spring  is  visualized  as  driving  the  slug  of  fluid  (capitance  CN  )  in  the  neck  at  velocity 
x2.  Associated  with  this  velocity  is  the  viscous  conductance  Gn  of  fluid  motion  in  the  neck,  in  parallel 
with  Cs- 

(4)  the  acoustic  radiation  from  the  neck  is  chosen  to  be  the  form  given  by  Fig.  1.7.5C  (see  Sec. 
1.7  for  the  explicit  values  of  Grad,  A/RAd).  This  choice  is  the  "common  force"  representation.  The 
force  driving  this  radiation  is  the  remainder  of  the  spring  force  after  the  neck  forces  are  subtracted. 
The  radiation  velocity  is  the  same  as  that  of  the  neck  mass.  Hence  this  element  is  placed  in  parallel 
with  the  neck  elements.  The  driver  also  is  loaded  with  a  mass  LDB  on  its  backside  (=  inside  the  cav¬ 
ity). 


.  ♦ 


Using  steps  1  through  4  we  sketch  the  equivalent  VF  circuit  of  the  mechanical  network,  Fig. 
3.3.1a.  The  associated  bond  graph  is  shown  in  the  same  figure  as  (b). 


(a) 


•r. 
1  ** 


* 

0 


(b) 

Fig.  3.3.1  —  (a)  A  VF  equivalent  circuit  of  a  spherical  Helmholtz  resonator 
sound  source  with  all  elements  in  mechanical  impedance  form  (b)  its  bond 
graph 


The  dual,  or  FV  representation  of  Fig.  3.3.1  is  easily  constructed  according  to  the  rules  of  Sect. 
1.1.1.  It  will  be  illuminating  however  to  retrace  the  derivation  of  the  equivalent  FV  circuit  by  use  of 
physical  reasoning.  To  begin  with,  one  first  distinguishes  between  mechanical  and  acoustical  com¬ 
ponents  of  the  completed  circuit. 


H 


1.  On  the  mechanical  side  the  driver  supplies  a  force  which  becomes  the  across  quantity  of  the 
mechanical  network.  This  force  drives  the  cavity  wall  into  vibration.  The  wall  is  taken  to  be  a  mass- 
spring-dashpot  system  with  common  velocity.  Hence  its  equivalent  FV  circuit  representation  is  an 
inductance  LM  (=  mass),  capacitance  CM  (=  spring)  and  resistance  RM(=  dash)  in  series  at  common 
velocity  flowing  out  of  the  node  which  represents  the  force  of  Hie  driver.  1  he  acoustic  radiation  from 
the  wall  can  be  chosen  at  will  from  two  choices,  one  a  common  velocity  representation  Fig.  1.7.5a  and 
the  other  a  common  force  representation,  Fig.  1.7.5d.  Since  Fig.  3.3.1  has  a  common  force  representa¬ 
tion  we  shall  chose  the  parallel  circuit  oF  Fig.  1.7.5d  to  represent  radiation  from  the  wall. 
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2.  On  the  acoustic  side,  the  cavity,  neck,  and  neck  radiation  are  taken  to  be  an  acoustic  circuit  of 
the  same  nature  as  that  described  in  Sec.  1.12.  Since  we  shall  use  acoustic  impedances  it  is  necessary  to 
divide  mechanical  impedances  by  the  square  of  the  areas  of  the  spherical  surface.  This  is  done  by  an 
ideal  transformer  with  transformation  ratios  S2 : 1.  The  flow-quantity  then  becomes  the  volume  velocity 
i (t  and  the  across-quantity  becomes  the  fluid  pressure  p. 

The  moving  spherical  wall  generates  an  (interior)  volume  velocity  t liu.  A  portion  i/»c  of  this  comes 
to  rest  at  the  wall  itself.  This  action  is  represented  by  a  capacitor  "spring"  to  ground  in  the  form  of  an 
acoustic  compliance  CA.  A  second  portion  t \rN  flows  through  the  neck.  This  is  represented  by  an 
acoustic  inertance  (inductance)  LA  and  resistance  RA  in  series  (“  same  volume  velocity  as  the  moving 
spherical  wall).  The  pressure  driving  this  volume  velocity  is  represented  by  the  node  (across  the  cav¬ 
ity).  The  representation  of  acoustic  radiation  can  be  chosen  at  will.  We  choose  here  the  common  force 
representation  Fig.  1.7.7d.  Because  the  volume  flow  is  the  same  as  this  parallel  circuit  is  placed  in 
series  with  \ l>N  and  is  connected  to  ground. 


The  completed  electromechanical  FV  circuit  (with  added  piezoelectric  drive)  is  shown  in  Fig. 
3.3.2a,  togeiher  with  (b)  the  associated  bond  graph.  This  circuit,  derived  by  Henriquez  (Ref.  (ID,  does 
not  account  for  the  mutual  loading  of  the  spherical  radiating  surface  and  the  orifice  as  well  as  the  mass 
loading  inside  the  cavity. 
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Fig.  3.3.2  —  (a)  A  FV  equivalent  circuit  of  a  spherical  H 

drive  (b)  its  bond  graph 
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A  different  approach  to  modeling  the  Helmholtz  radiator  is  taken  by  Woollett  [2].  Here  the 
volume  velocity  ipw  flows  through  the  cavity  compliance  CA  as  before,  excepting  that  because  the  wall 
(or  portion  thereof)  is  in  motion  the  wall  velocity  is  terminated  in  a  resistance  which  is  a  sum  of  the 
viscous  resistance  Re  of  the  cavity,  and  radiation  resistance  Rr  of  the  combined  driver  and  orifice. 
Thus  CA  is  in  series  with  Re  and  Rr  and  all  three  are  in  shunt  position.  The  volume  velocity  in¬ 
flowing  through  the  neck  is  impeded  by  an  inductance  LN  which  is  in  parallel  with  the  cavity  branch. 
Figure  3.3.3  shows  the  mechanical  portion  of  the  Helmholtz  resonator  in  this  model  considered  as  a  cir¬ 
cuit  ( P  —  across  var.^ie  and  tft  through  variable): 
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(a)  (b) 

Fig.  3.3.3  —  A  p\l>  equivalent  circuit  of  the  Helmholtz  resonator 
with  moving  cavity  wall  (after  Woollett  121)  (b)  its  bond  graph 
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The  acoustic  immittance  (-  tpDlPD)  of  this  circuit  is  maximized  at  two  frequencies:  (1)  at 
mechanical  resonance  of  the  wall  in  which  the  reactance  of  the  effective  spring  Cy  and  effective 

mass  Lm  cancel  each  other,  u>M  —  ..  .  (2)  and  a  second  resonance  at  mechanical  resonance 

v 

of  the  springy  of  the  wall  and  the  parallel  circuit  Cj,  L ^  of  the  cavity-neck  combination. 


The  office-cavity  resonance  frequency  u>H  (  =  Helmholtz  resonance)  is  much  lower  than  the 
elastic-radiation  resonance  frequency  Figure  3.3.4  shows  a  sketch  of  the  transmitting  (voltage) 
response  predicted  by  the  model. 
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3.4  GENERIC  MODEL  OF  HELMHOLTZ  RESONATOR  SOUND  SOURCE 

The  previous  section  has  discussed  the  construction  of  an  equivalent  circuit  for  the  spherical 
Helmholtz  resonator  sound  source.  Since  other  shapes  are  possible  we  continue  with  a  more  general 
approach  to  modeling.  We  adopt  the  FV  (acoustically,  Pty)  model  of  the  mechanical  circuit  and  gen¬ 
eralize  Fig.  3.3.4  as  follows: 

1.  the  electrical  mesh  is  a  voltage  generator  in  parallel  with  electrical  impedance  Zt.  (See  Sec.  1.8 
for  a  discussion  on  the  modeling  of  a  source). 

2.  the  transformer  ratio  is  1:<£2  in  which  rf>  contains  a  factor  1  /SD  where  SD  is  the  area  of  the 
driver,  inserted  in  order  to  convert  equivalent  mechanical  impedances  into  acoustical  impedances,  that 
is,  electrical  voltage  E  is  converted  into  acoustical  pressure  P  and  electrical  current  F  into  volume  velo¬ 
city  </». 

3.  there  are  two  "acoustical  (ac)  pressure  nodes",  pD  supplied  by  the  electric  field  and  pc  in  the 
cavity.  The  difference  between  pD  and  pc  drives  a  volume  velocity  \1>D  through  the  driver-loading 
impedance  zD  (which  includes  the  acoustic  loading  on  both  sides  of  the  elastic  driver  surface  as  well  as 
the  acoustical  impedance  of  the  driver  itself).  The  cavity  pressure  pc  drives  a  volume  vMocity  i pc 
through  the  compliance  zc  of  the  cavity,  as  well  as  a  volume  velocity  i (ip  through  the  port  (~  welmholtz 
orifice)  impedance  zp  and  the  port  radiation  zR. 

The  mechanical-acoustical  equations  expressing  these  physical  facts  art: 


(1) 

Pd  ~  Pc 

7  m 

'U 

~  d  or  pD  -  zdt{id~  pc 

(3.4.1) 

(2) 

'I* 

II 

or  pc  —  Zc  >}ic  =  0 

(3.4.2) 

Zc 
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(3) 


(rp  +  z,) 


-  <|/.  or  ft.  -  (z.  +  z«)iA.  -  0. 
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(3.4.3) 


From  the  discussion  in  Sec.  3.3  it  will  be  seen  that  zD  is  in  series  position,  while  zc  and  ( zp  +  z#1 
are  in  shunt  position. 


The  generalized  circuit  is  shown  in  Fig.  3.4.1. 

The  complex  acoustical  pressure  radiated  is, 
Prad  “  ZR  'I'p 

while  the  complex  acoustical  power  radiated  is. 
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Fig.  3.4.1  —  Generalized  FV  equivalent  circuit  of  a 
Helmholtz  resonant  sound  source 


W  “  /’RAD  'I'p  “  ZR'Ilp- 

Analysis  consists  in  finding  t|».  for  various  choices  of  zD,  zc,  zp,  zR. 


3.5  EXPLICIT  FORMS  OF  THE  ACOUSTICAL  IMPEDANCES  OF  THE 
HELMHOLTZ  RADIATOR  SOUND  SOURCE 

The  driver  impedance  zD  contains  these  components: 

Zd  “  +  zmr  +  zm  (units \Hs/ms) 

zM:  acoustical  impedance  of  the  (elastic)  driver 
zMR:  radiation  impedance  into  the  external  medium 

zMB:  acoustical  impedance  of  loading  on  backside  of  the  driver  (=  interior  cavity). 
Explicit  forms  again  depend  on  the  physical  character  of  the  sound  resonator. 

The  cavity  impedance  zc  contains  the  components: 

RAb:  viscous  resistance  impedance  in  cavity 
CAB  :  acoustical  compliance  of  cavity. 

The  neck  impedance  zB  is 

zp  =  Rp  +  jot  Mp. 
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The  neck  radiation  impedance  is 


zrp  -  Rrp  +  j<»  MMp. 


Explicit  values  to  be  assigned  to  these  symbols  depend  on  the  selected  physical  form  of  the  radia¬ 
tor.  We  treat  here  two  forms: 


Case  l.  The  spherical  piezoceramic  Helmholtz  radiator  sound  source 


This  source  consists  of  a  spherical  piezoce, antic  shell  density  pni  mean  radius  am,  thickness  t 
,/ized  through  the  thickness  across  fully  electroded  inner  and  outer  spherical  surfaces. 


On  the  electrical  side  we  take  Ze  =  1  /juiC0,  where  Co  is  the  clamped  electrical  capacitance, 
^  Airalc&il  -  kp) 


kp  —  planar  coupling  factor  - 


SCE=  J  (sfl  +  sf2>- 


Z,  may  also  have  a  real  part  Re  the  electrical  impedance  determinable  by  measurement  of  the 
electrical  Qe  at  «,  with  the  sphere  vibrating  in  a  vacuum. 


Re1 


1 


<orCoQt 

The  transformer  ratio  of  the  equivalent  circuit  with  a  mechanical  mesh  expressed  as  a  real  number,  is: 


,  4nad3t  .  .  . 

0  - ■= —  (units:  C/m). 


When  the  mechanical  mesh  is  replaced  by  an  acoustical  mesh,  0  must  be  divided  by  S  -  47ra2.  Hence 


<t>A 


<*31 


sfa 


units: 


nr 


On  the  mechanical-acoustical  side  of  Fig.  3.4.1  we  treat  the  vibrating  shell  first.  The  spherical  shell  in 
purely  radial  motion  features  these  element  values: 


Or  *=  mechanical  compliance  =*  sPIAnt  (units:  m/N) 


CMA  ~  acoustical  compliance  : 


spAira* 


(units:  m5/N) 
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Mm  —  mechanical  mass  -  4 ira£tpm  (units:  Ns2/m) 
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mm 


tpm 

Mma  ”  acoustical  mass  - - r 

4n  a1 


.  Ns2 
units:  — 7- 
m3 


Rm  -  mechanical  loss  in  material 


1 


"rCaQu 


(units:  Ns/m) 


in  which  o>r  -  \/^/pmsf. 


RMA  -  acoustical  loss  in  the  material 


a)rScE4na*QM 


units: 


Ns 

m5 


A  second  component  of  the  driver  associated  impedance  is  the  acoustical  radiation.  We  select  here  the 
common  velocity  form  in  the  FV circuit  such  as  that  shown  in  Fig.  1.7.5a, 


, ,  ^RAD  +  j<»M\ RAD  PC 

lmr  ”  “ 


S 2 


4-rra1 


(/ca)2 


+  j 


ka 


1  +  (/ca)2  1  +  (ka)2 


A  third  component  is  tne  acoustic  impedance  of  the  mass  loading  on  the  cavity  side  of  the  shell.  This 
is  difficult  to  estimate.  One  procedure  is  to  assume  a  mass  load  which  is  the  same  as  that  of  a  spherical 
radiator  at  very  low  frequency  (i.e.,  ka  «  1).  Then,  from  Sect.  1.7, 

•  m _ 1_  Pc 

AB  4  ira 

in  which  pc  is  the  density  of  the  cavity  fluid. 

We  turn  next  to  the  cavity  acoustical  impedance.  This  compliance  is  simply  the  volume  of  the 
cavity  Vc  divided  by  the  bulk  modulus  of  the  cavity  fluid, 


K 


•'AB  2 

pr 


(units:  m5/N). 


The  viscous  loss  in  the  cavity  may  be  estimated  from  a  measured  value  of  the  Qc  of  the  cavity. 
Approximately, 


R, 


l 


(units:  N/m5). 


A  more  accurate  representation  replaces  CAB  by  an  effective  compliance  of  value, 

~  .  -  CD 


\l  -  a)^AB\  a  = 


CD  +  C, 


AB 
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As  noted  earlier  (see  Eq.  3.4.2)  this  compliance  multiplied  by  the  pressure  pc  leaves  no  residual 
pressure.  It  is  thus  in  shunt  position. 

The  (ac,  or  signal)  pressure  also  acceleiales  cavity  fluid  through  the  port  (=  orifice).  This 
volume  in  motion  encounters  an  acoustic  impedance  Zp.  The  acoustic  inertance  of  this  impedance  is 
associated  with  a  mass: 

A/p  =  ^  (units:  Ns2/m5) 

Sfj  c>h 

SH  =  area  of  orifice. 

The  symbol  /'  is  the  length  of  the  neck  /  modified  by  two  end  corrections,  customarily  taken  as: 

/'  —  /  +  1 .46  a^. 

(See  Sect.  3.2).  The  loss  in  the  neck  due  to  viscous  resistance  is 


RP-4RS  1  +  0.5  -7~  ; 


17  -  viscosity  coefficient  (units:  Ns/m). 

The  final  acoustical  impedance  to  be  accounted  for  is  the  radiation  impedance  of  the  orifice. 
Several  models  are  available.  Since  the  spherical  surface  provides  some  baffling,  it  is  a  first  approxima¬ 
tion  to  assume  the  orifice  fluid  acts  as  a  piston  in  an  infinite  baffle.  Then  Fig.  1.7.6b  applies.  In  this 
figure  we  assume  a  frequency  low  enough  such  that  the  impedance  1  lja>CM\  is  effectively  infinite,  so 
that, 

R  —  RMl  +  Rm  -  Gr  4-  1.386 )a2pc  (units:  Ns/m). 

The  acoustical  radiation  resistance  is  therefore, 


R’~  Wa},r 


,c .  oassbc  (units:  Ns/mS) 

n <*h  oh 


The  acoustical  radiation  reactance  is  represented  by  an  inductance  of  value  Mm  =  (8/3 )a3p/S$, 


MM\  =  — r  (units:  Ns2/m5). 

3i t  an 


This  completes  the  modeling  of  a  spherical  Helmholtz  resonator  sound  source  by  means  of  an 
equivalent  circuit.  In  practice  the  circuit  parameters  are  determined  by  the  transducer  requirements  of 
size,  weight,  frequency,  power  etc.  and  the  circuit  is  solved  for  the  volume  velocity  ipp  flowing  through 
the  orifice.  The  acoustic  power  radiated  is  then  given  by 
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WA 


Rp^I  = 


0.459  pc 


ah 


<J> 


2 

P‘ 


' !>j  =  'lip'li  p 

The  source  level  p  itself,  expressed  in  maximum  acoustic  pressure  at  one  meter  is  found  from  WA  by 
evaluating  the  integral, 


WA  =■=  f -2—  ( r,0,<f> )  dS  ( r,9,4 i). 

Js  pc 

Customarily,  the  result  of  this  evaluation  is  written  in  terms  of  a  directivity  factor  RB 

■y/W^pcRg 


Pe  = 


47 r/ 


[r-1  meter 


Re 


maximum  acoustic  intensity  in  direction  of  angle  9 
average  acoustic  intensity  over  2  7r 


In  reporting  measurements,  9  is  set  to  zero  in  the  direction  of  maximum  pressure. 

A  piezoceramic  Helmholtz  resonator  sphere  4  in.  in  O.D.  and  1/4"  thick  labelled  USRD  type 
F39A,  was  constructed  by  Henriquez  [1].  Figure  3.5.1  compares  the  measured  and  predicted  transmit¬ 
ting  current  response,  and  Fig.  3.5.2  compares  the  measured  and  predicted  fVee  field  voltage  sensitivity 
of  this  same  transducer  when  it  acts  as  a  receiver  of  sound. 


0.5  1.0  5  10  50 

Frequency  (MU) 


Fig.  3,5.1  —  Transmitting  current  response 
of  USRD  type  F39A  transducer.  Solid  line: 
computed  from  circuit  in  Fig.  3.3.2.  Dashed: 
measured. 


Fig,  3.5.2  —  Free-field  voltage  sensitivity  of 
USRD  type  F39A  transducer,  Solid  line: 
computed  from  circuit  in  Fig.  3.3.2.  Dashed 
line:  measured. 
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3.6  THE  CYLINDRICAL  PIEZOCERAMIC  HELMHOLTZ  RESONATOR  SOUND  SOURCE 

In  large  sizes  the  Helmholtz  resonator  is  most  practically  made  with  a  cylindrical  body  driven  at  its 
walls  by  piezoceramic  rings,  Fig.  3.6.1.  Here  the  cylindrical  walls  consist  of  a  stack  of  thin  piezoceramic 
r.ngs  (6  shown),  each  of  thickness  r,  height  /,  mean  diameter  Dm.  The  cylindrical  cavity  so  formed  pro¬ 
vides  the  cavity  compliance  Cc  (units:  m5/ AO  and  the  elastic  walls  provide  the  driver  compliance  CD 
(units:  mV  AO.  A  neck,  area  7ra2,  length  lN,  provides  the  inertance. 


Fig.  3.6.1  —  A  Helmholtz  resonator  sound  source 
with  a  cylindrical  cavity 


A  first  consideration  in  the  operation  of  this  transducer  is  the  parameterization  of  the  resonant 
frequency  fr.  In  the  absence  of  the  wall  compliance  the  Helmholtz  resonance  depends  on  Cc-1/2.  To 
account  for  the  effect  of  the  CD  one  writes, 


Q 

Ce 

Cc  +  CD 

or 

Q> 

n  —  - , 

Cc  +  CD 

Hence, 

f}  «  1  ~  «■ 

A  second  consideration  is  the  parameterization  of  the  radiated  power.  In  most  applications  (at  low 
frequency)  the  sound  source  can  be  considered  a  point  monopole  with  a  volume  source  strength  Qa 
(units:  m3/s).  If  the  volume  displacement  of  the  moving  walls  is  A  Vf,  one  may  assume  for  sinusoidal 
motion  that, 


Qw  =  wA  Vf  (peak  source  strength). 


^/|2- 
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Away  from  resonance  »k;  radiated  pow^r  depends  on  the  dynamic  response  of  the  cavity  walls  to  a  forc¬ 
ing  function.  Since  the  walls  are  elastic  we  may  (in  a  first  approximation)  assume  the  transducer  to  be 
a  simple  damped  harmonic  oscillator,  mass  m,  compliance  K  =  wo2m,  damping  2b,  the  displacement  of 
which  is, 


JCI 


F/m 


!<y2  —  or  +  j2bm 


F/m 


{F/mw2) 


■\f [wj  —  w2)2  +  i.2bo))2 


ll. 

f 


-  1 


fir 


The  power  in  the  oscillator  is  proportional  to  U]2.  Thus  th;  power  radiated  is  modeled  by  the  formula: 

p(27r)4/(l  -a)2\SVf\2 


W 


2  •  4ttc 


4- 1 

f 


+  ib/nf)2 


Choosing  c-  1.5  x  I03  m/s,  p-  103  (Ns2/m4),  and  allowing  A  Vf  to  be  peak  value  of  a 
sinusoidal  time  dependence,  one  has 


W 


41.3  (1  -  a)2  |A  VA2/4 


1L 

f 


-  1 


fit 


(units:  Nm/s). 


When  /  «  fn  W  varies  as  f  so  that  the  source  level  SL  varies  as  f  or  24  dB/octave.  When 
f  »  fr  W  varies  as  f  making  the  SL  vary  as  f1  or  12  dB/octave. 


The  acoustic  power  radiated  end  the  source  levels  predicted  by  these  formulas  are  limited  by  the 
maximum  permissible  stress  levels  in  the  cavity.  Letting  Pm ax  be  this  maximum  stress  level,  it  is  seen 
that  that  peak  volume  displacement  at  very  low  frequencies  is 


SVj-  CcP max 


vV 


\.\ 


% 


i  \* 
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Characterization  of  the  Driver 

Since  the  piezoceramic  driver  is  of  barrel-stave  design  consisting  of  an  assembly  of  n  bars  (length, 
4;  width  w  -  irDmeJn ;  thickness  tc )  cemented  together  to  form  a  continuous  cylindrical  shell  of 
mean  diameter  £>mean,  each  bar  electroded  on  areas  lctc,  and  polarized  through  width  w,  the  piezoelec¬ 
tric  equation  of  state  for  the  ring  is 


Sj  “  sf3  7*3  +  d33E 


Here  for  radial  displacement  8,  S3  is  the  hoop  strain  (“  8/amean);  T3  is  the  hoop  stress  due  to  an 
applied  force  per  unit  angle  F/Itt,  where 


7*3 


_F_  _1_ 
27 r  tc  lc 


and  E  is  the  applied  electric  field, 


Ex=  — 


Vn 


w  7 tD„ 


To  find  the  force/voltage  factor  we  set  S3  =  0  and  solve  for 

I  IT 

N  = 


hrtclcnd33  , 

vumts:  N/  V). 


The  "free  strain,"  (meaning  the  strain  for  E  -  0)  is 

8  sf3  (F/2tt) 


tele 


hence  the  mechanical  compliance  of  the  shell  is 


Since  the  mass  of  the  shell  (of  density  pm)  is, 

~  P  m77"  7^ mean  44 

the  frequency  of  radial  resonance  is 

1  1 


(Or  = 


■J MmCm  a mean 

The  mechanical  resistance  at  resonance  can  be  obtained  from  a  knowledge  of  the  mechanical  O-y 

Ns 


_  _ 1 _ t7mean(pwS^3 

m  *tCmQm  ~  CmQm 


units: 


m 
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The  free  radial  displacement  8^  generated  by  the  applied  voltage  Fean  be  deduced  from  the  formula 
for  CM  and  N.  Hence  the  free  volume  displacement  is, 

AVj  —  amcan4w^33 

A  useful  modification  of  this  formula  is  to  use  V  =  £rrZ)mean/n  so  that, 

A  Vf=  2na2lcdME  (units:  nr5). 

This  formula  gives  the  maximum  free  volume  displacement  for  a  maximum  applied  field  E  (for  piezo¬ 
ceramics  this  is  usually  taken  at  4  k  volt/cm). 

The  acoustical  element  parameters  are  derived  by  simple  assumptions  of  lumped  values.  The 
compliance  is 


CA  = 


TTfl/  4 av 
Pi  Cl2 


(units:  m5/N). 


The  viscous  loss  in  the  cavity  is  difficult  to  estimate.  A  convenient  procedure  is  to  assume  this 
loss  is  approximately  that  of  simple  time  harmonic  flow  of  a  vicous  fluid  (dynamic  viscosity  tj  (units: 
Ns/m2),  density  p,  frequency  f)  over  a  large  surface  A.  The  mechanical  resistance  is  then, 

Rv  -  (Tn)pf)l/2A  (units:  Ns/m) 

wheteas  the  acoustical  resistance  is 

R(A)V=  —  (units:  Ns/ms). 

The  form  of  the  radiation  elements  of  cylinder,  or  piston-orifice  can  be  chosen  in  two  ways:  in  the 
common  volume  velocity  form,  p  =  *]jZa,  where  ZA  is  the  acoustic  radiation  impedance;  or  in  the  com¬ 
mon  pressure  form,  i ji  =  pY,,,  where  YA  is  the  acoustic  radiation  immitance.  These  forms  are  explicitly 
written  for  the  cylindrical  driver  on  a  per  unit  length  basis, 


Zo  —  Rr  +  jMR  - 


2iralc  PC 


(2  ka)2  .  2 ka 

1  4-  (2  ka)2  J  1  +  (2  ka)2 


units: 


Y  d~  GR  -  jBR  = 


2tt  alc 
pc 


(units:  m S/Ns). 


When  the  ZD  form  is  used  the  radiation  elements  are  a  resistance  and  inductance  in  series.  When  the 
Yf)  form  is  used  the  radiation  elements  are  a  conductance  and  capacitance  in  parallel 

The  radiation  from  the  orifice  must  be  approximated:  a  good  model  is  to  assume  the  orifice  to  be 
a  piston  at  the  end  of  a  long  (rigid  wall)  tube.  Then  from  Section  1.7,  the  FV  diagram  of  this  radiation 
consists  of  an  inductance  (=  mass)  Mm\  and  a  resistance  RMl  +  Rm\ 
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Zrad  ”  -^0  +  jXo  “  0  +  0.504)  nafooc  +  jw  0.6133  tt0,3po  (units:  Ns/m) 


zrad  “  ~~T  Poc  +  j<» 


0  6133  an* 


—  (units:  Ns/m5). 


Actually,  the  inertance  of  the  orifice  is  that  of  an  orifice  at  the  end  of  a  closed  pipe  of  length  /,  radius  a : 

Za~-  j  — T  cot  kl 
nat 


At  low  frequencies,  for  a  stack  of  n  rings, 


z"  “ J  ("  "•< _  -^c7) 


,,  ,Po>  ,  ,  (A:/')2  ,  (/c/')42  , 

iw  l1  + — + -nr + 


in  which  /'  is  the  actual  length  plus  an  orifice  correction  factor  (see  Sect.  3.2),  and  a,  is  the  orifice 
radius. 

The  equivalent  circuit  of  the  cylindrical  Helmholtz  resonator,  sound  source,  based  on  the  concepts 
of  Sec.  1.17  through  1.22,  is  shown  in  Fig.  3.6.3.  Three  alternative  bond  graphs  representing  the  same 
physical  model  are  also  displayed. 

A  large  cylindrical  Helmholtz  resonator  sound  source  was  built  by  A.  M.  Young  et  al.  [3].  Five 
barrel-stave  piezoceramic  rings,  mean  radius  0.267  m,  wall  thickness  0.025  m,  each  constructed  of 
n  «•  96  segments  per  ring,  were  stacked  to  give  a  total  height  of  0.775  m.  The  cavity  thus  formed  was 
completed  by  metal  rings  to  a  total  of  0.919  m,  terminating  in  an  orifice  of  radius  0.210  m.  The 
ceramic  properties  were 

dJ3  -  280  x  10' 12  m/V 
sf 3  -  1.493  x  10- 11  m2/N 
pc  =  7.55  x  103  kg/m3. 

The  oil  fill  between  boots  was  chosen  to  be  castor  oil,  with  properties: 

Pod  “  950  K8/m3 


c0,i  =  1540  m/s 


t)  =  0.986  Ns/m2, 


sound 


3.7  CORRECTIONS  TO  CAVITY  AND  ORIFICE  INERTANCE 


The  inertances  of  the  cavity  and  orifice  arc  difficult  to  formulate.  Incorrect  modeling  le< 
errors  in  predicting  the  frequency  of  Helmholtz  resonance  and  acoustic  response.  To  accoui 
motion  of  the  fluid  in  the  cavity  and  orifice  Alster  [4]  devised  a  formula  for  the  resonant  frequei 
these  resonators  which  includes  corrections: 
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c  -  velocity  of  sound  in  the  fluid  of  the  cavity 

A  -  cross-sectional  area  of  neck 

Ln  -  length  of  the  neck 

V  -  volume  of  the  cavitry  without  the  neck 

L  -  height  of  the  resonator  cavity,  bottom  to  the  neck 

Lv  -  a  form  factor  (see  Table),  units  of  length 

Lo  -  0.24  r,  where  r  -  radius  of  the  neck 

Table  3.7.1,  reproduced  from  Ref.  {4]  provides  convenient  formulas  for  Lv.  These  formulas  apply 
to  simple  resonators  (a  single  cavity  with  a  single  neck).  The  Appendix  gives  formulas  for  the  resonant 
frequencies  of  compound  Helmholtz  resonators. 

Table  3.7.1  —  For  Factors  for  Helmholtz  Resonator  Cavities 
[1].  M.  Alster,  Journal  Sound  and  Vibration ,  24  (1972),  ®1972 
Academic  Press,  Inc.;  by  permission. 
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Appendix 

The  basic  approach  to  modeling  the  performance  of  acoustic  transducers  by  equivalent  circuits 
used  in  this  treatise  is  that  of  converting  the  equations  of  motion  in  all  degiees  of  freedom  of  a  system 
into  loop  representation  or  nodal  representation.  It  is  therefore  useful  in  the  design  of  multiple  cavity 
Helmholtz  resonators  to  count  the  degrees  of  freedom  of  particular  structures,  to  list  the  associated 
resonant  frequencies,  and  to  show  the  "mode  shapes".  The  latter  term  refers  to  the  amplitude  (and 
sign)  to  be  associated  with  each  degree  of  freedom  relative  to  an  assigned  value  of  +1  to  the  first 
degree  of  freedom.  Table  3A.1  gives  the  resonant  frequency  and  mode  shape  of  simple  cavity  and  mul¬ 
tiple  cavity  Helmholtz  resonators  (51. 

Table  3.6.1  —  Helmholtz  Resonators 


/ ,  ■ 

’  •  **■ 
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Chapter  4 

POLYMER  FILM  TRANSDUCERS 


4.1  INTRODUCTION 

Many  biological  macromolecules  (biopolymers)  are  piezoelectric:  for  example,  it  is  found  that 
films  prepared  of  polypeptides,  bone,  tendon  or  wood  develop  surface  charges  when  stressed  in  the  film 
plane.  The  measured  equivalent  piezoelectric  constants  of  these  substances  are  comparable  in  magni¬ 
tude  to  crystalline  quartz,  even  without  any  previous  electrical  treatment.  In  contrast  to  the  general  run 
of  natural  crystals  only  shear  coefficients  d ]4  and  d2s  are  observed  in  these  biopolymers.  Synthetic  poly¬ 
mers  (not  of  biologic  origin)  also  exhibit  piezoelectricity.  In  1969  Kawai  [1]  showed  that  stretched  film 
of  (about  30-50  microns  thick)  polyvinylidene  fluoride  PVF2  heated  to  90°C  and  then  cooled  down  to 
room  temperature  in  a  dc  field  (~  0.3  MV/cm)  was  more  strongly  piezoelectric  than  crystalline  quartz. 
Large  piezoelectric  strain  coefficients  d3\  were  observed  in  the  initial  (usually  designated  subscript  1) 
drawing  direction.  This  film  was  however  markedly  anisotropic  since  the  coefficient  of  electromechani¬ 
cal  coupling  is  stronger  in  the  machine  direction  (of  stretching)  than  in  the  planar  transverse  direction. 
Electric  field  hysteresis,  similar  to  that  of  crystalline  ferroelectrics,  has  been  observed  in  these  polarized 
films.  PVF2  is  also  strongly  pyroelectric,  and  does  not  lose  its  polarization  after  several  heating  cycles. 

Although  PVF2  films,  polarized  through  the  thickness,  have  been  used  in  applications  to  acous¬ 
tics,  electrical  switching  and  pyrometry,  a  satisfactory  explanation  of  its  piezoactivity  is  still  to  be  made 
to  date  (1987). 

4.2  PHENOMENOLOGICAL  THEORY  OF  PIEZOELECTRICITY  IN  POLYMER  FILMS 

A  thin  film  of  PVF2,  surface  area  A,  thickness  /,  roll-drawn  in  the  1 -direction  and  polarized  in  the 
3-direction  through  full  electrode*’  over  both  surfaces  (x  *»  ±1/2),  is  deformed  sinusoidally  with  time 
(at  frequency  w).  As  a  result  of  this  deformation  one  observes  an  open-circuit  voltage  across  the  elec¬ 
trodes,  or  alternatively,  a  short-circuit  current,  at  the  same  frequency  o>.  The  deformation  in  question 
is  elongational  in  the  plane  of  the  film,  or  bending  of  the  film.  In  stretched  PVF2  film  the  anisotropy  of 
piezoelectricity  is  clearly  noticeable  because  the  open  circuit  voltage  is  largest  for  deformation  (—  elon¬ 
gation)  in  the  stretch  direction,  and  is  less  in  any  other  direction  in  the  plane.  The  piezoelectric  con¬ 
stant  dy i  is  a  complex  quantity  because  the  open-circuit  voltage  is  not  in  phase  with  the  applied  strain, 
and  the  short-circuit  current  is  not  in  phase  with  the  strain  rate. 

A  phenomenological  theory  of  piezoelectricity  in  PVF2  film  is  most  conveniently  framed  in  terms 
of  the  classical  equations  of  a  piezoelectric  crystal  in  which  a  constant-S  mechanical  boundary  condition, 
and  a  constant  E  electrical  boundary  condition  are  used: 


u  =  eS  +  esE 
T  -  cES  -  eE 


(4.2.1) 


D  is  the  electric  displacement,  e  is  the  piezoelectric  stress  constant,  es  is  the  damped  dielectric 
constant,  £is  the  electric  field,  T  is  the  stress,  </  is  the  short-circuit  eiastic  modulus  and  A  is  the  elastic 
strain. 

In  the  general  theory  both  e  and  es  are  functions  of  strain  S  or  strain  gradient  VS.  Expressed  in 
Cartesian  tensor  form,  the  general  theory  is  described  by  the  relation, 
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where 


A  =  e<<r  A  +  e, 


as* 

9o 


+  L  +  M 

l°"  8S, 


S/c 


/=  1,2,3  =  ; 


(4.2.2) 


ry  =  (x,y,z) 

The  symbol  e,k  when  written  in  full  tensor  notation  is  a  third-rank  tensor  which  describes  the  piezoelec¬ 
tric  property  of  the  polymer  film  associated  with  uniform  strain  Sk.  It  vanishes  when  the  crystalline 
material  of  the  film  has  a  center  of  crystalline  symmetry.  The  symbol  eiJk  when  written  in  full  tensor 
notation  is  a  fourth-rank  tensor  which  describes  the  piezoactivity  of  the  polymer  film  associated  with 
nonuniform  strain  &Sk/drj.  It  does  not  vanish  even  in  the  presence  of  a  center  of  symmetry.  The  sym¬ 
bol  Sey/dSk  is  the  electrostricition  constant. 

In  applications  the  deformation  is  specifically  made  along  the  direction,  call  it  x,  which  gives  the 
maximum  piezoelectric  effect.  Thus  only  one  component  of  the  tensor  of  Eq.  4.2.2  is  normally  used, 

D(x)  =  e(x)  u(x)  +  e(x)  E(x)  +  P0(x)  (4.2.3) 


In  this  form,  w(x)  is  the  uniform  deformation  strain  in  the  x-direction  and  P0(x )  is  the  polarization, 
excluding  polarizations  due  to  electric  field  and  uniform  (internal)  strain.  Figure  4.2.1  shows  the  film 
located  between  two  electrodes.  Solving  for  E  (x)  and  integrating  it  between  ±  // 2  gives  the  potential 
difference  developed  across  the  electrodes  by  the  strain  and  charge  accumulation: 
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rin  ,  D(x)  —  F0(x)  r+H 2  e(x)»(x) 
J-f/2  e(x)  J-m  e(x) 


dx. 


(4.2.4) 
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Fig.  4.2.1  —  Polymer  film  showing  two  electrodes  with  true  charges 
Q,  Q\  and  a  bound  (interior)  charge  qx  at  level  %\ 


By  assuming 


e(x)  =  60  +  ku{x),  k  = -7^ 

e(x)  =  e0  +  w(x) 
du 


(4.2.5) 


Hayakawa  and  Wada  [2]  derived  a  formula  for  the  open  circuit  voltage  V  developed  across  the  elec¬ 
trodes  of  Fig.  4.2.1  induced  by  the  deformation  »(x): 
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in  which  p(x)  is  the  sum  of  the  true  charge  density  p,  and  the  polarization  charge  density 

Pp  -  -BP0(x)/Bx. 

Discussion :  Equation  4.2.6  serves  as  a  convenient  formula  to  describe  phenomenologically  the  various 
possible  origins  of  piezoelectricity  in  polymers.  First,  there  is  the  conventional  piezoactivity  due  to 
internal  strain  in  a  unit  cell  of  polar  crystals,  or  any  asymmetric  crystals.  This  is  expressed  by  the  term 
eo&l/cQ.  Polymers  of  biological  origin  exhibit  this  type  of  piezoactivity.  The  matrix  of  stress/field  con¬ 
stants  d(  - e/g )  for  them  is  of  the  face-shear  form,  Table  4.2.1: 

Table  4.2.1 

0  0  0  </I4  0  0 

0  0  0  0  -di  4  0 

0  0  0  0  0  0 


Second,  there  is  a  type  of  piezoelectricity  which  results  from  a  combination  of  charge  distribution 
p(x)  -  lpp(x)  +p,Gr)]  throughout  a  polarized  amorphous  material  coupled  to  a  nonuniform  strain 
An  -  [u(x)-8l/ /].  This  piezoelectricity  is  found  in  synthetic  polymer  electrets,  such  as  a  film  of 
PVF2,  and  is  attributed  to  the  existance  of  polarization  in  the  film,  with  an  associated  distribution  of 
electric  charge  both  in  the  interior  and  on  the  surface.  The  matrix  of  stress/field  constants  for  such 
synthetic  polymer  electrets  has  the  form: 

Table  4.2.2 

0  0  0  0  dls  0 

0  0  0  rfls  0  0 

dji  dtf  d$3  0  0  0 


Several  mechanisms  explaining  the  origin  of  these  charges  in  polymer  electrets  have  been  for¬ 
warded:  (1)  the  electrodes  inject  charge  into  the  film  (2)  the  dielectric-electrode  interface  exhibits 
breakdown  with  resultant  injection  of  charge  into  the  film  (3)  charge  carriers  migrate  over  macroscopic 
distances  in  the  film  (4)  generation  of  dipoles  caused  by  migration  over  microscopic  distances.  Which 
of  these  is  most  likely,  is  a  matter  of  current  dispute.  A  more  detailed  discussion  is  provided  later  in 
this  chapter. 

We  choose  one  synthetic  polymer,  PVF2,  for  further  study. 

4.3  STRUCTURE  AND  PROPERTIES  OF  PVF2  IN  31  MODE 

Polyvinylidene  fluoride  (PVF2  or  PVDF)  is  a  semicriystalline  polymer.  It  crystallizes  from  its 
melt  into  spherulitic  structures  (that  is,  spheres  of  crystalline  lamina  separated  by  amorphous  com¬ 
ponents  growing  out  of  the  center).  The  volume  fraction  of  crystalline  material  is  about  50%.  When  in 
liquid  form,  the  net  (charge)  moment  of  a  group  of  molecules  is  zero  in  absence  of  an  applied  field. 
In  the  crystal  form  PVF2  exhibits  two  crystal  phases,  /3  and  y,  which  are  inherently  polar  (that  is,  when 
they  are  stacked  in  lamellae  they  exhibit  a  net  polarization).  A  third  phase,  a,  although  posessing  a 
dipole  moment,  packs  to  form  anti-polar  cells,  and  hence  nonpolar  lamellae  stacks. 

PVDF  is  manufactured  in  films  approximately  1  to  125  mils  thick.  The  coordinate  system  used  to 
define  piezoelectric  and  dielectric  properties  of  these  films  has  been  standardized,  Fig.  4.3.1. 
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Fig.  4.3.1  —  Coordinate  system  defining  the  direction 
i  of  polarization  of  a  polymer  film 

direction  of 

drawing 


'JW. 

The  orientation  (or  direction  of  drawing)  in  the  plane  of  the  film  is  labeled  1  and  the  direction  of  polar¬ 
ization  is  normal  to  the  plane  and  is  labelled  3.  In  manufacture,  the  film  is  monoaxially  ( -  x  direc¬ 
tion)  oriented.  This  causes  piezoelectric  anisotropy  in  the  film  which  makes  the  (/-constant  a  function 
of  angle  0,  Fig.  4.3.2.  Its  magnitude  at  0  =0°  (which  is  —  2.3  xlO-u  C/N  for  a  sample  specimen 
used  in  a  specific  test)  is  about  10  times  that  at  6  =  90°.  Other  specimens  polarized  under  more 
optimum  conditions  of  temperature,  dc  field,  and  rate  of  cooling  show  higher  magnitudes 
(dn  ~  5  x  10-11  C/N)  for  /3-phase  PVDF).  The  relative  dielectric  constant  e/to  ranges  from  8  to  14 
depending  on  ambient  temperature  and  applied  stress. 
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Fig  4.3.2  —  Variation  of  d-  constant  of  a  PVDF  film  with  angle  9  t? 
as  defined  in  Fig.  4.3.1  [31.  M.  Marayama,  Ultrasonics ,  21  (1), 
(1976),  61976  Butterworth  &  Co.  (Pub)  Ltd.;  by  permission. 
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The  molecular  structure  of  PVDF  present  in  films  depends  upon  conditions  of  film  formation. 
The  a-crystal  form  is  found  mainly  in  melt  castings.  The  /3-crystal  form  appears  in  oriented  samples. 
A  single  crystal  of  /3-form  will  naturally  show  a  piezoelectric  effect  without  any  polarizing  operations. 
The  a-form  transforms  into  /3-form  when  the  film  is  stretched  at  temperatures  below  100°C. 

Since  PVDF  is  a  synthetic  structure  its  piezoelectric  properties  will  vary  with  polarizing  tempera¬ 
ture,  polarizing  dc  field  and  polarizing  time.  Figures  4.3.3,  4,  5  reproduced  from  Ref.  [3]  show  these 
dependencies.  Once  polarized,  PVDF,  particularly  in  the  /3-form,  is  stable  (in  its  piezoelectric  proper¬ 
ties)  at  room  temperature,  It  is  only  when  exnosed  to  ambient  temr>eraHires  that  pxrpp.d  80°C  that 
piezoactivity  (as  measured  by  the  rf31)  diminishes  in  the  first  10  minutes  of  exposure  to  about  1/2  of  its 
initial  value  and  then  becomes  stable. 
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In  application  to  electro-acoustic  transducers  it  is  useful  for  the  designer  to  have  a  general  list  of 
elastic  and  piezoelectric  properties  with  which  to  make  initial  performance  estimates.  Table  4.3.1  gives 
th?  range  of  values  of  currently  available  PVDF  film. 


Property 


Table  4.3.1  —  General  Properties  of  PVDF  Piezoelectric  Film 


Metallic  film  of 
PVDF 


Thickness 


9,  15,  30 


Size 

(Tentative) 


(MD)  10 
(TD)  10 


Density 


1.78-1.79 


Tensile  Strength 
(Yield  point) 


107  Nm-2 
kg  mm-2 


(MD)  25-30 
(TD)  5-6 


Tensile  Modulus 


107Nm-2 
kg  mm-2 


(MD)  200-250 
(TD)  240-280 


Elongation 
(Yield  Point) 


(MD)  18-25 
(TD)  4-6 


Change  in  linear 
Dimension  at 
100°C,  for  30  min 


(MD)  4-5 
(Shrinkage) 
(TD)  0 


Volume 

Resistivity 


1014  ohm-cm 


Break-down 

Strength 


kV  (DC)  mm-1 


150-200 


Dielectric 
Constant,  1  kHz 


Dissipation  factor, 


0.02-0.03 


MD  Machine  direction  of  film 
TD  Transverse  firection  of  film 


d3l  -  -  20  m/V  x  10-'2 
e3i-  -  6.0  N/Vm 

g3l - .174  Vm/N 

h3\  -  -  53  V/m 
*31  ~  0.10 


Piezoelectric  PVDF  is  manufactured  industrially  by  first  forming  a  film  of  predominantly  a-phase, 
then  stretching  the  film  to  several  times  its  original  length  at  temperatures  below  100°C  thereby  con¬ 
verting  the  dispersed  crystals  to  /3-phase.  The  film  is  then  provided  with  metallic  electrodes  and  polar- 
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ized  in  a  high  dc  field  (up  to  1000  kV/cm)  at  80-150°C.  Most  film  processed  in  this  way  has  values  of 
dn  of  about  2  to  3  x  10_n  C/N,  and  a  coefficient  of  electromechanical  coupling  in  the  31  mode  of 
about  10%. 

In  application  as  a  sensor  of  acoustic  pressure  a  PVDF  film  polarized  in  the  3-direction  and 
stretched  (by  flexure)  in  the  1 -direction  generates  an  open  circuit  voltage  proportional  to  the  piezoelec¬ 
tric  "g"  constant  (see  Sect.  2.1).  Measurement  of  the  g3I  shows  very  high  values  (~  174 
x  10-3  Vm/N)  indicating  a  considerable  potential  for  use  in  hydrophones,  microphones,  pick-ups, 
accelerometers  etc. 


4.4  PIEZOELECTRIC  PROPERTIES  OF  PVDF  IN  33  MODE 

A  PVDF  film  constructed  as  a  sandwich  between  metallic  electrodes  and  backed  with  a  rigid 
block,  can  be  used  in  the  thickness  or  "33mode."  The  piezoelectric  effect  will  then  be  strongly  affected 
by  hydrostatic  pressure  and  temperature.  A  study  of  the  the  electric  field/stress  coefficient  g 33,  the  rela¬ 
tive  dielectrica'  constant  e33  and  the  charge/stress  coefficient  d33  as  a  function  of  hydrostatic  stress  <r33, 
and  temperature  (°C)  on  samples  of  PVDF  has  been  made  by  Berlinsky  [4].  Small  samples 
(l.Olx  10-4m2  in  area)  cut  from  a  27  /nm  PVF2  film,  made  by  Kureha  Chemical  Industry  Co.  Japan, 
stretched,  poled  and  electroded  were  cemented  between  stainless  steels  blocks  with  silver-filled  epoxy, 
and  the  assembly  encased  in  an  alumina  tube  with  both  ends  exposed  to  ambient  pressure.  The  applied 
external  pressure  generated  one- dimensional  loading,  but  the  fact  that  the  lateral  motion  of  the  PVDF 
film  was  inhibited  (by  cementing)  made  the  measured  values  "effective"  ones.  Figures  4.4.1,  4.4.2, 
4.4.3  give  the  effective  values  of  g33,  e33  and  d33  as  a  function  of  one-dimensional  static  stress  ( -  cr33) 
and  temperature.  Other  samples  more  effectively  poled  and  more  effectively  mounted  in  the  test 
fixture  have  reported  values,  Table  4.4.1,  about  twice  those  shown  in  these  figures. 

Table  4.4.1 

dyi  #33  if)  *33  *3^0 

35  *1° -UCtN  330  xw-iia  320  x  to-12—  019  13 

N  N 


Fig.  4.4.1  —  Effective  piezoelectric  voltage  coefficient  of  PVDF 
as  a  function  of  one-dimensional  static  stress  at  1000  Hz  (41 
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4.5  FURTHER  DISCUSSION  ON  THE  ORIGIN  OF  PIEZOELECTRICITY  IN  PVDF 

Sussner  and  Dransfeld  [5]  have  investigated  various  mechanisms  that  have  been  advanced  to 
explain  piezoelectricity  in  PVF2  films.  In  one  set  of  experiments  the  piezoelectric  effect  was  detected 
by  an  optical  modulation  technique,  Fig.  4.5.1.  Here  a  PVF2  film,  thickness  50  ^m,  was  supplied  by 
Kureha  Chem  with  no  mechanical  treatment  (such  as  uniaxial  drawing  or  rolling).  After  vacuum  depo¬ 
sition  of  a  thin  aluminum  layer  on  the  surfaces  of  the  film  it  was  polarized  at  100°C  for  60  min  while 
exposed  to  a  dc  field  of  300  kV/cm.  Upon  application  of  an  rf  electric  field  (in  the  10  to  60  MHz 
region)  across  the  sample  (K=»  V0  sin  cot)  the  film  vibrated  in  the  thickness  (=33)  mode.  A  laser 
beam  focused  into  this  film  was  modulated  by  the  photoelastic  effect  and  the  modulation  detected  by 
frequency  analysis  of  the  light  gathered  in  a  photoelectric  cell.  Fig.  4.5.1  shows  that  a  piezoelectrically 
induced  resonance  occurs  not  only  ai  the  expected  frequency  where  the  thickness  d  equals  one  half  a 
wavelength  of  the  rf  signal,  but  also  at  a  thickness  equal  to  one  full  wavelength.  The  excitation  of  the 
latter  resonance  is  not  allowed  in  the  classical  theory  of  piezoelectricity  because  of  exact  cancellation  of 
positive  and  negative  charge  in  a  uniformly  polarlized  material.  Resonances  in  such  a  material  can 
occur  only  at  thicknesses  equal  to  an  odd  number  of  wavelengths.  The  appearance  of  this  unexpected 
resonance  is  attributable  only  to  a  condition  of  nonuniform  polarization  in  the  bulk  of  the  film,  which 
manifests  itself  as  a  variation  of  the  piezoelectric  constant  across  the  thickness  of  the  sample. 


Fig.  4.5.1  —  Piezoelectrically  excited  resonances  of  a  freely 
suspended  PVF2  film  (rf  -  50  jim)  at  300  K  (dashed  line)  and 
77K  (solid  line)  [after  Ref.  5].  H.  Sussner  and  K.  Gransfeld, 
Journal  of  Polymer  Science:  Polymer  Chemistry  Edition  (1978), 
*1978  John  Wiley  &  Sons,  Inc.;  by  permission. 


When  the  same  experiment  was  performed  in  the  10  Hz  to  10  MHz  region  numerous  other  reso¬ 
nances  were  observed,  Fig.  4.5.2.  These  are  attributable  to  flexural  waves,  similar  to  those  excited  in  a 
thin  elastic  plate  by  bending  moments  and  shears.  Again,  classical  theory  does  not  allow  a  homogene¬ 
ously  polarized  piezoelectric  plate  subject  to  uniform  (normal)  force  excitation  to  vibrate  in  flexure.  A 
plausible  explanation  of  Fig.  4.5.2  is  then  the  existence  of  a  nonuniform  piezoelectric  constant  across 
the  film  thickness,  which  provides  the  bending  moments  even  under  uniform  rf  excitation.  Further 
evidence  of  the  importance  of  the  interface  between  the  positive  electrode  and  the  PVF2  film  was 
demonstrated  by  Sussner  and  Dransfield  loc.  cit.  in  the  poling  experiment  shown  in  Fig.  4.5.3.  In 
experiment  (a)  the  PVF2  film  was  sandwiched  between  the  positive  aluminum  electrode  and  an  insula¬ 
tor  of  silicon  dioxide.  On  top  of  the  latter  was  a  layer  of  P-doped  silcon  electroded  negatively  with  an 
aluminum  electrode.  Upon  application  of  the  poling  field  a  strong  piezoelectric  effect  was  induced  in 
the  film.  When  however  the  polarity  of  poling  was  switched,  as  in  (b),  the  poling  procedure  was 
ineffective  and  the  PVF2  film  was  not  piezoelectric. 

Sussner  and  Dransfeld  conclude:  a  strong  dependence  of  the  piezoelectric  effect  on  the  volume 
fraction  of  /?  phase  in  PVF2  has  not  been  demonstrated  by  either  their  own  experiments  or  by  those  of 
other  authors.  Stretching  the  PVF2  film  prior  to  poling  is  not  a  necessary  condition  for  the  occunence 
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Fig.  4.5.2  —  Optical  observation  of  flexural  resonances  of  a 
PVF2  foil  at  77K  (after  Ref.  5]. '  H.  Sussner  and  K.  Gransfeld, 
Journal  of  Polymer  Science:  Polymer  Chemistry  Edition,  (1978), 
e1978  John  Wiley  St  Sons,  Inc.;  by  permission. 
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PVFj  Strongly  Piezoelectric 
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33-»PVF2  Not  Piezoelectric 
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Fig.  4.5.3  —  Poling  PVFj  with  a  "blocking"  electrode.  A  highly  P-dope.  (1021/cm3)  silicon  crystal,  thermally  oxidized  on  one  side 
with  a  6000  A  thick  Si02  layer  is  used  as  a  blocking  electrode.  (Poling  conditions:  Ep  -  5  x  105  V/cm,  Tp  -  100C,  tp  -  45  mini 
[6].  H.  Sussner  and  K.  Gransfeld,  Journal  of  Polymer  Science:  Polymer  Chemistry  Edition  (1978),  ®1978  John  Wiley  &  Sons,  Inc.; 
by  permission. 


of  the  piezoelectric  effect,  but  only  improves  the  magnitude  of  d31.  A  model  which  predicts  piezoelec¬ 
tricity  in  polymer  electric  based  on  orientation  of  dipoles  in  the  bulk  of  the  polymer  is  insufficient  to 
explain  what  is  observed.  A  more  convincing  model  attributes  the  origin  of  piezoelectricity  in  PVF2  to 
physical  processes  occurring  at  the  (positive)  metal  polymer  interface.  A  likely  mechanism  is  the  injec¬ 
tion  of  charge  from  the  electrodes.  Another  mechanism  is  the  alignment  of  CF2  dipoles  in  the  first 
chain  layer  facing  the  metal  boundary. 


4.6  PIEZOELECTRIC  POLYMER  HYDROPHONE 


The  large  #3I  constant  of  PVF2  shown  in  Table  4.3.1  indicates  that  it  is  a  suitable  material  for 
reporting  an  open-circuii  voltage  in  response  to  an  incident  sound  field.  Since  this  voltage  is  the  result 
of  a  charge  accumulation  on  the  electrodes  an  additional  indication  of  its  suitability  as  a  receiver  of 
sound  is  the  g3id3i  product,  which  is  3.48  x  10-12  m2/Aas  compared  to  1.37  x  10~12  m2/Afor  PZT-4 
ceramic.  This  favorable  comparison  has  prompted  several  designers  of  hydrophones  to  conceive  and 
build  structures  based  on  PVF2  piezoelectricity.  Figure  4.6.1  shows  three  designs  for  application  to 
underwater  environments.  The  measured  receiving  sensitivity  of  each  of  these  hydrophones  is  shown 
below  the  corresponding  figure.  In  Fig.  (a)  the  liquid  of  submersion  was  at  a  pressure  of  one  atmo¬ 
sphere.  In  Fig.  (b)  the  hydrophone  is  filled  with  oil  and  pressure  released  with  air-filled  plastic  tubes 
flattened  to  provide  a  compliance  to  the  oil  chamber.  The  stiffness  of  this  chamber  is  designed  to  with¬ 
stand  hydrostatic  pressures  of  4  MPa.  Its  mechanical  impedance  is  large,  hence  the  motion  induced  by 
each  unii  of  iiie  acousiic  fieiu  is  smaller  than  the  design  of  Fig.  (a),  ineieby  reducing  ine  sensitivity  by 
some  30  dB.  A  third  method  of  supporting  the  hydrostatic  pressure  is  to  cover  an  air-chamber  with  a 
flexible  desk  of  sufficient  proportions  to  withstand  deep  submersion.  The  polymer  is  cemented  to  the 
surface  of  the  disk  and  undergoes  strain  as  a  result  of  the  incident  time-varying  acoustic  field.  Because 
of  the  stiffness  of  the  disk  the  sensitivity  was  3  dB  less  than  Fig.  (b). 
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MEMBRANE  membrane  flexural  disk 

microphone  hydrophone  HYDROPHONE 


Fig.  4.6.1  —  Cross  sections  of  cylindrical  piezoelectric  polymer  receivers,  (a)  membrane  microphone  formed  bj  fixing  a  taut  film 
over  an  air-filled  cylindrical  chamber,  (b)  me.tibrane  hydrophone  with  an  oil-filled  chamber  containing  plastic  compliant  tubes  to 
provide  compliance  while  withstanding  hydrostatic  pressure,  (c)  Flexural  disk  hydrophone  backed  by  air.  (Note:  sensitivity  is  in 
units  of  dB  re  lV/^Pa)  [after  61.  T.  D.  Sullivan  and  J.  M.  Powers,  J.  Acous.  Soc.  Am .,  63  (5),  1396  (1978),  c1978  American  In¬ 
stitute  of  Physics;  by  permission. 

In  these  three  designs  the  polymer  consisted  of  a  single  sheet  of  Kureha  #9  Piezofilm,  30  mil 
thick,  poled  at  2000  V  for  30  min  at  80°C.  To  improve  sensitivity  a  design  that  uses  several  layers  of 
polymer  film  was  built,  Ref.  [6].  Figure  4.6.2  shows  this  design.  It  is  a  double-disk  hydrophone— four 
pieces  of  polymer  on  each  disk  were  connected  in  series,  and  the  two  groups  of  4  each  were  connected 
in  parallel.  The  film  this  time  was  circular  Kureha  KF  Piezofilm  #30,  27.2  ^m  thick,  radius  1.75  cm, 
Young’s  modulus  2.5  x  103  MPa,  g3i  —  -0.192  Vm/N,  g32  “  -0.020  Vm/N,  Poisson’s  ratio  0.4.  The 
disk  was  acrylic  plastic,  thickness  0.51  cm,  radius  1.75  cm,  Young’s  modulus  3.72  x  103  MPa. 

The  electrical  connections  gave  a  capacitance  of  1  nF. ,  and  a  calibration  test  showed  the  sensitivity 
to  be  about  —199  dB  re  l//xPa.  The  receiving  sensitivity  as  a  function  of  frequency  with  pressure  and 
temperature  as  parameters  is  shown  in  Fig.  4.6.3. 


Fig.  4.6.2  —  Double  disk  hydrophone  [after  Ref.  61.  T.  D.  Sul¬ 
livan  and  J.  M.  Powers,  J.  Acous.  Soc.  Am.,  63  (5),  1396  (1978), 
*1978  American  Institute  of  Physics;  by  permission. 
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Fig.  4.6.3  —  Pressure  and  temperature  induced  variations  in  sensitivity  of  the  hydro¬ 
phone  in  Fig.  4.6.2  [after  Ref.  6],  T.  D  Sullivan,  J.  M.  Powers,  J.  Acous.  Soc.  Am., 
<3  (5),  1396  (1978),  e1978  American  Institute  of  Physics;  by  permission. 


4.7  ANALYSIS  OF  THE  OPEN-CIRCUIT  VOLTAGE  OF  A  DISK  HYDROPHONE 


The  choice  of  constitutive  relocation  Eqs.  2.12.1  depends  on  the  mechanical  and  electrical  boun¬ 
dary  conditions.  We  assume  the  elastic  disk  to  be  simply  supported,  and  thus  adopt  a  constant-  T 
mechanical  boundary  condition.  Also,  we  assume  the  polymer  surfaces  to  be  equipotential,  hence 
adopt  a  constant-#  electrical  boundary  condition.  In  matrix  notation  the  constitutive  relations  are, 


(a)  S,  -  s,f  7}  +  dml  Em 

(b)  Dm  -  dml  T,  +  c£k  Ek 


(4.7.1) 


/,  j  =  1  to  6,  m,  k  =  1  to  3. 


d3\>  -32‘» 


The  components  of  interest  in  this  flexural  disk  are:  Sj,  S2\  T\,  T2\  sfi,  sf2,  S2^,  sf2, 
Z)3;  Ey,  €33.  Because  the  polymer  film  is  elastically  and  mechanically  anisotropic  due  to 
mechanical  stretching  during  the  manufacture  process  all  these  quantities  are  functions  of  the  polar 
angle  9  in  the  plane  of  the  film  (9  =  0  is  the  direction  of  stretching).  The  natural  coordinate  system  is 
cylindrical  with  the  axis  of  rotation  being  the  z,  or  3-direction.  The  elastic  and  piezoelectric  constants 
are  therefore  rotated  through  angle  9  about  the  z-axis.  Standard  formulas  describing  this  rotation  are 
available  (Ref.  (8]).  Since  however  the  elastic  anisotropy  is  small  one  assumes  the  compliance  con¬ 
stants  s£  are  the  same  for  both  unrotated  and  rotated  systems.  In  contrast  the  (/-constants  are  retained 
as  functions  of  9. 


We  first  solve  Eq.  4.7.1a  for  stresses  T and  substitute  in  Eq.  4.7.1b 

Dm{9)  =  dmJ[{St  -  dpi  Ep)( s,f)-']  +  «&  Ek 


(4.7.2) 
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or 


Dm(9)  «  <4,(0)[S,(s,‘)-']  +  £t(l  -  *(0)1 

k(f>)  -  coupling  coefficient  -  dmJ(dkl)(s%)~He^l)~' .  (4.7.3) 

Since  k(0 )  is  only  a  weak  function  of  0  it  is  a  good  approximation  to  use  unrotated  constants  and  arrive 
at  k(8)  -  k. 

When  the  transducer  acts  as  a  receiver  of  sound  it  is  desirable  to  arrange  the  piezoelectric 
coefficients  to  display  electric  field  generated  by  elastic  stress.  Thus,  one  uses  the  ^constant  in  lieu  of 
the  d-constant, 


dmi 


(4.7.4) 


Eq.  4.7.2  is  then  rewritten  in  the  form 

DJO)  -  «£  *„,(*) («-']  +  ~  *)  (4-7.5) 

The  elastic  strains  in  the  polymer  properly  belong  to  an  analysis  of  the  flexural  deformation  of  a  two- 
layer  disk  simple  supported  at  its  edges.  A  good  approximation  is  to  take  S,  to  be  the  surface  strain  e, 
of  the  acrylic  disk  deformed  in  flexure  by  an  applied  acoustic  pressure  PA.  The  stresses  Tin  the  poly¬ 
mer  corresponding  to  these  strains  depend  on  the  compliance  coefficients  s(j  of  the  polymer.  Naturally 
these  differ  from  the  compliance  coefficients  (“  reciprocal  of  the  Young’s  modulus)  of  the  disk. 
Hence  $,(-«,)  and  s,^  involve  different  elastic  moduli. 

Equation  4.7.5  is  integrated  over  the  polymer  surface  area  A  to  find  the  charge  Qm,  and  through 
the  thickness  h  to  find  the  electrical  potential  V.  Since  the  film  is  polarized  and  electrically  driven 
through  the  3-direction,  the  result  of  these  integrations  is, 

03“  $  g}j(9)[S,(r)(sfi)-l)rdrd9  +  -  k).  (4.7.6) 


The  open-circuit  voltage  is  obtained  from  this  formula  by  setting  the  total  charge  (73  to  zero, 

(s,r! 


^--4#*  v<w 


Sfr) 


1  -  k 


rdrd9  (units:  volts). 


(4.7.7) 


Here,  as  before,  repeated  subscripts  signify  summations  i,  j  -  1,  2,  ...  6.  In  the  case  of  disk  flexure 
these  are  only  two  components  j  »  1,  2,  /  =  1,  2.  Thus 


1-k  \-k 


(4.7.8) 


+  S32<0) 


Si(f)W  (  Sj'Hsjj)# 


l-k 


l-k 


rdrd9 
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From  Ref  [5], 


£31  =  £31  cos2e  +  £ 32  sin2  9 


£32(0)  “  Sn  cos2  9  +  £31  sin2  9.  (4.7.9) 

Also,  in  Eq.  4.7.8  the  first  square  bracket  under  the  integral  sign  is  f,,  and  the  second  is  T2,  where 
T\,  T2  are  purely  elastic: 


5,  +  (teS2 


S2  +  <rES  1 


sfi  (1  -  k)  (1  -cr£2)  ’  sfi  (1  —  k)  (1  — orE2) 


r£ _ 


(4.7.10) 


Since  Sj(r),  S2(r)  are  surface  elastic  strains  in  a  simply  supported  disk  deformed  by  a  uniform 
acoustic  pressure  P,  and  are  well-known  in  classical  theory  [8],  the  integration  required  by  Eq.  4.7.8  is 
easily  carried  out.  The  free-field  voltage  sensitivity  is  then, 


(1  -  v) _ h 

(1  -<rf)  sf,(l-*) 


13a2/  , 

Yip-  ^’^32-' 


(3  +  v)-(l+  v)~ 
a 1 


(4.7.11) 


in  which 


a  -  radius  of  disk 


b  -  radius  of  polymer  film 


v  -  Poisson’s  ratio  of  disk  material 


<r£«  Poisson’s  ratio  of  polymer  film  —  -sf2/.sfi 
Y  -  Young’s  Modulus  for  the  disk. 


Sullivan  and  Powers  [7]  arrive  by  a  different  route  to  an  equation  similar  to  Eq.  4.7.11  but  with  these 
exceptions:  in  their  formula  <je  appears  as  aD,  and  sfj  (1  -  k 2)  appears  as  *E  -  Young’s,  Modulus)  for 
the  polymer,  and  the  sign  (of  Eq.  4.7.11)  appears  positive.  By  using  the  values:  £31  =  0.192  Vm/N; 
£32  -0.020  Vm/N;  h  =  27.2  /xm;  a  =  b  =  1.75  cm;  t  =  0.51  cm;  v  =  cr  =  0.4;  *E  -  2.5  x  103  MPa; 
and  Y  —  3.72  x  103  MPa,  they  calculated  the  free-field  open-circuit  voltage  of  a  single  layer  polymer 

hydrophone  to  be  — ~  —  —209  dB  relV//xPa,  at  a  capacitance  of  3.6  nF.  As  noted  earlier  this  sensi- 

tivity  can  be  greatly  improved  by  using  multiple  layers  of  polymer  film  but  this  is  done  at  the  expense 
of  reducing  the  capacitance. 

Conclusion:  The  use  of  polymer  electrets  as  acoustic  sensors  is  being  greatly  expanded  at  the  time 
of  writing  of  this  memoir  (1982).  In  spite  of  relatively  low  sensitivity  the  possibility  of  making  large 
area  sensors  out  of  rolled  film,  suitable  for  ambient  noise  cancellation,  is  a  decisive  advantage.  Other 
advantages  are  (1)  it  can  be  shaped  to  more  desired  geometries  than  piezoceramic  (2)  its  dynamic  range 
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is  large,  tnus  making  it  useful  as  a  shock-sensor  (3)  it  can  be  used  in  the  hydrostatic  mode.  (4)  unlike 
brittle  piezoceramics,  it  is  flexible  and  can  withstand  great  hydrostatic  pressures.  (5)  it  has  a  close 
impedance  match  to  water.  Some  disadvantages  remain  to  be  corrected.  These  are  (1)  it  has  pyroelec¬ 
tric  response  (2)  its  elastic  stiffness  changes  with  depth  of  submergence,  thus  inducing  changes  in 
sensor-response  (3)  its  piezoelectric  properties  depend  on  stretching  and  poling,  which  are  generally 
variable  (4)  it  has  a  measurable  aging. 
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Chapter  5 

FIBER-OPTIC  TRANSDUCERS 


5.1  ACOUSTO-OPTIC  MATERIALS  AND  THEIR  MODELS 

A  material  which,  in  unstressed  condition,  is  optically  isotropic  may  become  optically  anisotropic 
when  it  is  stressed.  This  phenomenon,  related  to  the  photoelastic  effect,  is  described  by  changes  in  the 
dielectric  constant  c.  Since  e  is  a  second-rank  symmetric  tensor  for  the  general  anisotropic  material  it 
will  be  useful  to  formulate  the  change  in  e  due  to  application  of  stress  by  energy  methods. 

The  electric  field  energy  of  an  anisotropic  optica!  material  is  given  by, 

We  -  -jp-  Y  Ek  ek,E,  (units:  Gaussian  (ergs)).  (5.1.1) 

°n  kl 

111.  This  a  quadratic  form.  In  Cartesian  tensor  notation,  noting  again  that  is  symmetric,  one  has, 

exx&x  +  eyyEy  +  ea  Ez  +  2eyzEyEz  +  2 e„ExEz  +  26J0,EXEJ)  C,  C  *■  8ttE  •  D.  (5.1.2) 
Since  D  -  eE,  and  since  in  Gaussian  units,  the  index  of  refraction  n  is  given  by, 


Eq.  5.1.1  may  be  cast  in  the  form, 


X}  Xl  X}  2*2*3  2*3*, 

-T  +  —7  +  — f  +  — T1  +  ~ V- 
nf  n{  nj  nj  n$ 


2*,*, 


(5.1.3) 


VC 


JL 

Vc 


n\  "  *xx',  «3  ■  =  «>*;  «5  ■  nl  =  tw¬ 

in  contracted  notation  this  equation  becomes, 


Equation  5.1.4  is  the  index  ellipsoid  ox  optical  indicatrix.  A  light  ray  OP,  Fig.  5.1.1  propagating  normal  to 
the  shaded  plane  of  its  associated  plane  wave  front  defines  an  ellipse  of  intersection.  Any  radius  vector 
in  this  ellipse  is  equal  to  the  index  of  refraction  for  light  polarized  in  its  direction. 


- - -  -  --7  V'AT1?  ?  f7 

v-v.va^.-.'.-.  .••••■•  .-• .--  ^  v  -v-  -*•  -*-  -v  •-•  ■■-  >  v  ■■■  '-■  >•  •*-  *••  *•• 
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jHatSte 


*xmwl 

-XS 


~*2  Fig.  5.1.1  —  Index  ellipsoid  showing  light  propagation  direction  OP  and 
ellipse  perpendicular  to  OP  having  semi-major  axes  OA  and  OB 


When  OP  coincides  with  the  OX2  axis,  the  semi-major  axes  OB,OA  define  the  principal  indices  of 
refraction  ny,nx  respectively.  Similarly  when  OP  coincides  with  OX2  the  axis  of  OP  defines  the  principal 
indices  nz. 


In  terms  of  these  principal  indices  the  ellipsoid  is  in  the  canonical  form, 

I  #  (tt|  -  >• 

/- 1,2,3  l«  III 


(5.1.5) 


Now  when  some  external  influence,  such  as  elastic  strain  distorts  the  index  ellipsoid  (strain-optic  effect) 
these  distortions  can  be  described  by  phenomenological  tensor  quantities, 


in  which  A  means  "change,"  or  "distortion."  Thus  in  the  presence  of  an  elastic  perturbation  the  dis¬ 
torted  index  ellipsoid  becomes, 


(5.1.6) 


1 

+  A 

1 

n2 

U 

rtz 

U 

In  the  case  of  distortion  due  to  the  phoielastic  effect  the  change  in  the  indicatrix  is  written  in  terms  of  a 
fourth-rank  strain-optic  tensor  piJkh 


A  —  -  P,j,kl,  Ski’ 


(5.1.7) 


)tj  *,/- 1 


in  which  Sk,  are  components  of  the  strain  tensor.  Since  the  tensors  on  both  sides  of  this  equation  are 
symmetrical  it  is  convenient  to  rewrite  it  in  contracted  notation, 


A  4r  =  £  p,jSj\  ij  =  1 , 2 ...  6. 

«  )/  j- 1 


(5.1.8) 


According  to  IRE  Standards  (1949) 

■Sll  =  -5b  2S23  = 

S22  ~  S2,  2531  =  S$. 

S33  =  Sy,  2S\2=  S6 
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It  is  to  be  noted  that  pt}  is  nondimensional.  In  general  ptJ  is  a  6  x  6  matrix  with  36  components.  For 
the  particular  case  of  isotropic  materials,  there  are  only  two  independent  components  pu  -  p2 2  —  P33, 

Pn  *“  Pl\  "  Pu  “  P23  ”  P3b  P*A  “  Psi  "  P66  “  y  Ohl  “ 

It  is  important  to  relate  changes  in  index  of  refraction  (due  to  strain)  to  the  index  n  of  the 
unstressed  material.  In  contracted  notation, 

A  \  =  -- yAn  or  A  n  =  —  ~  A  \  ,/=  1,2. ..6  (5.1.9) 

«  J,  2  [w2|( 

This  is  true  because  the  change  in  «  is  (generally)  very  small  relative  to  n.  These  acousto-optical 
material  properties  will  be  used  in  the  following  sections  to  describe  the  modulation  effects  of  light  in 
silica  fibers  when  stressed  by  mechanical  forces. 


5.2  STRESS-STRAIN  RELATIONS  IN  A  LONG  FUSED  SILICA  FIBER 

An  elastic  fiber  can  be  modeled  as  a  cylinder  which  is  perfectly  symmetrical  about  the  cylindrical 
axis,  with  cross-sectional  area  A  very  much  smaller  in  diameter  than  its  length  L.  The  fiber  may  be 
stressed  in  several  ways.  We  choose  here  three  ways,  Fig.  5.2.1a,  b,  c.  In  (a)  a  tensile  force  T causes 
the  fiber  to  stretch  by  amount  A  L  along  the  axis,  and  contract  by  amount  A  un  radially.  The  strain  vec¬ 
tor  in  Cartesian  ( x ,  y,  2  or  1,  2,  3)  ...  is  then 


e;  S 2  ~  ~ve\  S 3  **  —ve\  S4 


0 


where 


<?  =  A  L/L  -  T/AE. 


(5.2.1) 


In  (b)  axisymmetric  tensile  forces  p  act  uniformly  around 
the  circumference  of  the  fiber.  The  strains  are 

c  _  2^/7.  „  du  1  -  v 


Fig.  5.2.1  —  Elastic  stress  conditions  on  a 
long  fiber,  (a)  extension,  (b)  radial  tension, 
(c)  both  longitudinal  and  radial  extension 


$3  =  7  =  1~YL  p-,S4  =  S5~S6=0  (5.2.2) 


In  (c)  the  tensile  forces  p  act  uniformly  both  axially  and 
radially.  The  strain  vector  is 


Si  =  (1  -  2i/)4  =  S2  =  S3\  S4  =  S5  =  S6  =  0. 
E 


(5.2.3) 


Numerical  values  of  elastic  properties  of  fused  silica  will  be  presented  later  in  this  chapter  in  conjunc¬ 
tion  with  a  discussion  on  the  acoustic  sensitivity  of  fused  silica  fibers. 

5.3  PRESSURE-INDUCED  PHASE  CHANGES  IN  A  BARE  LIGHT-CARRYING  FIBER 


Let  a  plane-nolarized  monochromatic  light  wave  (wavenumber  k  =  konst2)  propagate  in  the  axial 
(=  subscript  1)  direction  of  a  bare  fused-silica  fiber.  The  phase  increment  in  a  length  L  for  constant  ko 
and  n  is 


'  VT  .  w -»  i""  V**  .*  •„-» V"* sr»  V»  >T  ,T  ."t  5T»  IT*  V'  T*  TT*  i  IV  »  v»'l  *>  •  ”  *.j  V  ■'■  '.l  V  \*  T7  “7  '-V 
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<t>  =*  k0nL 


speed  of  light  in  a  vacuum. 


(5.3.1) 


Since  the  material  is  isotropic  and  nonmagnetic  the  index  of  refraction  in  Gaussian  uni»s  is, 

n  —  y/fle  =  \fe 


where  the  dielectric  constant  is  the  same  in  all  directions. 

When,  however,  the  fiber  is  placed  under  mechanical  stress  it  becomes  optically  anisotropic,  mean¬ 
ing  that  it  exhibits  a  photoelastic  effect  which  couples  the  stress-strain  condition  with  a  change  in  index 
of  refraction.  The  phase  then  changes  by  an  amount, 

A  <f>  =  AkotiL  +  AroAnL  +  k^nAL.  (5.3.2) 

Since  it  is  assumed  the  disturbance  does  not  significantly  change  k0  we  set  A  k0  “  0.  The  change  in 
index  of  refraction  An  given  by  Eq.  5.1.9  for  the  case  L  ~  constant,  must  occur  only  in  the  transverse 
direction  (namely,  in  the  radial  (subscript  2)  and  tangential  (subscript  3)  directions).  Also,  since  the 
strain  in  the  axial  direction  is  S|  -  A L/ L,  we  can  rewrite  Eq.  5.3.2.  in  the  form 


A <f>  =  k0nStL  -  jk0L3A  Mj 


(5.3.3) 


The  subscript  /  indicates  which  component  of  indicatrix  (in  the  transverse  direction)  is  in  question, 
namely  /  =  2,  or  /  =  3.  The  choice  depends  on  the  distribution  of  stress  loading. 

Assume  now  that  the  stress  loading  is  always  radially  symmetric  in  the  transverse  plane.  Then  the 
change  in  An  for  i  -  2  is  the  same  as  for  /  -  3.  Choose  the  light  to  be  linearly  polarized  in  the  /  —  2 
direction  and  apply  Eq.  5.1.8,  then, 

A <f>  -  k0nSiL  -  jk0Ln3  Jj  p2j  Sj  (5.3.4) 


in  whicn  p2j  are  elements  of  the  strain-optic  tensor.  For  a  body  which  is  optically  homogeneous  and 
isotropic, 


P  =  [/>,,]  = 


Pit  Pn  P\z 
Pit  Pn  Pn 
\Pz\  Pzi  Pzz 


P n  Pn  Pn 
Pn  P it  Pn 
Pn  Pn  Pw 


(5.3.5) 


If  one  now  applies  Eq.  5.3.4  using  the  strains  given  by  Eqs.  5.2.1,  5.2.2,  5.2.3  and  the  strain-optic 
matrix  of  Eq.  5.3.5,  the  resultant  phase  changes  for  a  loading  p  =  eE  (E  =  Young’s  modulus)  are 
described  to  be: 


WS1 


1—  D  longitudinal  loading:  (a)  /73{/?12(l  -  v)  -  vpu ) 

pL  r,  /  r. 

2- D  transverse  loading:  (b)  =  — v.^n  _  1  ^°  —  (pn(i  -  v)  +  /?12(1  -  3i/)}  (5.3.6) 

pL  t  Li t 
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uniform  3-D  loading:  (c)  ^ 0 — —  -  -j- {(1  -  2v)(pn  +  2pn)} 

pL  E  2  E 

[2].  The  units  of  the  sensitivity  &4>/pL  are  rad/(N/m2)  m.  Equations  are  5.3.6  are  simple  enough  to 
permit  numerical  estimates  to  be  made  of  sensitivity  of  a  fiber  to  various  conditions  of  loading.  This  is 
discussed  next. 

5.4  NUMERICAL  ESTIMATES  OF  THE  ACOUSTIC  PRESSURE  SENSITIVITY 
OF  A  BARE  FUSED  SILICA  FIBER 

The  optical  and  strain-optic  properties  of  fused  silica  are  found  in  several  publications.  Since 
different  values  are  given  we  choose  here  those  of  Pinnow  [3]  which  are  displayed  in  the  following 
table. 


Table  5.4.1 


n  -  1.456;  A  -  0.63  /*m;  *  -  0.17;  pn  =  0.12;  pn  =  0.27;  E  =  7.3  x  1010  N/m2. 
The  calculation  proceeds  as  follows: 

Case  I.  Longitudinal  loading,  Eq.  5.3.6a: 

M  ^  2 irn  =  _ 2t r  x  1.456 _ =  1  99  x  10-4  radians 

E  \E  0.63  x  10-6  x  7.3  x  1010  Pascal  x  meter 


1 

2 


k0n 

E 


-i-(1.99x  10~4)(1.456)2((0.27)(0.83)  — 0.17(0.12))  =  4.30  x  10-s 


=  1.99  x  10-<  -  4.30  x  10->  =  1.56  x  10'4  ^ - Iff  |. 

pL  Pa  x  m  //.Pa  x  m 

Case  II.  Transverse  Loading,  Eq.  5.3.6b: 


-2t>&o« 

E 


— 2  (.  17)1 .99  x  10~4  = — 6.77  x  10"5 


-  Y  x  1.99  x  10-4(1.456)2{0. 12(0.83)  +  0.27(0.49)}  «  -4.891  x  10~5 


M  =  -6.77  x  10-5  -  4.891  x  10"5  -  -1.166  x  10"4  -  rad 
pL  Pa  x  m 

Case  III.  Uniform  3-D  loading,  Eq,  5.3.6c: 

k0n\ 


-  1.17  x  10-'° 


rad 


p.  Pa  x  m 


(1  -  2v) 


=  0.66  x  1.99  x  10"4  =  1.3134  x  10~4 


-  4-  x  1.99  x  10~2  x  (1 ,456)2{ (0.66)  (0. 1 2  +  0.54)}  =  -9.188  x  10"5 
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=  1.3134  x  10-4  -  9.188  x  KT5  =  3.946  x  10"5  -  r ■ d  =  3.946  x  lO"11  — — 

pL  Pa  x  m  /iPa  x  m 


These  calculations  show  that  a  fiber  loaded  axially  (that  is,  under  longitudinal  tension  and 
compression)  gives  the  highest  response,  while  a  fiber  loaded  uniformly  (that  is,  both  axially  and  radi¬ 
ally)  gives  the  lowest  response  (by  a  factor  of  4).  These  conclusions  are  in  agreement  with  those  made 
by  Cielo  [2], 

5.5  PRESSURE-INDUCED  CHANGES  IN  A  FIBER-OPTIC  ACOUSTIC 

SENSOR  WITH  COMPOSITE  STRUCTURE 

The  bare  single-mode  fiber-optic  acoustic  sensor  discussed  in  the  previous  section  has  a  relatively 
poor  sensitivity  because  the  strain  induced  in  the  fiber  per  unit  input  acoustic  pressure  is  limited  in 
magnitude  by  the  very  small  diameter  of  the  fiber.  The  sensitivity  for  the  same  input  forces  can  be 
greatly  improved  by  use  of  strain-enhancement  techniques.  Stress-optic  analysis  shows  what  improve¬ 
ments  are  to  be  expected,  and  measurements  on  experimental  structures  indicate  to  what  extent  these 
expectations  have  already  been  fulfilled. 

One  simple  procedure  for  enhancing  axial  strain  consists  in  cementing  a  coil  of  the  bare  fiber  on 
the  exterior  wall  of  an  elastic  hollow  thin-walled  cylinder  (mean  radius  R ,  thickness  t )  and  closing  the 
ends  of  the  cylinder  to  retain  an  air  cavity  when  the  sensor  is  placed  in  water.  Since,  for  an  applied 
pressure  p0  the  tangential  stress  at  the  surface  of  the  cylinder  is  sg  =  pR/t  the  fiber  also  partakes  of  this 
increased  stress  which  results  in  a  strain  roughly  R/t  larger  than  that  generated  by  p  on  the  bare  fiber. 
The  sensitivity  is  thus  greatly  increased,  limited  only  by  the  breaking  strength  of  the  fiber. 

A  second  procedure  of  strain-enhancement  consists  in  encasing  the  bare  fiber  with  one  or  more 
elastic  jackets.  If  the  jacket  material  is  chosen  to  be  more  compliant  than  the  material  of  the  bare  fiber 
a  proportionally  larger  fraction  of  the  total  load  is  taken  in  the  stiffer  fiber,  resulting  in  a  larger  axial 
strain  per  unit  applied  pressure.  Although  the  radial  strain  is  increased  as  well,  it  does  do  so  to  a  lesser 
degree  than  the  axial  strain.  Since  the  two  strains  are  of  opposite  sign  there  is  a  substantial  gain  in  sen¬ 
sitivity  just  due  to  the  length  effect. 

These  two  procedures  have  received  experimental  test.  A  comparison  of  measurement  with  pred¬ 
iction  requires  an  analysis.  We  begin  with  an  analysis  of  a  jacketed  fiber. 

Case  /.  Analysis  of  a  composite  fiber-optic  sensor  consisting  of  an  inner  core  and  one  jacket 

Figure  5.5.1  shows  the  cross-section  of  an  optical  fiber  coated  with  an  elastic  jacket.  Also 
displayed  are  the  geometrical,  elastic  and  optical  properties  of  this  2-layer  structure.  To  predict  its  per¬ 
formance  as  a  sensor  of  acoustic  pressure  one  requires  explicit  formulas  for  the  radial  and  axial  strains 
inside  the  fiber,  as  discussed  in  the  previous  Section  5.3.  These  are  determined  by  solution  of  the 
stress-strain  relations  in  the  composite,  treated  as  a  boundary  value  problem  of  a  2-layer  compound 
cylinder  subjected  to  a  uniform  external  pressure. 

It  is  assumed  first  that  the  length  L  of  the  composite  (in  the  z-direction)  is  much  greater  than  is 
overall  diameter  (2 R2).  Because  of  the  axisymmetric  loading  there  can  be  no  z-dependence  of  any 
stress  or  strain,  except  near  the  ends.  In  addition  there  is  no  slippage  between  the  jacket  and  inner 
fiber.  The  displacement  in  the  z-direction  must  furthermore  be  the  same  for  each  layer,  and,  because 
of  the  absence  of  shear,  this  displacement  must  be  independent  of  both  rand  9. 

Two  boundaries,  r  =  R2,  r  =  Ru  participate  in  the  setting  of  the  boundary  conditions.  For 
regions  1  and  2  these  conditions  are: 
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^1  >  vl 

n>  Pi  1>  Pl2 

Fig.  5.5.1  —  Cross  section  of  an  optical  fiber  (region  1)  coated  with  an  elastic 
medium  (region  2).  The  fiber  has  Young’s  modulus  £1(  Poisson’s  ratio  v, , 
index  of  refraction  n,  strain-optic  coefficients  p\\,  pjj.  The  coating  material 
is  specified  by  £2,  i<2. 


E2,  v2 


(1)  the  radial  stress  at  the  surface  r  —  R2  is  equal  to  the  applied  acoustic  pressure  (the  conven¬ 
tion  used  is  that  a  compressive  stress  is  negative): 


s,2(^2)  “  -Pq 


(5.5.1) 


(2),  (3)  at  the  surface  r  -  the  radial  stress  s,  and  the  radial  displacement  ur  are  the  same  for 
the  fiber  and  the  jacket, 


S,.]  (/? | )  **  Sr2 (-^  1 ) 

(5.5.2) 

Mfj(i?l)  “  uri{Ri) 

(5.5.3) 

(4)  the  axial  strain  is  everywhere  the  same  for  both  fiber  and  jacket 


ezi  =  ez2 


(5.5.4) 


(5)  since  the  sensitivity  of  the  fiber  depends  on  the  axial  stress,  a  condition  on  this  stress  at  the 
termination  of  the  composite  must  be  made.  A  simplifying  assumption  is  to  let  the  external  medium 
exert  a  force  on  the  ends  and  to  let  this  force  be  balanced  by  the  internal  axial  stress  induced  by  the 
acoustic  pressure.  Because  the  axial  stress  is  uniform  in  each  region  the  boundary  condition  on  sz  is, 

-  ttR-Ipq  -  sz]  ir R\  +  sz2  (R$  “  -Ki2)-  (5.5.5) 


The  stresses  sf,  se,sz  in  these  expressions  can  be  explicity  specified.  Since  the  loading  is  assumed 
radially  symmetric  all  stresses  are  independent  of  coordinate  9.  In  general  then  for  each  region, 


s i  “  +  ht  i  -  r,  9  (5.5.6) 

r 

[4]  in  which  g,,  /t,  are  constants.  If  the  materials  in  regions  1  and  2  were  identical  the  radial  and 
tangential  stresses  would  be  constants  because  there  are  no  boundary  surfaces  at  r  =  0,  and  at  8  =  2ir , 
and  these  constants  would  be  equal  because  of  radial  symmetry  of  the  loading.  However,  when  the 
materials  of  the  two  regions  are  different  (as  they  are  in  this  case)  only  the  stresses  in  the  inner  fiber 
are  constant: 


s,i  = 


a;  s0!  =  a;  szl  =  (region  1). 


(5.5.7) 
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In  the  jacket  the  stresses  depend  on  coordinate  r  because  there  is  a  boundary  at  the  surface  r  =  R2 
between  two  different  materials.  Since,  however,  the  stress  in  the  axial  direction  is  a  constant  it  is 
required  for  the  stresses  sr  and  sfl,  that  the  g,  have  the  same  magnitude  but  be  different  in  sign.  Thus, 

s,2=  ^  +  8;s«2  =  -  ^  +  S;sr2  =  e  (region  2).  (5.5.8) 

r  r 


Thus  for  the  case  of  a  3-D  uniform  acoustic  loading  on  a  two  layer  compound  cylinder  there  are  5 
unknown  constants  a,  p,  y,  8,  e.  Since  there  are  5  boundary  conditions  (Eqs.  5.5.1  through  5.5.5)  the 
stress-strain  system  can  be  solved  by  writing  5  simultaneous  equations  and  solving  them  by  matrix 
inversion.  However,  two  of  these  conditions  namely  (2)  and  (3)  require  formulas  for  strains  and  dis¬ 
placements.  In  3-D  stress  these  are 


e,  =  -jrls,  -  visj  +  s  )];  ur  =  f  erdr  (5.5.9) 

[5]  in  which  the  subscript  i  is  one  of  the  coordinates  r,  9,  z ,  and  the  subscripts  J,  k  are  the  two  remain¬ 
ing  coordinates. 

Substitution  of  Eqs.  5.5.7,  5.5.8  and  5.5.9  into  Eqs.  5.5.1  through  5.5.5  and  subsequent  inversion 
of  the  matiix  of  simultaneous  equations  yields  explicit  values  for  the  constants  a,  P,  y,  8,  e.  Thus  all 
the  stresses  and  strains  in  the  system  become  known  functions  of  the  applied  pressure.  For  the  case  of 
3 -D  loading  by  acoustic  pressure  the  phase  shift  is  given  by  Mahon  and  Cielo  [7]: 


A<£  =  k0nLp0, 


1  - 


~  P\\v l  “  P i2*'i) 


(1  -  2Vl)  +  2R\  (vi  —  «,) 

2  E2(Rl  -  R?)  +  ExRf 


n2  ,  ,  x  1  “  “  2v\ 

—  (P\ l  +  Pn> - - 


(5.5.10a) 


In  particular  one  thereby  determines  the  radial  and  axial  strains  eri>  ez\  in  the  inner  core  fiber.  With 
them  one  can  calculate  the  sensitivity  of  the  composite  acoustic  sensor. 

The  calculation  of  the  sensitivity  of  the  composite  is  based  upon  Eq.  5.3.4,  modified  for  the 
present  case  of  3-D  stress: 


A 4>  =  k0neziL  -  y&0«3L{(/7ij  +  pl2)eri  +  Pnez\].  (5.5.10b) 

Figure  5.5.2  is  a  plot  of  this  acoustic  sensitivity  as  calculated  by  Hocker  [6]  for  the  case  of  a  fused  silica 
inner  core  and  a  variety  of  jacket  materials.  The  optical  and  clastic  properties  of  the  fiber  material  are 
taken  to  be  those  of  Table  5.4.1.  The  ordinate  is  the  nondimensional  phase  shift  AtpE^APoikonL), 
and  the  abscissa  is  the  ratio  R  =  R -jRy.  The  parameter  is  the  ratio  E  =  Ex/ E2.  For  the  uncoated  fiber 
this  figure  predicts  a  (nondimensional  acoustic)  sensitivity  of  —0.198.  When  the  jacket  covers  the  fiber 
the  sensitivity  increases  Quickly  at  Caiii  julncI  us  me  cunipiidnte  01  ihe  mctteiiai  oi  the  jacket 
increases.  For  large  jacket  size  (say  R  —  20)  one  can  predict  a  sensitivity  increase  of  a  factor  of 
roughly  100  above  that  of  a  bare  fiber  if  E  ~  100.  For  fixed  values  of  E  on  the  other  hand  the  sensi¬ 
tivity  increases  with  R  at  a  slower  rate  and  soon  becomes  stabilized  at  a  value  independent  of  R. 
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Fig.  5.5.2  —  Acoustic  sensitivity  [A0/A P  Et/f}L 
for  a  coated  fused  silica  fiber  vs  ratio  of  radii  R, 
with  ratio  of  elastic  moduli  £  as  a  parameter 
[after  Ref.  6].  G.  B.  Hocker,  Applied  Optics,  18, 
3679  (1979),  c1979  Optical  Society  of  America; 
by  permission. 


An  additional  observation  is  this:  the  strain-enhancement  due  to  jacketing  occurs  primarily  in  the 
axial  strain  and  secondarily  in  the  radial  strain.  Since  the  acoustic  sensitivity  increases  quickly  due  to 
length  change  and  relatively  slowly  due  to  change  in  radius,  and  since  the  two  effects  are  of  opposite 
sign,  it  is  seen  that  the  net  phase  shift  increases  even  more  quickly  with  increase  in  jacket  size  and 
jacket  compliance. 

The  basic  equations  of  analysis  (Eqs.  5.5.1  through  5.5.9)  indicate  that  sensitivity  can  be  increased 
by  reducing  the  Poisson’s  ratio  of  the  jacket  material.  Figure  5.5.3  shows  this  effect. 

It  is  sometimes  suggested  that  a  fiber  can  be  embedded  in  a  large  block  of  elastic  material  and  the 
combination  be  used  as  a  sensor  of  acoustic  pressure.  In  this  case  R2  is  taken  to  be  infinite  and  the 
analysis  is  repeated.  Figure  5.5.4  shows  the  acoustic  sensitivity  of  this  structure  versus  compliance 
parameter  E  of  the  jacket,  with  the  Poisson’s  ratio  of  the  jacket  as  parameter.  For  the  choice  v2  =  0.50 
(corresponding  to  incompressible  rubber)  one  finds  a  sensitivity  of  +0.32,  almost  independent  of  E.  In 
contrast,  as  v2  decreases  the  sensitivity  rises  rapidly  when  the  compliance  of  the  elastic  medium  is 
reduced. 


tivity  (A<£/A£)£[/0L  for  a  coated  fused  sili¬ 
ca  fiber  on  Poisson’s  ratio  in  the  coating  ma¬ 
terial  v2  with  £  —  20  and  R  —  10  [after  Ref. 
61.  G.  B.  Hocker,  Applied  Optics,  18,  3679 
(1979),  *1979  Optical  Society  of  America; 
by  permission. 


Pig.  5.5  ^ _  Acoustic  sensitivity  for  fused  siiic?  fiber  em* 

bedded  in  an  elastic  medium  vs  elastic  modulus  ratio  £, 
with  Poisson’s  ratio  in  embedding  medium  i>2  as  a  parame¬ 
ter  [after  Ref.  6].  G.  B.  Hocker,  Applied  Optics,  18,  3679 
(1979),  *1979  Optical  Society  of  America;  by  permission. 
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One  concludes  from  this  analysis  that  a  composite  acoustic  sensor  consisting  of  a  jacket  and  a  fiber 
can  be  designed  to  improve  acoustic  sensitivity  over  that  of  the  bare  fiber  by  some  one  to  two  orders  of 
magnitude. 

In  another  configuration,  mentioned  in  the  introduction  to  this  section,  the  strain-enhancement  is 
achieved  by  bonding  a  coil  of  the  bare  fiber  to  the  exterior  wall  of  an  end-capped  hollow  cylinder  of 
elastic  material.  When  such  a  composite  is  subjected  to  an  acoustic  pressure  the  hoop  stress  se  of  the 
cylinder  becomes  effectively  the  longitudinal  stress  of  the  fiber.  The  stress-enhancement  is  roughly  of 
the  order  of  the  ratio  of  the  mean  cylinder  radius  to  the  thickness.  In  analyzing  this  structure  one 
chooses  the  model  of  a  thick-walled  hollow  cylinder  interior  radius  a,  exterior  radius  b  subject  to  acous¬ 
tic  pressure  Po  in  both  radial  and  longitudinal  directions.  The  stresses  induced  expressed  in  cylindrical 
coordinates  r,  9,  z  core, 


~b  + 

a  b2p0 

(5.5.11) 

b 1  —  a 2 

(b2  -  a2)r 2 

~b2Po 

p0a2b2 

(5.5.12) 

b2  —  a 2 

{b2  -  a2)  r2 

-Pob2 
b 2  —  a 2 

(5.5.13) 

The  elastic  strains  associated  with  these  stresses  are  those  of  an  isotropic  material  given  by  Eq.  5.5.9. 
According  to  Eq.  5.3.4  these  strains  give  rise  to  a  pressure-induced  phase  shift  of  value, 

=  konS\L  —  —kQn3L(pi2S\  +  P11S2  +  P12S3).  (5.5.14) 

If  we  choose  S\  to  be  the  tangential  strain  Sg  then 

Sg  =  -  v(sr  +  sz)],  or  =  -^[se  -  v(sz  +  s,)]  (5.5.15) 

meaning  that  S2  can  be  Sr  or  S ..  Since  5,  is  different  from  Sz  the  sum  p,jSj  will  have  a  different  value 
depending  on  the  choice.  It  is  simplest  in  this  case  to  use  an  average  photoelastic  constant 
P\\  x  0/2)  (/>u  +  Pn)  for  S2  and  S3.  Essentially  this  assumes  the  two  polarization  modes  allowed  by 
an  optically  anisotropic  material  are  being  excited. 

From  Eqs.  5.5.11,  5.5.12,  5.5.13  one  can  obtain  the  strains  by  use  of  Eq.  5.5.9  for  the  surface 
r  —  b: 


Sa  = - 


Po 

b 2  +  a2 

2b1  —  a 2 

Ex 

b2  —  a 2 

Vl  b2  _  a2 

(5.5.16) 


S.  +  S. 


lb2  —  a 2 

1  —  V  ~  lv2 

,  2j/|V2| 

2v\(b2  +  a2) 

( b 2  -  a2) 

E\ 

*2  j 

E2(b 2  -  a2) 

(5517) 


Here  subscript  1  refers  to  the  fiber,  and  2  refers  to  the  cylinder  jacket  material.  The  phase-shift 
induced  by  the  acoustic  pressure  is  obtained  by  substitution  of  Eqs.  5.5.15,  5.5.16  and  5.5.17  into  Eq. 
5.5.14  using  pAV  in  the  process: 
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— />s  k0nL 
E2(b 2  -  a2) 


[. b 2  +  a2-  p2(2 b2  -  a')\  1  -  - p-  - 


(262  -  a2) 


1  —  u\  —  2v2 

WEi 


+  ~  2v\(b2  +  a2) 


(5.5.18) 


[7].  Figure  5.5.5  shows  phase  sensitivity  A<f>/ p^k^nL  plotted  as  a  function  of  the  ratio  of  outside  radius 
(r  -  b )  to  wall  thickness  ( [b  -  a)  for  three  different  types  of  jacket  cylinder  material,  polyethylene, 
Lucite  and  aluminum. 


Fig.  5.5.5  —  Phase  sensitivities  of  end-capped,  cylindrical  fiber  optic 
hydrophones  of  polyethylene,  Lucite,  and  aluminum  relative  to  the 
sensitivity  of  an  unjacketed  fiber  of  the  same  length  [after  Ref.  7). 
G.  W.  McMahon  and  P.  G.  Cielo,  Applied  Optics,  18,  3720  (1979), 
*1979  Optical  Society  of  America;  by  permission. 
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The  optical  and  elastic  properties  of  the  structural  components  used  in  the  calculation  are: 
bare  fiber  jacket  cylinder  (Lucite)  polyethylene  aluminum 


bare  fiber 

radius:  20  pirn 
£,  -  73  x  109  Pa 
v\  *■>  0.17 
Pu  “  012 
Pl2  "  O-27 


E2  =  4  X  109  Pa 
v2  =  0.4 


E2  =  0.76  x  109  Pa 
v2  =  0.458 


aluminum 

E2  -  71  x  109  Pa 
*2  =  0.355 


Again  it  is  seen  that  an  end-capped  cylindrical  fiber-optic  acoustic  sensor  wrapped  with  an  embedded 
coil  of  fused  silica  fiber  can  be  designed  to  be  at  least  two  orders  of  magnitude  greater  in  acoustic  sensi¬ 
tivity  than  the  bare  fiber  alone.  A  caution  however  is  necessary.  Experience  has  shown  that  a  coated 
fiber  wrapped  on  an  elastic  cylinder  shows  little  improvement  due  to  the  coating  but  much  improve¬ 
ment  due  to  the  cylinder  deformation.  While  both  methods  of  strain-enhancement  predict  sensitivity 
improvement  when  used  separately,  the  effects  do  not  appear  additive. 


5.6  FIBER  OPTIC  HYDROPHONE-THEORY  AND  EXPERIMENTAL  RESULTS 

The  use  of  optical-fibers  in  hydrophone  construction  as  the  main  sensing  element  has  been 
reported  by  Bucaro  et  al  [8].  A  theoretical  and  experimental  discussion  of  this  type  of  transducer  is 
taken  up  next. 

In  Sections  5.4,  5.5  the  theoretical  pressure-induced  phase  shift  in  a  fiber  optic  sensor  was  derived 
in  the  form 

A <f>  =  pqL  x  const  (5.6.1) 

in  which  the  value  of  the  constant  was  determined  by  the  elastic  properties  of  the  fiber  and  by  the  dis¬ 
tribution  of  mechanical  stresses  imposed  upon  it  by  the  pressure  loading. 
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A  fiber-optic  hydrophone  may  be  constructed  with  this  sensor  in  the  manner  shown  in  Fig.  5.6.1 
[9].  It  consists  of  an  optical  interferometer,  one  (signal)  arm  of  which  contains  a  fiber-optic  coil 
immersed  in  an  underwater  sound  field,  and  the  other  (reference)  arm  of  which  is  also  an  optical  fiber 
of  the  same  manufacture  placed  outside  the  tank.  The  reference  arm  is  injected  with  a  beam  of  light  at 
wavelength  X  and  power  P,  (watts)  while  the  signal  arm  is  injected  with  the  same  wavelength  light  at 
power  Ps.  Upon  passing  through  the  sound  field  and  being  modulated  by  ii  die  sigiidi  iiBm  is  superim¬ 
posed  on  the  reference  light  in  a  photomultiplier.  The  electric  current  out  of  the  photomultiplier  is 

/  -  a  [P,  +  Ps  +  2/3 (PrPs)'/2  cos  (0o  -  A</>)]  (5.6.2) 


Fig.  5.6.1  —  Experimental  fiber-optic  hydrophone  tested  in  a  laboratory  tank  (after  Ref.  9],  P. 

Shajenko,  J.  P.  Flatley  and  M.  B.  Moffett,  J.  Acous.  Soc.  Am.,  64,  1286  (1978),  c1978  Ameri¬ 
can  Institute  of  Physics;  by  permission. 

in  which  a  is  the  photomultiplier  response  (units:  A/watt),  and  /3«1)  is  the  homodyne  efficiency  (see 
Section  5.8  for  definition  and  discussion  of  this  term).  The  phase  t/>0  is  the  phase  difference  between 
signal  and  reference  when  there  is  no  sound  modulation,  and  the  phase  shift  A</>  is  the  phase  shift  due 
to  the  sound  field.  Since 


cos  (0o  ~  A</>)  =»  cos  </> o  cos  A</>  +  sin  0O  sin  A <f> 

it  is  seen  that  for  0O  =  tt/2,  A0  «  tt/2,  the  signal  term 

4=  2a(3(PrPs)i/2A<f>  =  2af3(PrPs)V2poL  x  const.  (5.6.3) 

is  both  linear  and  maximized.  Across  the  photomultiplier  load-resistance  RM  the  voltage  per  unit 
acoustic  pressure  for  a  3-D  uniform  loading  on  the  signal  arm  Eq.  5.3.6c  gives  the  hydrophone  sensi¬ 
tivity  M, 


M  =  —  =  2a/3  RM(PrPs)U2k0L 
Po 


n(l  -  2v) 


J  [(1  ~  2v)  ( pn  +  2 pn)\ 


(5.6.4) 


Now  from  Sect.  5.4,  Case  III, 


'  V  ^  V  *  V*  V~»  1 


'V  ' 


■  v»v^  v*  ;tv^  i-fv»v'»'  *  5.1 


V  W  \>c 


RF> 

E£& 


A</> 

Po 


3.946  x  10-'1 


_Z^ 

^o 


3.946  x  10-1! 


9.97  x  106 


k0L  -  3.96  x  10-18At0Z, 
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rad 


^Pa 


(5.6.5) 


(The  contribution  from  the  length  change  is  13.2  x  10-18  k0L>  and  from  the  refractive  index  change  is 
-9.2  x  10_1*  k0L.)  Thus  the  predicted  sensitivity  of  this  hydrophone  is, 


M  -  7.92  x  10 ~l*a(3RM(PrPs)'/2k0L  (units:  V/MPa) 


(5.6.6) 


This  value  is  in  good  agreement  with  the  theoretical  formula  derived  by  [9]  !.i  which  the  constant  for 
borosilicate  glass  turned  out  to  be  8,1  x  10-18  as  compared  to  7.9?  x  10-18. 


To  test  the  accuracy  of  their  formula  an  experiment,  based  on  the  construction  shown  in  Fig. 
5.6.1,  was  run.  Two  single-mode  optical  fibers  were  used,  each  was  4  m  long,  2.5  /xm  in  core  diameter, 
with  an  attention  of  0.25  dB/m.  A  1  m  portion  in  the  center  of  the  signal  arm  was  wound  in  a  coil  5 
cm  in  diameter  and  immersed  below  a  reflection  plate  in  the  test  tank  of  water.  The  projector  shown  in 
Fig.  5.6.1  was  a  spherical  acoustic  source  3.5  cm  in  diameter,  driven  by  60  kHz  pulses  of  length  50  /as. 
By  use  of  a  reference  hydrophone  the  acoustic  pressure  at  the  fiber  coil  was  me  sured  to  be  191  dB/1 
/xPa. 


A  He-Ne  laser,  driven  at  P,  -  Ps 
homodyne  efficiency  was  estimated  at  0  - 


-  9.5  nW,  furnished  both  signal  and  reference  beams. 
0.5. 


The 


The  photomultiplier  tube  (EMI  9798  B)  hau  a  400  fim  pinhole,  a  responsiveness  of 
a  -  2100  A/W,  and  a  load  resistance  of  50  ft. 


A  calculation  of  Eq.  5.6.6  based  on  these  value  gives  a  theoretical  sensitivity  of  -268  dB  re  1  volt 
per  micropascal.  The  measured  value  was  -264  dB. 


The  actual  sound  field  was  monitored  by  a  small  probe  acoustic  hydrophone  of  standard  construc¬ 
tion.  A  comparison  of  the  waveforms  of  the  acoustic  hydrophone  and  the  fiber-optic  hydrophone  is 
shown  in  Fig.  5.6.2.  The  fidelity  however  is  progressively  weakened  as  the  acoustic  level  is  increased, 
or  as  the  length  of  the  fiber  is  increased  [10].  The  effect  is  due  to  the  accession  of  harmonics  of  the 
acoustic  signal. 


Fig.  5.6.2  —  Comparison  of  acoustic  and  fiber¬ 
optic  hydrophone  signals.  Top  trace:  acoustic 
hydrophone,  lV/div.  Bottom  trace:  fiber-optic 
hydrophone,  50  mV/div.  Time  scale:  40  /xs/div. 
19] 
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The  sensitivity  just  discussed  must  be  judged  relative  to  the  detection  threshold,  or  lowest  level  of 
detectable  signal. 


A  second  parameter  of  importance  is  the  noise  equivalent  pressure  level  of  the  hydrophone.  This 
is  determined  as  follows.  The  signal  current  in  the  photomultiplier  is  approximated  by  the  relation, 


/,  =  2 ap(PrPs)112  cos  (0o  -  A0)  -  2a/3(W/2A0.  (5.6.7) 

If  wc  assume  the  noise  in  the  photomultiplier  is  primarily  photon  shot-noise  then  the  no;se  current  is 


e  -  electron  charge  (units:  C) 
>jy  -  y/2 e(lr  +  IS)B,  B  -  bandwidth  (units:  Hz) 


(5.6.8) 


Assume  now  that  the  noise  current  equals  the  signal  current: 

yJ2e(Ir  +  1S)B,  -  ap(PrPs)'nA<t> 


or 


. ,  1 

e(Pr  +  PS)B 

J 

2aPrPs 

1/2 


’.6.9) 


in  which  1/a  -  P.  From  Eq.  5.3.6c,  A <f>  is  related  to  the  applied  acoustic  pressure  pu 


Pi 


A0  „  MO  ~  2i0  1  M3  „  w  .  „  „ 

C|  _ - - - -  -j-  {(l  -  2v)  Kp\\  +  2p12)j 


or 


/3C,£ 


e(Pr  +  PS)B 


2aPrPs 


1/2 


(5.6.10) 


This  is  the  noise  equivalent  pressure.  When  other  noises  are  present  iN  is  larger  than  Eq.  5.6.8.  It  is 
clear  from  this  formula  that  the  threshold  of  detection  may  be  i.  wered  by  altering  the  following  factors. 
(1)  increasing  the  homodyne  efficiency  /3  (2)  increasing  the  strain  enhancement  (contained  in  factor 
Cj)  (3)  increasing  the  length  L  (4)  decreasing  the  bandwidth  B  (5)  increasing  the  photodetector 
response  a  (6)  increasing  the  input  laser  power  P  (7)  reducing  the  electronic  noise  in  the  laser,  detector 
etc. 


Two  experimentally  determined  thresholds  are  discussed  next. 


A  numerical  estimate  will  serve  to  indicate  magnitude.  Let  Pr  =  Ps  =  9.5  x  10-9  watt,  2?  =  1  Hz, 
/3  -  0.5.  L  =**  1  m,  a  =  2100  A/Watt.  From  Sect.  5.4,  Case  III  it  is  seen  that  C\  =  3.946  x  10-11 
rad//xPa  x  m  =  3.946  x  10-5  rad/Pa  x  m.  The  electron  charge  is  1.602  x  10-19  C.  Thus, 


Pn 


1 


[  1.602  x  IQ"19  xl 


0.5  x  3.946  x  10~5'X  1  ;  2  ]  x  103  x  9.5  x  10~9 
20  log  pN  =  73  dB  re,  /xPa. 


1/2 


=  4.54  x  10"3  N/m2  -  4.54  x  103  jtPa 
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The  internal  noise  in  this  particular  arrangement  is  thus  equivalent  to  an  excitation  of  external  acoustic 
pressure  of  the  amount  calculated.  This  is  therefore  the  threshold  of  detection. 

An  alternate  formula  for  the  threshold  corresponding  to  shot-noise  is  derived  as  follows.  From 
Eq.  5.6.9  let  Pr  «=  Ps  =  Pq,  then 


4*-i 


eB 


aPn 


1/? 


(5.6.11) 


If  the  change  in  phase  <f>  is  due  solely  to  a  change  in  index  of  refraction  n  then 

A  <f>  =  k$L\n 

so  that 


Aw  = 


1 


k0Lp 


eB 


nPn 


1/2 


(5.6.12) 


Now  the  change  C]  in  relative  dielectric  constant  e  due  to  a  harmonic  acoustic  wave  propagating 
with  wavenumber  Kx  and  frequency  ft  is  given  in  the  formula, 

e  ■=  c0  +  *i  cos  ( Kxx  -  ft  t) 

in  which  e0  is  the  relative  dielectric  constant  in  the  absence  of  the  acoustic  disturbance.  In  terms  of  the 
change  in  density  A p  one  defines  a  constant  y  such  that 


A  p 

€,  =  y-C-_ 

P 

Since  €(  =  A(n2),  e  -  n2,  then 

6]  =  2nAn. 

Mass  density  p  is  related  to  compressibility  K  by  the  formula, 

K  _  Ail  -L 

Csp  p 


(5.6.13) 


(5.6.14) 


(5.6.15) 


Also,  under  the  assumption  that  ei  «  €0  it  is  easy  to  show  by  use  of  the  Lorentz-Lorenz  law  that 


y  =  j  (e0  -  1  (e0  +  2) 

[11]  Assembling  Eqs.  5.6.1!  through  5.6  ! 6,  one  has  finally 


(5.6.16) 


Ap  = 


6n\r 


2irZ,K(n2  —  1)  (n2  +  2) 


eB 


aPn 


1/2 


(5.6.17) 


%V 

>v 

NV 

-j\- 


r. 

■:/ 

•'s'*. 

's'. 


* 

»  « • 
s 

s\s 


■  A 
•  .s 
.'s' 


'  „S 

-  s 


tofv zt. 


361 


•/•»*  •„  ■/.  .  .s  ;•  S  .*•  • .  v  V  V  vv.-.v.  «•.  Jr  •,  *  -  “ .  ■ 

.  ■*.  S  A  .*•  ■  ’j.  !•_-  y  >_  -  ■  -  j  -  .  - 


’  %' 


Fiber  Optic  Transducers 


Except  for  the  factor  2/3  in  the  denominator  this  is  the  formula  used  by  Cole  et  a!  [12].  The  factor  2 
arises  because  in  expanding  cos  [</>0(()  -  A</>(r)]  in  Bessel  functions  of  the  first  kind  and  approximating 
the  first  side-lobe  for  small  argument  the  phase  change  becomes  A#/2. 

In  making  numerical  estimates  of  Eq.  5.6.17  reference  [10]  used  the  values  n=  1.465, 
L  «■  0.254  n,  \q  “  0.6328  x  10-6  m,  a  =  0.3  A/watt,  Pq  =  3  x  10-4  W,  B  =  1  Hz.  It  is  to  be  noted 
that  the  value  of  a  is  that  of  a  photodetector  rather  than  the  photomultiplier  used  by  reference  [8],  We 
calculate  here  that  /3  -  0.5,  and 

_  3(1  ~  2v)  _  3[1  -  2(,17)] 

E  7.3  x  10'° 

Substitution  of  these  values  in  Eq.  5.6.17  leads  to  the  result  that  for  a  1  Hz  band  of  reception, 

A p  -  2.34  x  10"3  Pa  =  2.34  x  103  /*Pa  =  67.4  dB  re  1  /xPa. 

Measurements  made  by  Cole  et  al.  (loc.  cit)  at  laser  wavelength  0.5145  ^im  are  reproduced  here  as  Fig. 
5.6.3.  Although  there  is  considerable  spread,  particularly  at  the  higher  acoustic  frequencies,  the  agree¬ 
ment  between  theory  and  experiment  is  reasonably  good. 


nr 

N 


(5.6.18) 


Fig.  5.6.3  —  Measured  thresholds  of  a  fiber  interferometer 
with  frequencies  as  specified  [after  Ref.  121.  J.  H.  Cole  et 
al.,  J.  Acous.  Soc.  Am.,  62,  1135  (1977),  ®1977  American 
Institute  of  Physics;  by  permission. 


Other  (unpublished)  results  show  measured  thresholds  of  some  55  dB  re  1  fi?a  at  0.1  kHz,  to 
some  25  dB  at  2  kHz. 

5.7  FIBER-OPTIC  HYDROPHONE-PROTECTION  AGAINST  ENVIRONMENTAL  NOISE 

The  fiber-optic  hydrophone  described  above  consists  of  two  laser-excited  monomode  fibers  form¬ 
ing  two  arms  of  an  interferometer;  one  a  reference  fiber  and  the  other  a  signal  fiber.  Such  an  arrange¬ 
ment  is  prone  to  distortion  by  environmentally  induced  noise  and  vibration  because  the  signal  arm  is 
disturbed  by  these  agents  while  the  reference  arm  is  not.  Since  in  the  usual  design  the  phase  shift  to  be 
detected  must  be  limited  for  linearity  to  A <j>  «  rr,  and  since  a  dynamic  range  of  104  is  customarily 
required,  optical  path  variations  of  the  order  of  10-5  jum  must  be  detected.  These  small  quantities  are 
likely  to  be  swamped  out  by  platform  vibration  or  ocean  noise  of  various  origins. 
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To  overcome  distortions  in  reception  which  are  associated  with  a  two-fiber  design  it  is  suggested 
to  use  a  single  monomode  fiber.  Bucaro  and  Carome  [10]  have  proposed  a  high  coherence  length 
source  E0  injected  into  a  single  fiber  with  both  ends  cut  perpendicular  to  the  fiber  axis.  A  first  beam 
exiting  the  fiber  has  a  magnitude  TEo,  T  being  the  transmission  coefficient.  It  is  subject  to  an  acousti¬ 
cally  induced  phase  shift  due  to  one  pass  through  the  fiber.  A  second  beam  exiting  the  fiber  has  a  mag¬ 
nitude  T  R2E0,  where  R  is  the  reflection  coefficient  of  the  cut  end.  It  is  subject  to  an  acoustically 
induced  phase  shifi  due  to  three  passes  through  the  fiber.  The  relative  phase  shift  between  the  two 
beams  is  therefore  twice  that  of  a  beam  that  makes  a  single  pass  through  the  fiber.  This  relative  phase 
indicates  the  presence  of  the  acoustic  signal.  The  intensity  of  the  transmitted  beams  is  however  much 
reduced  by  the  absorption  and  reflection  parameters  of  the  fiber. 

An  extension  of  this  concept  was  made  by  Cielo  [13].  It  is  best  understood  by  use  of  the  classical 
theory  of  multiple  beam  interference,  Fig,  5.7.1.  A  plane  wave  W,  wavelength  \0  is  incident  on  a  plane 
parallel  plate,  thickness  h,  index  of  refraction  n'.  The  transmitted  light  consists  of  a  number  of  parallel 
beams  at  angle  O'  having  phase  difference,  one  beam  to  the  following  beam,  of  value 


Fig.  5.7.1  —  Illustrating  formation  of  multiple  beam  fringes 
of  ecual  inclination  with  a  plane  parallel  plate 


8  = 


4t t 


n'h  cos  O'. 


(5.7.1) 


When  these  beams  are  superimposed  upon  a  focal 
plane  by  a  convergent  lens  they  display  maxima, 
at  orders 


8  _  2 n'h  cos  O' 
2n  X0 


(5.7.2) 


and  minima  at  orders. 


m 


Ill 

2’  2’  2 


The  fringe  pattern  is  approximately  the  same  as  for  a  two-beam  interference,  but  the  intensities 
and  fringe  widths  are  modified  by  the  reflection  properties  of  the  plate  surfaces.  The  theory  shows  that 
the  ratio  of  transmitted  intensity  to  incident  intensity  is 


1U) _ 1 

7(,)  1  +  F  sin2S/2 


(5.7.3) 


«■«> 

in  which  R  is  the  reflectivity  of  the  piaie  surfaces,  it  is  seen  that  when  8/2  is  an  integral  multiple  of 
27t,  the  intensity  of  transmitted  light  is  equal  to  the  intensity  of  the  incident  light— that  is,  a  maximum. 

When,  however,  8/2  is  an  odd  multiple  of  v,  the  transmitted  light  is  a  minimum  of  value  given  by, 
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rit)  = 

1  +  F 


(5.1.5) 


For  R  =  0.18, 


while  for  R  -  0.87, 


/(,)//(,)  ~  0.94 


/(')//(/)  ~  4.8  x  10“ 3 


(In  these  calculations  the  inherent  absorption  of  the  glass  has  been  neglected.)  Thus  for  surfaces  of 
high  reflectivity  the  fringe  pattern  in  the  focal  plane  of  the  lens  consists  of  very  sharp  bright  lines  at 
phase  differences  Imir,  m  integer,  and  near  total  darkness  in  between  as  illustrated  by  Fig.  5.7.2. 


Fig.  5.7.2  —  Multiple  beam  fringes  of  equal  inclina¬ 
tion  in  transmitted  light:  ratio  of  transmit¬ 

ted  and  incident  intensities  as  a  function  of  phase 
difference  8  (m  is  an  integer)  [after  Ref.  13].  P.  G. 
Cielo,  Applied  Optics ,  18,  2933  (1979),  c1979  Opti¬ 
cal  Society  of  America;  by  permission. 


In  applying  multiple  beam  interference  Cielo  replaced  the  plane  parallel  plate  by  a  cavity  between 
two  reflectors,  Fig.  5.7.3.  The  reflectors  are  analogs  of  the  two  surfaces  of  the  plate  while  the  cavity  is 
a  piezoelectric  cyclinder  wrapped  with  the  fiber.  It  constitutes  the  analog  of  the  thickness  of  the  plate, 
made  adjustable  by  "tuning"  so  that  the  phase  delay  is  a  function  of  the  mean  radius  of  the  cylinder, 
hence  of  an  applied  voltage.  In  this  way,  once  the  wavelength  A0  of  the  laser,  and  the  reflectivity  of  the 
reflectors  R  are  fixed,  once  can  sharpen  the  fringe  pattern  of  interference.  This  means  sharpening  the 
discrimination  of  phase  difference  by  "tuning"  the  radius  of  the  piezoelectric  cylinder. 


In  operation  all  beams  are  simultaneously  in  the  fiber.  Actually,  only  the  first  transmitted  beam 
and  the  beam  consisting  of  one  internal  reflection  between  reflectors  followed  by  transmission, 
effectively  interfere.  This  is  because  the  remaining  beams  are,  for  the  usual  values  of  reflectivity,  rela¬ 
tively  very  weak. 

Two  such  cavities  are  used  in  the  Cielo  concept,  Fig.  5.7.3.  Their  intended  operation  is  shown  in 
Fig.  5.7.4.  The  first,  or  reference,  cavity  performs  the  function  of  sharpening  the  transmitted  laser 
spectrum  by  multiple  beam  interference:  beam  1  is  transmitted  directly  while  beam  2  undergoes 
reflections  before  transmission.  They  are  superimposed  upon  exiting  the  cavity  and  together  yield  the 
spectrum  shown  in  Fig.  5,7.2.  The  phase  delay  associated  with  this  spectrum  is  8]  —  <i)qL\I\\,  where  L\ 
is  the  fiber  length  within  the  cavity,  vj  is  the  phase  velocity  of  light  within  the  cavity,  and  tq0  is  the  fre¬ 
quency  of  this  light.  The  length  L\  is  adjustable  by  applying  a  voltage  to  the  piezoelectric  cylinder  caus¬ 
ing  it  to  expand.  The  second,  or  remote,  cavity  is  submerged  in  the  water  and  is  subject  to  the  acoustic 
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where  N  is  the  number  of  reflections  in  the  cavity  and  A8  is  the  phase  shift  due  to  one  pass  through  the 
cavity.  Because  of  absorption  and  loss  at  reflection  the  value  of  N  is  approximately  2.  The  difference 
between  the  two  phases  is  82  —  84  —  83.  Again  it  is  emphasized  that  all  beams  occur  simultaneously  in 
a  single  fiber. 
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-  ig.  5.7.3  -  Double  cavity  configuration.  L,  light  source 
coupled  to  the  fiber;  R-,  reflectors;  D,  photodetector-  S 
servo-control  electronics  [after  Ref.  13].  P.  G  Cielo  Ad- 
plied  Optics,  18,  2933  (1979),  *1979  Optical  Society  of 
America;  by  permission. 


Fig.  5.7.4  —  Illustration  of  operation  of  a  double-cavity  fiber-optic  hydrophone 


The  responses  of  the  two  cavities  are  in  cascade.  Thus  the  intensity  of  the  light  entering  the 
detector  is, 


/(«)- 


T72/(,)(co) 


1  +  F  sin2 

1  +  F  sin2 

2  ^ 

(5.7.6) 


in  which  17  is  the  absorption  coefficient. 

In  operation  we  suppose  first  that  the  0  is  no  acoustic  signal.  The  reference  cavity,  being  tunable, 
is  tuned  by  an  applied  voltage  V  to  some  value  of  8 1  —  82.  The  responses  of  the  two  cavities  can  thus 
be  made  to  exactly  superpose  and  generate  maxima  at  8]  —  82  =  0,  and  minima  between  them 

at  8!  -  82  **  tt,  3n/2,  5ir/2.  At  high  reflectivity  the  minima  are  nearly  zero  in  intensity.  The  operating 
point  is  set  at  the  peak  of  one  of  the  maxima. 
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reduces  the  intensity  /(w)  from  its  peak  value.  A  control  voltage  Kis  applied  to  bring  back  7(co)  to  its 
peak  value  once  again.  The  fluctuations  of  this  tuning  voltage  is  maintained  by  servocontrol.  It  mirrors 
the  phase  fluctuations  caused  by  the  acoustic  signal.  It  is  the  quantity  actually  to  be  measured  and 
analyzed. 
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An  experimental  demonstration  that  a  single  optical  fiber  can  serve  simultaneously  as  reference 
and  signal  has  been  carried  out  by  Bucaro  and  Carome  [9], 

A  significant  advantage  of  this  concept  is  its  insensitivity  to  ocean  noise  and  platform  vibration. 
This  comes  about  because  reference  and  signal,  being  the  same  fiber,  are  equally  disturbed  by  such 
external  agencies,  and  hence  when  the  matching  of  the  two  cavities  is  performed  in  the  detector  the 
noise  disturbancies  do  not  affect  the  matching  process  in  any  way.  A  second  advantage  of  the  two- 
cavity  single  fiber  concept  is  the  relaxation  of  the  need  for  laser  light  of  very  extended  spatial  coher¬ 
ence.  Reference  [13]  reports  that  incoherent  sources  such  as  LED  or  tungsten  lamp  have  proved  suc¬ 
cessful  in  other  applications  of  the  concept  of  two-cavity  modulation. 

5.8  SIGNAL/NOISE  RATIO  OF  FIBER-OPTIC  HYDROPHONES 

Heterodyne  and  Homodyne  Detection 

In  discussing  signal/noise  ratio  of  optical  fiber  hydrophones  it  will  be  useful  to  distinguish 
between  heterodyne  and  homodyne  systems.  In  a  heterodyne  system,  as  applied  to  radar,  a  signal  at 
carrier  frequency  /0  is  transmitted  to  a  target  where  it  is  modulated  to  /0  ±  fd  and  reflected  back  to  the 
receiver.  Inside  the  receiver  the  original  carrier  is  mixed  with  a  local  oscillator  frequency  /lf  (called  the 
IF  signal)  to  yield  /0,  /o  +  f\u  fa  -  /if.  This  is  filtered  to  give  /0  +  /if,  which  is  mixed  with  /0  ±  fd 
to  give  /jf  ±  fd.  This  signal  is  IF  amplified  and  then  detected  to  give  fd,  the  doppler  signal. 

In  a  homodyne  detection  system  no  IF  local  oscillator  or  IF  amplifier  is  used.  Demodulation  of 
the  received  signal  is  done  directly  at  the  laser  frequency. 

The  same  distinction  between  detection  system  appears  in  optical  hydrophones.  In  heterodyne 
systems  the  laser  frequency  is  reduced  to  an  IF  frequency  by  use  of  a  Bragg  cell  and  detection  is  accom¬ 
plished  at  this  lowered  frequency.  In  homodyne  systems  no  Bragg  cell  is  used  and  detection  is  accom¬ 
plished  at  carrier  frequency. 

Homodyne  systems  are  much  simpler  than  heterodyne  systems.  However  they  are  less  sensitive 
and  more  noisy. 

Photodetector  Current 

In  a  laser  heterodyne  (or  homodyne)  detection  system  the  superposition  on  the  surface  of  the 
photodetector  of  the  reference  beam,  with  intensity  /,,  and  the  signal  beam,  with  intensity  /,,  can  be 
modeled  as  noted  earlier  on  the  theory  of  partially  coherent  light  [14],  In  this  theory  the  total  intensity 
of  two  superimposed  beams  which  differ  in  phase  by  A0  is 

ln  •*  Ir  +  /j  +  2|y„IV//  cos[arJ(T)  -  A<£]  (units:  V  •  A/m2),  (5.8.1) 

in  which  yn  is  the  complex  degree  of  mutual  coherence,  !y,J  is  its  modulus,  and 

a„(r)  =  arg  yrs  +  2ttJt,  (5.8.2) 

where  f  is  the  mean  frequency  of  the  laser  and  A</>  is  path  difference.  In  terms  of  the  laser-beam 
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A$  =  k&x  (units:  rad). 

If  the  laser  field  is  represented  by  the  analytic  signal  V(t),  then  by  definition 
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(5.8.3) 


y  M  -  .  _ 

Vr^oTVf^oT  JTrJTs 

and 


r„(r)  -  <  vr(t  +  t)  y*s(r)>  (units:  V  ■  A/m2), 

in  which  <  >  signifies  statistical  average  in  time,  is  the  autocorrelation  of  the  random  variable 
F(/),  Trj  is  the  crosscorrelation  of  the  random  variables  Vr  and  Vs,  and  r  is  the  delay  time.  Since 
•y rs I  cos  ta«(r)  +  is  a  real  number,  Re  -y^,  it  is  a  measurable  quantity,  namely, 


Re  yrs 


4  ~Ir-h 

1"\fTr  yfis 


(5.8.4) 


The  total  intensity  /„  thus  is  a  sum  of  coherent  and  incoherent  parts.  It  is  justifiable  to  assume  that 
over  sufficiently  long  time  the  random  part  is  uniformly  incident  over  the  area  of  illumination  of  the 
photodetector.  By  integration  over  this  area  the  total  light  power  incident  on  the  collecting  surface 
becomes 


prs  “  Pr  +  4  +  2|y,J|v//>,/>scosIa,J(r)  -  A<£]  (units:  V  •  A).  (5.8.5) 

This  light  power  generates  a  photodetector  current  of  time-average  value 


</>  —  a<Prs>  (units:  A),  (5.8.6) 

in  which  a  is  the  photodetector  conversion  factor  (units:  V”1  or  A/V  •  A).  To  emphasize  partial 
coherency,  it  is  useful  to  write  this  current  in  the  form 

</>  -  l'/„l a[Pr  +  Ps  +  2V44cos(afJ  -  A 0)]  +  (1  -  |y, J)a(/>,  +  Ps).  (5.8.7) 

The  first  term  represents  the  coherent  superposition  of  two  beams  of  powers  \yrs\Pr  and  \yn\P5,  while 
the  second  term  represents  incoherent  superposition  of  two  beams  of  powers  (1  -  |y„|)  P,  and 
^  ly/sl)  Pf  This  distinction  between  coherent  and  incoherent  parts  of  the  photodetector  current  will 
be  used  to  advantage  in  further  developments. 

The  phase  A <f>  is  the  sum  of  two  terms:  a  nonacoustic  phase  A^q  and  an  acoustically  induced 
phase  A<^.  In  the  absence  of  the  latter  the  average  photodetector  current  can  be  written  just  as  shown 
above  with  A0  replaced  by  Ad>0-  It  is  then  essentially  a  sum  of  dc  terms,  Iph  (units:  A).  In  the  pres¬ 
ence  of  an  acoustic  signal  which  varies  sinusoidally  in  time,  the  cosine  term  becomes 


cos  («„  -  A(£0  -  A<^)  =  cos  (ars  -  A 0O)  cos  A<^  +  sin  (a,s  -  Ad>0)  sin  A<^.  (5.8.8) 

If  we  assume  that  sinAd>x  =  k<f>A,  then  there  exists  a  time-varying  photodetector  component  current, 

<Uc>  ~  sin  fa„(r)  -  A0O]  A <})A(t).  (5.8.9) 


The  nonacoustic  phase  A </>c  may  contain  h  rsndom  component  of  ! 
disturbances.  In  this  case,  when  there  is  no  useful  acoustic  signal, 
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cos  [a„  -  A#o  -  A0o(z)l  =  cos  ars  -  Ad>0)  cos  A 0oO)  +  sin  ( an  -  A<£0)  sin  A 4>0(t). 
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When  the  fixed  phase  ars  -  A<£0  is  adjusted  to  be  tt/2,  as  is  customary,  there  remains  a  random  com¬ 
ponent  of  photodetector  current 


=  2a|-y„|  y/P,Ps  sin[A<£0('))-  (5.8.10) 

The  probability  distribution  of  i^Q  is  determined  by  the  sine  of  the  probability  distribution  of  A<£0(f)- 
A <f>0(t)  can  be  considered  (for  example)  to  be  caused  by  random  temperature  fluctuations  or  by 
mechanical  stress,  each  with  its  own  statistics. 

Coherent  and  Incoherent  dc  Photodetector  Currents 

The  time-averaged  dc  photodetector  currents  contribute  noise  in  the  detection  circuits.  As  noted 
above  these  currents  are  the  sum  of  coherent  and  incoherent  terms.  The  incoherent  terms  consist  of 
three  contributions: 

•  scattering  of  laser  light  in  the  fiber  by  Bragg  reflection  from  thermally  induced  acoustic 
plane-wave  trains  (Brillouin  scattering); 

•  scattering  from  mass-density  fluctuations  caused  by  random  motion  of  the  molecules  of 
glass  in  the  fiber  whenever  the  wavelength  of  the  incident  laser  beam  is  much  smaller 
than  the  size  of  the  molecules  (Rayleigh  scattering);  and 

•  scattering  from  spherical  (or  irregular)  inhomogenities  where  the  characteristic  dimension 
is  larger  than,  or  comparable  with,  a  wavelength  of  the  incident  light  (Mie  scattering). 

Thus,  the  incoherent  part  of  the  dc  current  may  be  explicitly  written  in  the  form 

(Wmcoh  -  «(1  -  lyjMP,  +  Ps) 


=  a(PrB  +  PrR  +  PrM  +  PsB  +  PsR  +  PsM)  (units:  A),  (5.8.11) 

where  the  subscripts  B,  R ,  and  M  refer  to  Brillouin,  Rayleigh,  and  Mie  scattering,  respectively. 
The  coherent  part  of  the  dc  current  has  already  been  formalized  above: 

Uph) co h  “  lyjal^,  +  Ps  +  2 V P,PS  cos(a„  +  A 4>0)]  (units:  A).  (5.8.12) 

Here  all  terms  are  nontime-varying. 


Noise  In  the  Photodetector  and  Associated  Preamplifier  Circuitry 
Shot  Noise 

Shot  noise  power  is  determined  from  the  dc  current  Iph  of  the  photodetector  explicitly  formulated 
above,  and  two  other  currents:  a  dc  current  due  to  background  light  ( IBK )  and  the  dc  dark  current 
which  enters  the  detector  (70).  If  the  photodetector  has  an  internal  current  gain  G  the  total  shot  noise 
will  be  given  by 

2e[(//,/))Coh  +  (Wmcoh  +  lBK  +  4>1<G2> 

l  ■  “  i 


units: 


Ai 

U-7 


(5.8.13) 


in  which  e  is  the  electronic  charge  and  <G2>  =  <G>2F(G ),  where  F{G)  accounts  for  an  additional 
multiplication  (or  gain)  due  to  the  nonlinear  properties  of  gain  development  inside  the  photodetector. 
The  value  of  F(G)  is  0.5  to  3.0,  depending  on  the  type  of  detector  used  [15]. 
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Thermal  Noise 


The  load  resistor  RL  of  the  detector  generates  Johnson  noise  Wj  when  a  thermally  induced 
current  iT  flows  through  it: 


Wj=  <i}>  Rl. 

This  noise  power  in  a  band  8/  units  wide  at  absolute  temperature  @  is 

Wj  =  4*08 /  (units:  V- A), 

where  k  =  1.38  x  10-23  J/K  (Boltzmann’s  constant).  The  noise  density  is  thus 


(5.8.14) 


<i}> 


4*0 


units: 


Hz 


8/  Rl 

This  noise  component  is  additive  to  the  shot  noise  formulated  above. 
Laser  Jitter  Noise 


(5.8.15) 


Laser  beams  have  associated  with  their  steady  intensity  /  a  corresponding  fluctuating  intensity  81. 
This  is  the  laser  jitter.  It  generates  in  the  photodetector  a  noise  current  (,(r).  If  a  data  record  T 
seconds  long  of  this  current  is  Fourier  analyzed  it  will  have  a  power  spectral  density  |//(w)|2  and  a 
power  spectral  density  factor ,  defined  here  to  be  the  quantity 


In 


I //(w)  I2, 


in  which  Ij( w)  (units:  A  •  s)  is  the  Fourier  transform  ir(t)  over  the  duration  of  the  finite  sampling 
time.  The  mean-squared  value  of  ij(t)  is  then  obtained  by  integration  over  the  band  of  frequencies 
spanned  by  Ij(<o)  in  the  power  spectral  density  factor: 


<//2(Aw)>=  f  |/y(w)|2  dor  (units:  A2). 

**  Aw  / 


(5.8.16) 


A  convenient  way  of  deriving  the  power  spectral  density  factor  is  through  use  of  the  autocorrelation 
Yj( r)  of /,(/): 


^-i//(to)i2  =  -~JZ  e‘*T  y(r)  dT- 


2n 


where 


Y(t)  =  — ;  f  ij{t)ij{t  +  r)dt  (units:  A2). 

/  J  T 


Environmental  Noise 


Assume  that  the  environment  generates  a  laiiuoiu  ihemiai  disturbance  and  a  random  mechanical 


disturbance  of  the  fiber.  Let  one  of  these  disturbances  be  8e(r,/),  meaning  it  is  a  spatial  and  temporal 
fluctuation  of  an  environmental  parameter  (temperature  or  mechanical  stress).  The  power  spectral  den¬ 
sity  factor  of  this  random  function  over  finite  volume  Fand  finite  time  7"  is  then  defined  to  be 


369 


* 


•n's 


■'.'A 


■ 


■  m  " 


!  w* 


Kr- 

>\<r. 


\  \  , 


V  v 


Fiber  Optic  Transducers 


(2lr)«|itM. 


in  which  the  quantity 


£(K,<o)  =  f”  8e(r,  t)e"*'-'Kl  ■— 

J  -OO  7  7T  IVY 


277-  (27t)3 

is  the  Fourier  transform  of  8e(r ,r).  The  mean-square  value  of  8e  over  these  intervals  is 

<8e2>  =  JyJ  (2rr)4  £(K^)|2  d3  K  dm. 


(5.8.17) 


A  convenient  way  of  deriving  the  power  spectral  density  of  8e  is  through  use  of  the  autocorrelation 
YSt  (d,  r): 

fyj  K*«(d-  r)e,a,'~iK  d  dr  di  =  (2ir)4  P  , 

where 

yg<(d,  r)  —  J  Sc(r,  f)8e(r  +  d,  t  +  r)  dt  d3 d. 


The  power  spectral  density  per  unit  of  bandwidth  can  be  drived  from  these  formulas  by  integra¬ 
tion  over  wavenumber: 


~-|£(ca)l2  -  1  -•  d3K.  (5.8.18) 

By  a  linear  conversion  factor  the  units  of  this  parameter  can  be  made  A2  •  s.  In  most  applications  the 
spatial  part  of  the  spectrum  is  considered  essentially  one-dimensional.  Then  the  power  spectral  density 
factor  of  8«  (x,t)  becomes 


(2Tr)2|£(a,w)|2 


IT 


(5.8.19) 


where 


£(a,w)  =  J  f  8e  ( x,t)e"°'iax ■ 


dt  dx 


2i t  2n  ’ 

The  mean-square  value  of  SeOc.r)  is  obtained  from  this  by  integration: 

<8e2>  =  f  J  (27r)2— (y~j)-1,2  dado,. 


(5.8.20) 


Aiso  one  can  form  the  power  spectrai  density  factor  per  unit  of  frequency  bandwidth, 

^riEMP-  f  (2,)  da. 

T  J  L, 


(5.8.21) 


^Ty^~.‘_TV  ir, -y",  - 
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Again  by  a  linear  conversion  factor  the  units  of  this  parameter  can  be  made  A2  •  s. 

In  all  cases  the  quantity  V <8«2>  is  the  desired  representation  of  the  environmental  disturbance, 
averaged  over  space  and  time.  The  root-mean-square  amplitude  of  fluctuation  in  the  phase  of  the  laser 
signal  beam  is  then  desired  to  be 


A <f>tms  -  A(~J <8e2>,  A(  =  const. 


(5.8.22) 


However,  if  the  goal  of  the  analysis  is  to  estimate  the  noise  current  in  the  photodetector  caused  by 
environmental  disturbances,  the  quantity  actually  calculated  is 


<if>  —  B(  <8e2>,  B(  =  const.  (5.8.23) 

in  units  of  A2.  For  purposes  of  elating  environmental  noise  to  other  noises  described  above,  it  is  con¬ 
venient  to  represent  it  in  the  form  of  noise  per  unit  bandwidth: 


<i«  > 

8cii 


C(  <Se2(t»)>,  Ce  =■  const. 


(5.8.24) 


Noise  Sources  in  the  Preamplifier  [15] 

A  preamplifier  can  be  schematically  represented  as  a  noiseless  generator  with  gain  A  (cu)  and  input 
admittance  YA  -  GA  +  jmCA.  It  has  two  noise  sources,  a  voltage  noise  source  vA  in  series  with  the 
input  terminals  and  a  current  noise  source  in  parallel  with  the  input  terminals.  The  latter  consists  of  a 
portion  iA  which  is  uncorrelated  with  the  noise  voltage  source  and  a  second  portion  w'  ,ch  is  correlated 
with  this  source  through  an  admittance  Ye  =  Re  Yc  +  J  Ir  Yc.  We  neglect  this  second  portion.  The 
spectral  density  of  noise  from  the  voltage  source  is  <i>A>/bf  in  uniis  of  V2/Hz,  and  that  of  the  current 
source  is  </^>/8/in  units  of  A2/Hz. 

Noise  Voltage  at  the  Output  of  the  Preamplifier 

The  noise  currents  in  the  photodetector  and  preamplifier  circuits  are  additive.  Because  of 
different  methods  of  derivation,  some  of  these  noise  densities  are  on  a  unit  bandwidth  8/ basis  (in 
cycles/s),  whiie  the  remainder  are  on  a  unit  angular  radian  8w  basis  tin  rad/s).  It  will  be  convenient  to 
keep  them  in  separate  groups.  Thus,  the  noises  V8/  and  NSu  are: 

On  a  8/basis:  Nhf  ~  shot  noise  +  amplifier  noise  +  Johnson  noise. 

On  a  8w  basis:  Nhu  -  laser  jitter  noise  +  environmental  temperature  noise 

+  environmental  mechanical  stress  noise. 

The  total  noise  in  units  of  V2  at  the  output  of  the  preamplifier  is  the  sum  of  two  terms: 


+  (4Ancoh  +  lBK  +  ID)<G>2F(G)  + 


<Ja> 

8/ 


+ 


<vi> 

8/ 


i  17+  Tfi2  + 


&ur\  \A  (  (it  )!2 
Rl  !  I  Y,+  Ya\2 


dj  tumts:  V-1) 
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(units:  V2), 


(5.8.26) 


where 


|8.S/(cd)  |2  is  the  power  spectrum  of  laser  jitter 

|8Sfl(a,co)|2  is  the  power  spectrum  of  random  temperature  effects 

\8Sm(h  , to)  |2  is  the  power  spectrum  of  random  mechanical  effects 


(units:  A2  •  s2), 
(units:  A2  •  m2  ■  s2), 
(units:  A2  •  m6  •  s2), 


and 


is  the  volume  of  space 


(units:  m3). 


Signal  Current  and  Voltage  Sensitivity  of  the  Hydrophone 

In  the  section  "Photodetector  Current"  it  was  seen  that  there  is  a  time-varying  component  of  pho¬ 
todetector  current,  which  we  call  here  the  signal , 


'sign«i  *=  2« I y,sWP,Ps  sin  [ars(r)  -  A$0]  A^(r),  (5.8.27) 

where  Atf^fr)  is  the  phase  generated  by  the  acoustic  signal,  considered  to  be  of  small  enough  magni¬ 
tude  such  that  sin  A^  =  A^.  An  oft-used  design  feature  is  to  experimentally  adjust  afJ(r)  -  A <f>0  to 
be  an  odd  multiple  of  -rr/2.  This  procedure  maximizes  the  signal.  Assume  that  this  is  done. 

Now  assume  that  A <f>A  (t)  -  Ad>^  sin  c»j  t.  Then  the  rms  ac  component  of  photodetector  current 
is 


^signal) rms  “  2ot\yK\yfPjs(^A)  rms 


(5.8.28) 


In  the  photodetector  procedures  the  signal  current  appears  across  the  photodetector  load  resistor 
Rl,  where  it  develops  the  signal  voltage.  Hence  the  teceiving  voltage  sensitivity  M  for  a  bare  fiber  of 
length  L  analogous  to  Eqs.  5.6.4  through  5.6.6,  is 


M  = 


_  (<signa|)rms~3> 


TO 


2aRL  \yrs\VP7s 


K 

3 

_ 

n 

on 


konL  (units:  V  •  m2  •  N_l).  (5.8.29) 


This  is  the  sensitivity  without  a  preamplifier.  The  effect  of  the  preamplifier  is  discussed  next. 

Signal  Intensity  at  the  Output  of  the  Preamplifier 

In  formulating  the  S/ N  ratio  of  the  hydrophone  we  have  elected  to  write  both  S  and  N  in  units  of 
V2  which  appears  across  the  load  resistor.  As  noted  earlier  the  photodetector  itself  amplifies  the  current 
by  amount  <G>.  The  preamplifier  also  amplifies  the  signal  by  amount  A  (w).  Hence  the  signal  at  the 
output  of  the  preamplifier  has  an  intensity 


(units:  V2), 
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\A  (m)  I2 
i  Y,  +  Tj2 


where  Y,  and  YA  are  compom.  •«  electrical  admittances  of  the  photodetector  amplifier  circuit.  It  is  to  be 
noted  that  the  signal  is  single  frequency.  If  the  signal  has  the  character  of  banded  noise  it  can  be 
reported  on  a  per  bandwidth  basis  <i?>/8f  Then  the  signal  intensity  appears  in  the  form 

5-f  <G>2  ■i-l-(^l-,T  df  (units:  V2).  (5.8.31) 

Ja/  8/  I  Y,+  YA\2 


Explicit  Form  ofS/N  Ratio  of  the  Fiber-Optic  Hydrophone  at  the  Output  of  the  Preamplifier 

For  the  convenience  of  the  reader  we  repeat  here  the  explicit  form  of  the  S/N  ratio  of  a  fiber¬ 
optic  hydrophone  for  the  general  case  of  a  banded  noise  signal: 
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(5.8.32) 
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du). 


The  effect  of  environmental  noise  on  the  S/N  of  fiber-optic  hydrophones  has  been  theoretically 
calculated  (161.  A  bare  fiber  0.01  m  in  length  submerged  to  30-60  m  in  the  ocean  is  estimated  to  have 
an  rms  phase  fluctuation  of  0.29  radians  over  time  periods  associated  with  the  temperature  microstruc¬ 
ture  of  the  ocean.  Similarly,  a  bare  fiber  1000  m  long  towed  at  a  depth  of  100  m  in  the  ocean  is 
estimated  to  have  an  rms  phase  fluctuation  of  approximately  4  radians  over  time  periods  associated  with 
internal  waves  in  the  ocean. 


5.9  INTENSITY  MODULATED  FIBER  OPTIC  SENSORS 
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sensed  by  the  signal  arm  of  the  interferometer  are  read  out  as  phase  shift  when  compared  with  the 
reference  arm. 
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Fiber  optic  sensors  can  also  be  constructed  on  the  principle  of  intensity  modulation.  In  this  type  an 
incoherent  light-source  (such  as  an  incandescent  lamp)  is  coupled  to  the  optical  fiber  and  the  latter  is 
subjected  to  mechanical  disturbance  in  such  a  manner  as  to  modulate  the  intensity  of  the  transmitted 
light.  The  fluctuation  of  intensity  is  detected  and  measured  by  conventional  means. 

A  list  of  four  fiber  optic  intensity  modulated  sensors  suitable  for  use  as  hydrophones  is  shown  in 

Table  5.9.1 

Table  5.9.1  —  Intensity  Modulated  Fiber  Optic  Sen¬ 
sors  [after  Ref.  17].  C.  M.  Davis  et  al.,  Fiber  Optics 
Sensor  Technology  Handbook  (1982),  ®1982  Dynamic 
Systems;  by  permission. 


0  -  CORE  SPACING 
t  •  INTERACTION  LENGTH 


I.  An  evanescent-field  intensity-type  fiberoptic  sensor  [after 
Ref.  17], 

I.  Two  fibers  (index  «!),  stripped  of  jackets,  are  separated  over  a  length  L  at  a  small  distance  d 
from  each  other  and  embedded  in  an  elastomeric  matrix  E  (index  of  refraction  n2).  When  excited  by 
forces  F  the  fibers  approach  each  other,  and  in  doing  so  the  light  in  fiber  #1  couples  to  fiber  #2 
through  evanescent-field  coupling.  High  coupling  is  obtained  by  properly  choosing  nu  n2. 


OPTICAL 

detector! 


OPTICAL 

SOURCE 


CLADDING 


1  SIGNAL 
1  PROCESSING 


SENSOR 


CLADDING 


- — MIRRORED 


II.  A  critical-angle  intensity-type  fiberoptic  sensor  [after  Ref. 

171. 

II.  Surface  S  of  an  optical  fiber  is  lapped  at  an  angle  9  (with  the  core  axis)  at  slightly  greater  than 
critical  angle.  In  absence  of  a  pressure  field  the  refractive  indices  n\,  n2  and  n3  (in  the  medium)  are 
such  that  incoherent  light  in  the  core  is  partially  reflected  back  and  partially  transmitted  into  the 
medium.  In  the  presence  of  a  fluctuating  pressure  field  the  index  ns  changes  slightly  thereby  altering 
the  reflective  properties  of  surface  S,  thus  delivering  a  modulated  intensity  to  the  optical  detector  and 
signal  processor.  The  effect  is  amplified  by  nearness  of  9  to  the  critical  angle. 
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Table  5.9.1  (Continued)  —  Intensity  Modulated 
Fiber  Optic  Sensors  (after  Ref.  17].  C.  M. 
Davis  et  al.,  Fiber  Optics  Sensor  Technology 
Handbook  (1982),  ®1982  Dynamic  Systems;  by 
permission. 


III.  Under  action  of  forces  /’the  diaphragm  moves  optical  grating  #1  relative  to  grating  #2.  The 
intensity  of  light  coming  in  from  the  optical  fiber  at  the  left  is  thereby  modulated  and  the  modulated 
tight  appears  in  the  optical  fiber  at  the  right. 


FIBER 


IV.  (a,b)  A  microbend  intensity-type  fiberoptic  sensor  system 
developed  by  the  Hughes  Research  Laboratories  [after 
Ref.  17). 


IV :  Deformer  A,  under  action  of  forces  bends 


the  fiber  into  numerous  microbends. 


(incoherent)  light  in  the  fiber  is  thereby  partially  ejected  into  the  material  of  the  deformer,  becoming 
lost  in  the  process.  When  forces  F  vanish  the  fiber  recovers  its  unbent  shape.  Thus  the  intensity  of 
light  coming  in  from  the  left  exits  at  the  right  in  modulated  form. 
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Chapter  6 

UNDERWATER  LASER  DOPPLER  HYDROPHONE 

6.1  INTRODUCTION 

Coherent  doppler  radar  is  a  highly  developed  system  for  detecting  the  range,  bearing  and  speed  of 
airplanes  in  flight  by  use  of  microwaves  transmitted  from  stationary  or  moving  platforms  at  considerable 
distances  away.  In  analogy  to  this  system  it  has  been  proposed  to  develop  an  underwater  doppler  sys¬ 
tem  for  the  detection  of  acoustic  wave  fields  by  use  of  laser  light  projected  from  an  underwater  platform 
[11.  The  analog  of  the  airplane  in  this  proposal  is  a  volume  of  colloidal  particles  naturally  occuring  in 
the  ocean  and  the  analog  of  flight  is  the  motion  imparted  to  these  particles  by  the  presence  of  an  acous¬ 
tic  field.  Just  as  in  doppler  radar,  the  target  (—  colloidal  particles)  scatters  the  incident  wave  energy, 
part  of  which  is  collected  by  an  optical  receiver  and  analyzed  for  the  presence  of  acoustic  energy. 

Several  theoretical  analyses  have  been  made  of  the  proposed  method  [11.  We  shall  begin  here 
with  a  description  of  the  (usually  selected)  procedure  for  detection  of  the  presence  of  the  acoustic  sig¬ 
nal  picked  up  by  the  signal  arm  of  an  interferometer. 

6.2  HOMODYNE  AND  HETERODYNE  SYSTEMS  OF  DETECTION 

A  brief  note  on  the  use  of  the  terms  ‘homodyne’  and  ‘heterodyne’  detection  in  optica!  systems  is 
presented  in  Sect.  5.8. 

Assume  first  that  the  laser  beam  injected  into  the  optical-acoustical  system  is  divided  into  a  signal 
beam  which  is  modulated  by  the  acoustic  field,  and  a  reference  beam  which  is  not  so  modulated.  The 
two  beams,  superimposed  on  the  surface  of  a  photo  detector,  can  be  represented  as 

E  ■»  Es  sin  (w//  +  9S)  +  ER  sin  (tu/f  +  9 R)  (6.2.1) 

Es,  ER  -  amplitudes  of  signal  beam  and  reference  beam  respectively 

to,  -  optical  frequency  of  the  laser 

0s*  0/?  “  phase  shifts  caused  by  time-varying  modulation  of 
the  signal  beam  and  reference  beam  respectively. 

It  is  noted  that  while  9S  contains  acoustic  signal  and  9R  does  not,  both  9S  and  9R  contain  noise  of  vari¬ 
ous  origins. 

In  the  photodetector  an  electric  current  is  developed  which  is  proportional  to  E2.  Since  detection 
will  be  based  on  the  beating  of  signal  beam  and  reference  beam  it  is  only  the  cross-product  term  in  E 2 
that  is  used, 


is/t  -  2  EsEr  sin  («,f  +  9S )  sin  (w,r  +  9R) 


4k  “  2  E$Er  ■—  cos  (9^  —  9r)  —  j  cos  (2 <u,/  +  9<;  +  0/,)j. 


(6.2.2) 
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The  optical  term  (containing  m,)  is  discarded  by  the  detector,  leaving  the  quantity 


iSR  -  EsEr  {cos  9s  :os  9r  +  sin  9S  sin  0*}. 


(6.2.3) 


Now  05  is  taken  to  be  periodic  functions  of  time,  and  so  it  can  be  expanded  in  a  Fourie*  series, 


05(f)  -  £  m,  sin  n  0o(f),  0(f)  -  o>0f. 


(6.2.4) 


Considering  only  the  first  component  one  can  make  the  additional  expansions, 


oo 

1 9S  -  cos(mi  sin  0O)  -  +  2  J2p(m |)  cos  (2 p0o) 


sin  05  -  sin  (mi  sin  0O)  -  2  £  J2pJ>x  (nij)  sin  [(2 p  +  1)0OJ. 

/j—0 


(6.2.5) 


Substitution  of  these  forms  into  Eq.  6.2.3  and  recombination  into  sum  and  difference  terms  lead  to  the 
expansion, 


(sk  "  EsEr  U0(mi)  cos  9r  +  yi(mi)[cos(0/f  -  6q)  -  cos (0*  +  0q)] 


+  J2(m\) fcos (9r  -  0O)  +  005(0/?  +  20o)l 


(6.2.6) 


Since  the  acoustic  fie’Js  in  question  are  quite  small  we  require,  for  the  application  in  mind,  that  the 
phase  shifts  due  to  these  fields  be  also  very  small,  that  is, 


nt\  «  1. 


Thus,  in  reasonable  approximation, 


/o(ff!l)  —  1 


=s 


J2(mi)  —  0,  etc. 


(6.2.7) 


The  signal  current  resulting  from  heterodyning  is  therefore 


isR  —  Ei^Rjcos  9r  +  —  [cos(0/?  -  0O)  -  cos (9R  +  0O)J 


(6.2.8) 
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In  this  expression  the  phases  0R,  80  are  functions  of  time.  dR  can  be  chosen  at  will.  A  simple  pro¬ 
cedure,  which  will  be  explained  in  detail  in  a  later  section,  rests  on  letting  0R  be  the  phase  at  an  offset 
frequency  8R  -  o>Rt resulting  from  passing  the  laser  beam  through  a  Bragg  modulator.  The  phase  80(t) 
can,  for  illustrative  purposes,  be  taken  as  that  of  a  simple  harmonic  oscillation,  80  -  o)0t.  Thus, 

iSR  =  EsEr  cos  o)Rt  +  — —  (costal  —  o>o )/  —  cos(o>R  +too)f]  ,  (6.2.9) 

A  speefal  representation  of  i$R  is  shown  in  Fig.  6.2.1.  One  concludes  that  the  method  of  detection 
consisting  in  beating  an  acoustically  modulated  laser  beam  against  a  reference  beam,  yields  the  acoustic 
component  by  simple  spectrum  analysis. 

The  formulation  leading  to  Eq.  6.2.9  can  be  considered  an  example  of  2-beam  Young  interference 
in  which  path  differences  explicitly  appear.  Fig.  6.2.2.  Here,  relative  to  a  reference  distance  AB  a  beam 
issuing  from  source  S|  undergoes  a  negative  path  difference  change  of  amount  A r2,  and  a  beam  issuing 
from  source  undergoes  a  positive  path  difference  change  of  amount  Ar).  For  very  small  angles  0 
the  assumption  is  made  that  Ar2  ”  A^  -  Ar/2,  where  Ar  is  the  total  change  in  path  difference.  The 
phases  associated  with  these  changes  are  those  of  spherical  waves  diverging  from  these  sources. 
Assuming  that  the  amplitudes  Es  and  ER  are  equal,  to  a  reasonable  approximation,  one  finds  that  the 
net  phase  change  is 


Fig.  6.2.1  —  A  spectral  representation  of  Eq.  6.2.9 


Fig.  6.2.2  —  A  two-beam  interference  experiment 
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Now  from  geometrical  considerations, 


so  that  the  phase  term  becomes 


Ar  _  ^ 

d  3> 


2™lix> 


Since  the  detector  current  is  poportional  to  the  square  of  this  term, 
ls/t  a  4  cos2  /3  -  2(2  cos2  /?)  -  2(1  -i-  cos  2/S] 


-21+C »tIj-  • 


It  is  illuminating  to  express  this  equation  in  terms  of  the  angle  9  between  the  two  beams  pictured  in 
Fig.  6.2.2.  From  geometrical  considerations,  with  the  restriction  that  Xp  is  quite  small  relative  to  D  one 
has, 


U"  I  “  si”  2  ■  23- 


Thus, 


\.J, 


iSR  «  2  1  +  cos  ~  Xp  sin  y  . 

A 


(6.2.10) 


Another  formulation,  which  is  applicable  to  heterodyne  detection,  begins  with  the  superposition 
of  two  complex  phasor  electric  fields, 

E-  |  Ej  \eJ*1  +  !E2|e+'*J. 


The  intensity  of  light  is  proportional  to  E 2, 


E2  -  E}  +  E\  +  2|  Ei  ||  E2 1  cos  (<t>2  ~  <f>0. 


(6.2.11) 


Assume  the  optical  frequency  of  the  signal  beam  is  offset  (by  Bragg  modulation)  to  an  IF  frequency  &>0, 
and  assume  further  that  the  signal  beam  is  modulated  by  a  time  harmonic  acoustic  signal  which  induces 
a  phase  change  over  a  path  length  Xs  of  amount, 


^  *  •  *  , 
»  ,  - .  * 
aV- 

'  *  V 


».*-> 

*  *  * 


V-  .'•'i 
‘-V- 

v vV' 

>  /  V 


A$,y  "*  XX$  cos  w$r. 

Finally,  let  there  also  be  a  random  noise  phase  A <f>N.  The  total  phase  change  between  signal  beam  and 
reference  beam  is  then, 


~  ”  wo*  +  K%s  cos  5 /  +  A#jy 


(6.2.12) 


s*  ■'»<. 
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From  Eq.  6.2.10  it  is  seen  mat  the  proper  interpretation  of  K  is, 


*'  =  T-  si"  2 


(6.2.13) 


A  discussion  of  noise  modulation  will  be  postponed  to  a  later  section.  Expanding  cos  (d>2  -  <i>\)  by  use 
of  formulas  similar  to  Eq.  6.2.5  one  has 


cos(w0f  +  KXS  cos  t»st)  -  J0(KXS)  cos  w0f  +  £  Jn(KXs)  cos  ((o»0  +  »<»$)?] 

n~l 


(6.2.14) 


+  £  Jn(KXs)  cos  ((w  -  n<A»s)t). 

n- 1 


Detection  will  be  made  by  measurement  of  the  electric  current  in  the  photodetector  due  to  one  side¬ 
band  ( n  -  1  above).  Anticipating  again  that  the  signal  modulation  will  be  very  small  we  use  the  ap¬ 
proximations  given  by  Eq.  6.2.7,  and  the  value  of  K  for  backscatter  (0  —  tr)  given  by  Eq.  6.2.13.  The 
current  in  the  sideband  caused  by  acoustic  modulation  is  then. 


Wideband  1 


lSl  rms''lrtfr  rms 


(6.2.15) 


Here  (/j)rml,  Unf\„s  are  the  currents  due  to  the  input  signal  and  reference  beams  respectively. 


6.3  PREDICTION  OF  THE  LOWEST  LEVEL  ACOUSTIC  SIGNALS  THAT  CAN  BE  DETECTED 


Let  the  procedure  for  detection  of  an  underwater  laser  Doppler  hydrophone  be  based  on  measure¬ 
ment  of  the  sideband  current  iSB  given  by  Eq.  6.2.15.  The  lowest  level  current  to  be  measured  is  the 
noise  current  in  the  photodetector  caused  by  noise  modulation  Sources  of  this  noise  are  optical, 
electronic  and  acoustic.  To  establish  a  lower  bound  we  select  noise  due  to  the  ‘shot  effect’  of  photons 
impinging  on  the  surface  of  the  photodetector.  For  a  photodetector  circuit  bandwidth  B(Hz),  an  elec¬ 
tronic  charge  e  (Coulombs)  and  signal  plus  reference  currents  (/Rer)mjt  rms  noise  current  is 


k  -  {2e[(/})fW  +  (/Ref)fJ  BY'2 


(6.3.1) 


[2].  Assuming  a  laser  power  Pq  (watts),  quantum  efficiency  tj,  and  setting  signal  and  reference  currents 
equal  one  finds  that 


A"  /ref"  ~ (units:  C/s) 


(6.3.2) 


in  which  h  is  Planck’s  constant,  and  cE  is  the  speed  of  light.  The  noise  current  is  then, 


in  -  e(2  ^  Ml1'1. 


(6.3.3) 


To  estimate  this  current  we  use  the  following  values  of  parameters: 


^0*0  *  O ’■*_*** k'**  l’,  ‘VV'*  •«*„  V'JV.  v*.  *0.*  *V  ^  *V  "-O/  *V  VV  “ 
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X£-  5.145  x  10"V 
ij  -  0.05; 

Then, 


»•.*  \V*..  »„v\>  .l\v‘v  V. VV» V-%  v*  i?  V*  .  * 


h  -6.6  >•  10" 34  joule  sec; 

Cf  -  *  >  10s  m/s  e  -  1.6  x  10~19  C  (6.3.4) 


/*-  1.6  x  10-19 


(  2  x  5.145  x  IQ-7  x  0.Q5 
|  6.6  x  10~34  x  3  x  10* 


iN  -  8.16  x  10-11  (P0B)]/i  (units:  C/s). 


In  a  similar  way,  by  use  of  Eq.  6.3.2  one  arrives  at  an  expression  for  the  sideband  current, 


4*  -  IT  yfl 


yePp 

hep 


(6.3.5) 


A  lower  limit  (*,)min  on  the  amplitude  of  displacement  Xs  that  can  be  detected  in  the  presence  of  pho¬ 
ton  noise  is  obtained  by  setting  ia  -  iN: 


\EhcEB 


ir2yPo 


1/2 


(units:  m) 


(6.3.6) 


Using  the  numerical  values  cited  above  we  arrive  at  the  estimate, 

(*j)min  *  4.6  x  10~16  (units:  m). 


The  choice  of  bandwidth  (of  processing)  and  laser  power  P0  depend  on  the  implementation  of  the 
detection  process.  In  a  laboratory  experiment,  to  be  described  in  greater  detail  in  Section  6.4,  the 
choice  is  made, 


B  —  20  kHz;  Pp  *■  10“3  watt. 

The  minimum  detectable  signal  amplitude  under  the  conditions  of  heterodyne  detection  discussed  here 
as  limited  by  photon  noise  and  with  choice  of  constants  already  cited  is, 

(*,)«in  -  4.6  x  10-16  ^yiZpT  =  2.1  x  10-12  m  -  2.1  x  10~2  A0. 


It  is  important  to  note  that  P0  is  the  light  power  reaching  the  surface  of  the  photodetector.  Thus  in 
application  to  detection  of  an  acoustic  signal  located  at  a  distance  away  it  is  required  to  account  for  the 
attenuation  of  the  initial  (**  injection)  laser  power  in  going  to,  and  coming  from,  the  scattering  volume. 
In  media  of  great  attenuation,  such  as  sea  water,  this  correction  may  be  very  substantial. 

6.4  DESCRIPTION  OF  A  LABORATORY  EXPERIMENT  IN  THE  DETECTION  OF  UNDER¬ 
WATER  ACOUSTIC  SIGNALS  BY  USE  OF  A  LASER  HETERODYNE  DETECTOR 

An  experimental  optical-acoustical-electronic  set  up  [3]  designed  for  use  with  laboratory  equip¬ 
ment  is  shown  in  Fig.  6.4.1.  A  laser  (1)  operating  TEMW  single  line,  single  mode,  generates  a  stable 
output  of  some  450-500  milliwatts  peak  power.  The  intensity  of  light  in  the  beam  cross-section  varies 
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Fig.  6.4.1  —  Block  diagram  of  an  experimental  set-up  in  a  laboratory  water  tank  for  detecting  acoustic 
signals  by  use  of  a  laser  heterodyne  system  [31 
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as  a  Gaussian  curve,  and  is  0.40  mm  in  diameter  at  the  exp  (-1/2)  points.  In  air,  at  the  laser  fre¬ 
quency,  the  wavelength  is  XE  -  5.145  x  10" 7  meter  while  in  water  it  is  3.860  x  10" 7  meter. 

The  laser  beam  is  expanded  by  a  beam  expander  (2)  to  1.20  mm  between  ±1  standard  deviation 
distances  on  the  curve  of  intensity  distribution  in  the  cross-section.  The  divergence  of  the  beam  is 
simultaneously  reduced  to  a  total  angle  of  0.083  milliradians. 

After  expansion  the  beam  is  split  into  two  equal  parts.  One  part  goes  into  a  Bragg  modulator  (3) 
which  offsets  the  laser  frequency  by  an  amount  equal  to  the  Bragg  frequency  (30  MHz  in  this  experi¬ 
ment).  The  output  beam  of  this  modulator  is  the  signal  beam.  It  goes  directly  into  converging  lens 
which  focuses  it  on  to  the  test-volume  in  the  water.  The  other  part  from  the  beam  splitter  goes  into  a 
path  equalizer  (4)  which  corrects  for  the  phase  delay  caused  by  the  Bragg  modulator,  and  then  issues  as 
the  reference  beam  of  the  heterodyne  system. 


The  signal  beam  modified  by  the  acoustic  signal  is  scattered  back  from  the  (water)  volume  of 
interrogation  and  is  brought  to  a  focus  on  the  surface  of  the  photodetector  (5)  where  it  is  superimposed 
on  the  reference  beam.  The  current  developed  by  the  photodetector  is  proportional  to  E 2,  Eq.  6.2.11 
and  therefore  contains  a  term  showing  the  acoustic  modulation,  Eq.  6.2.12.  In  the  process  the  photo¬ 
detector  subtracts  out  the  optical  frequencies,  leaving  the  Bragg  (IF)  offset  frequency  together  with  all 
sidebands.  This  modulation-carrying  current  is  amplified  by  an  IF  amplifier  (6)  with  automatic  gain 
control  (AGC)  to  prevent  drift.  The  amplified  signal  is  combined  with  the  output  of  a  tuneable  oscilla¬ 
tor  (7)  in  a  mixer  (8)  which  demodulates  the  IF  signal  leaving  all  modulation  components  as  output. 
This  output  of  the  mixer  is  next  put  through  a  bank  of  bandpass  filters  (or  wave  analyzer  (9))  and  the 
results  are  amplified  (10).  Since  the  frequency  count  is  of  primary  interest  and  the  waveform  is  of 
secondary  interest  the  amplified  signal  is  then  put  through  a  frequency  discriminator  (11)  which  hard- 
limits  the  signal  amplitude  and  generates  a  pulse  of  fixed  length  and  amplitude  for  every  positive  zero 
crossing.  This  train  of  voltage  pulses  is  then  averaged  over  time  by  use  of  a  filter  (12),  which  delivers 
an  output  voltage  proportional  to  the  instantaneous  frequency  of  the  signal.  To  help  in  alignment  of 
the  optical  instrumentation  the  30  MHz  signal  out  of  the  preamplifier  of  the  photodetector  (5)  is  moni¬ 
tored  by  a  communications  receiver  which  is  designed  to  give  an  audio  output. 

In  actual  experiment  the  data  from  points  A,  B,  C  in  Fig.  6.4.1  are  analyzed  in  a  high-resolution 
spectrum  analyzer  and  displayed  on  an  oscilloscope. 

6,5  DETECTION  OF  ACOUSTIC  FIELDS  IN  WATER  BY  USE  OF  A 

LASER  HETERODYNE  DETECTOR -EXPERIMENTAL  RESULTS 

Numerous  experiments  using  the  apparatus  described  in  Fig.  6.4.1  are  reported  in  Ref.  [1].  They 
show  that  acoustic  signals  of  a  prescribed  level  and  frequency  are  detectable.  To  judge  the  potential  of 
this  achievement  one  must  compare  the  levels  used  in  the  laboratory  tank  to  levels  of  acoustic  noise  in 
the  ocean.  We  take  here  as  reference  level  the  ambient  noise  in  the  ocean  at  Knudsen  sea-state  1, 
excluding  shipping  noise,  measured  in  units  of  plane  wave  equivalent  in  a  1  Hz  band  at  100  Hz.  Table 
6.5.1  summarizes  various  descriptors  of  the  reference  level  adopted  here. 


Table  6.5.1  —  Noise  Levels  at  Sea  State  1 


100  Hz 

Plane  Wave  Equivalent  in  a  1  Hz  Band 

Spectrum  pressure  level 
Particle  Velocity 

Particle  Displacement 

-70  dB  re/N/m' 

2.13  x  10-I°  m/s 

3.4  x  10~u  m 

In  the  experiments  noted  above  the  acoustic  transducer  source  in  the  tank  was  driven  at  a  frequency  of 
200  Hz  with  a  drive  level  adjusted  to  make  the  first  order  sideband  equal  in  amplitude  to  the  zero-order 
term,  This  corresponded  to  a  modulation  index  mm  of  1.435  radians.  From  Eqs.  6.2.2,  6.2.3,  by 
definition, 


m 
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(6.6.  n 


Thus, 


1.435  x  5.145  x  1Q~7 
4ir 


5.88  x  10~*  (units:  m). 


This  particle  displacement  is  about  5  orders  of  magnitude  greater  than  the  reference  (sea  noise)  particle 
displacement. 

The  zero-order,  or  carrier,  term  corresponds  to  a  steady  Doppler  shift  of  12  kHz  due  to  a  deli¬ 
berately  inserted  constant  flow  of  tank  fluid  of  amount  6.3  mm/sec. 

During  the  experiment  the  signal  at  the  output  of  the  mixer  (point  A  of  Fig.  6.4.1)  was  spectrum 
analyzed  in  500  adjacent  frequency  ceils  centered  at  12  kHz.  The  average  of  64  spectra  with  no  acoustic 
signal  present  is  shown  in  Fig.  6.5.1.  The  bandwidth  at  the  -3  dB  points  is  about  100  Hz.  When  the 
acoustic  signal  of  200  Hz  was  turned  on,  at  the  level  indicated  above,  the  spectra  measured  again  at 
point  A  of  Fig.  6.4.1  showed  sidebands.  An  average  of  64  such  spectra  is  shown  in  Fig.  6.5.2.  The 
effectiveness  of  the  discriminator  and  filter  in  measuring  the  sideband  frequency  is  shown  in  Fig.  6.5.3, 
the  data  being  taken  at  point  C. 

It  is  concluded  from  these  tests  that  laser  doppler  detection  of  sound  is  demonstrated,  but  at  sig¬ 
nal  levels  several  orders  of  magnitude  above  noise  at  sea  state  #1. 


Fig.  6.5.1  —  Average  of  64  spectra  from  point  A  in  Fig. 
6.4.1  Water  velocity  6.3  mm/s.  Frequency  range  11-13 
kHz,  with  scale  of  200  Hz/cm.  Vertical  scale  10  dB/cm. 
No  acoustic  signal.  HI 


Fig.  6.5.2  —  Average  of  64  spectra  taken  from  point  A  in 
Fig.  6.4.1  with  200  Hz  acoustic  drive.  All  other  conditions 
same  as  in  Fig.  6.5.1.  Ill 


6.6  DESIGN  CONSIDERATIONS  FOR  A  REMOTE-SENSING 
LASER  HETERODYNE  HYDROPHONE 


In  tnC  piwiuuj  oCwiGit  tv  ri ut  shown  by  experiment  in  the  laboratory  that  an  acoustic  field  can  be 
detected  in  a  fluid  medium  by  a  device  based  upon  the  principle  of  the  coherent  Doppler  radar.  To  use 
the  same  principle  to  detect  acoustic  fields  in  the  ocean  by  remote  sensing  requires  consideration  of 
many  factors.  These  are  discussed  in  the  following  sections. 
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Fig.  6.5.3  —  Spectrum  of  demodulated  acoustic  signal  taken 
from  point  C  in  Fig.  6.4.1.  Frequency  range  195  -  205  Hz, 
with  5X  magnification  (0.2  Hz/cm).  Vertical  scale  5 
dB/cm.  (3) 


Calculation  of  Back-Scattered  Light 


A  laser  beam,  Fig.  6.6.1  of  intensity  7o,  is  emitted  into  the  ocean,  travels  a  distance  R\  where  it 
strikes  a  volume  dV  «■  Asl  from  which  it  is  scattered  in  a  conical  beam  to  a  receiver  of  area  AR  at  dis¬ 
tance  Ri-  For  a  medium  whose  attenuation  coefficient  is  a  (units:  m"1)  the  intensity  of  light  reaching 
the  scattering  volume  is, 


/.-  v0"*. 


(6.6.1) 


Lnetor* 


Fig.  6.6.1  —  Geometric  relations  in  the  scattering  of  laser  light 
by  a  unit  volume  of  fluid 


The  scattering  process  itself  is  defined  by  a  scattering  coefficient  /?, 


_ light  power  scattered  into  solid  angle  9 _ 

incident  intensity  x  volume  of  scattering  x  solid  angle 


[units:  m-1  (solid  angle)-1]. 


(6.6.2) 


Thus  the  power  scattered  into  sold  angle  9  is 


PR-m  x  /,  x  e~aR>x  Aslx  1*. 
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PR  -  P0e~a{*'  +  *2)  p(e)  l  4y. 


(6.6.3) 


The  coefficients  a,  p  are  empirical,  a  itself  depends  on  the  wavelength  of  light  and  upon  the 
concentration  of  ocean  salts  and  particulate  matter.  Duntley  [5]  cites  a  value  of  a  -  0.05  for  average 
sea  water  in  the  visible  part  of  the  spectrum.  Similarly,  for  backscattering  ( 9  -  it)  he  cites  a  value  of 
p(180<>)  -  6  x  10"4.  The  length  /  of  the  scattering  volume  is  set  by  the  range  gate  length.  For  pur¬ 
poses  of  estimation  this  may  be  taken  to  be  1/2  acoustic  wavelength  at  1  kHz  (-  0.750  m).  The  receiv¬ 
ing  area  A&  is  that  of  a  converging  lens.  Again,  for  purposes  of  estimation  this  is  assumed  to  have  a 
diameter  of  1/10  meter. 


Assembling  all  values  selected,  one  finds  the  ratio  of  backscattered  light  to  laser  power  to  be, 


~  -  <r01*  x  6  X  10"4  X  7.5  X  10-1  x  x  -i-  -  3.5  X  10~6 

P  4  R2  R2 


Estimates  of  this  ratio  at  various  ranges  R  are  tabulated  below: 

Table  6.6.1 


R 


3.2  x  10- 


2.3  x  10 


1.28  x  10“8 


1.18  x  10 


1.94  x  10" 10 


For  other  choices  of  laser  wavelength  the  value  of  a  may  be  obtained  from  Fig.  6.6.2.  Similarly, 
for  other  values  of  scattering  angle  p  the  value  of  p(9)  may  be  obtained  from  Fig.  6.6.3. 
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Fig.  6.6.2  —  Total  attentuation  curves  C(m~l)  in  near  ultraviolet  and  in 
visible  part  of  the  spectrum.  Curves  b  are  the  scattering  coefficients. 
The  difference  c-b  is  the  absorption  coefficient  a.  (after  14) 

A  Lenoble-Saint  Guily  (1955),  path  length:  400  cm; 

X  •  •  Hulburt  (1934)  (1945),  path  length:  364  cm; 

•  Sullivan  (1963),  path  length:  132  cm; 

O —  Clarke-James  (1939),  path  length:  97  cm  (Ceresln  lined  tube); 

O  -  *  -  James-Birge  (1938),  path  length:  97  cm  (Silver  lined  tube). 
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Fig.  6.6.3  —  Volume-scattering  function  0(0)  (meters-1  steradians-1)  versus  scatter¬ 
ing  angle  0  (degrees)  for  three  optically  different  water  masses.  AUTEC  (x)  -  data 
from  deep,  clear  ocean  water  of  Tongue  of  the  Ocean,  Bahama  Islands  (24°29'N, 
77*33W);  HAOCE  ( > )  —  data  from  moderately  productive  Southern  Calif  rnia 
coastal  water  (33°30.0’N,  118‘23'W);  NUC  (+)  -  data  from  turbid  San  Diego  har¬ 
bor  water  (32'42'N,  U7°14'W).  The  symbols  (x,  >,  +)  are  data  points  obtained 
from  the  two  scattering  instruments  at  the  Visibility  Laboratory.  The  solid  curves 
are  computer  plots  of  0(0),  calculated  from  the  raw  data  [Petzold,  1972],  Ref. 
"Suspended  Solids  In  Water,"  R.J.  Gibbs,  ed.,  Plenum  Press,  p.  68. 


Signal/Noise  Ratio  in  Photon  Noise  Limit 

According  to  Eq.  6.2.11  the  squared  electric  field  contains  two  dc  terms  and  an  alternating  term. 
Dividing  both  sides  by  the  characteristic  impedance  Z0  of  free  space  gives  the  optical  intensity  I  (units: 
watts/ m2).  Thus,  in  the  absence  of  an  acoustic  signal  one  has, 

lpOT  I?  "b  1^  2  -^Ij I2  COS  lir/ftt 


in  which  /o  is  the  Bragg  offset  frequency.  We  identify  Ij  with  the  reference  intensity  Iref  and  I2  with  the 
received  signal  intensity  I5ig.  Multiplying  intensity  by  photodetector  area  gives  the  optical  power.  Thus 


/>TOT  -  Pref  +  Pjjg  +  2  V P ref  P,\t  COS  2nf0t. 


(6.6.4) 


The  electric  current  in  the  photodetector  generated  by  this  optical  power  is  calculated  according  to  the 
following  (verbal)  equations: 

current  /  -  unit  charge  e  x  number  of  electrons  N 

N  -  quantum  efficiency  tj  x  number  of  photons  per  sec  n 
n  -  optical  power  P  divided  by  energy  for  photon  w 
w  -  Planck’s  constant  h  x  frequency  of  laser  / 

/  —  speed  of  light  in  a  vacuum  cE  divided  by  the  laser  wavelength  \  E. 

Thus, 


er\P\E 

hce 


(6.6.5) 
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The  total  photodetector  current  is  then 


'tot 


ey 

hcE 


[Pref  ^*sig  "h  2  yj Ptt(  P$\%  C"S 


(6.6.6) 


Because  of  the  quantum  nature  of  photon-electron  interaction  the  above  total  current  in  the  photo¬ 
detector  is  a  mean  (*  average)  value.  It  is  accompanied  by  a  random  fluctuation  which  gives  rise  to  a 
noise  signal  (—  photon  noise).  The  rms  photon  noise  current  iN  associated  with  the  optically  induced 
current  /  is  measureable  only  over  some  bandwidth  B.  Its  value  is 


$  *■  2(eB)ijQj. 


(6.6.7) 


In  order  to  obtain  the  maximum  detectability  the  reference  power  is  increased  until  the  photon 
noise  due  to  it  exceeds  all  other  noises  in  the  system.  Thus,  one  uses  only  the  Pref  term  in  Eq.  6.6.6. 
To  find  the  photon  noise  power  one  then  multiplies  /$  by  the  load  resistor  R  of  the  photodetector: 


/'noise 


2  (eB) 


ey^E 

hcE 


P ref  R‘ 


The  rms  ac  power  in  the  photodetector  is 


Psit 


('TOT  \cP 


1 

2 


ey^E 

hcE 


Psit”  ('TOT )ac^ 


ey^E 

hcE 


2  PIC[  Ps jg  R. 


Thus  in  the  absence  of  an  acoustic  signal, 


ffsig  y^E  p 
/'noise  “  hCEB  Sig> 


(6.6.8) 


(6.6.9) 


(6.6.10) 


When  an  acoustic  signal  modulates  the  signal  beam  the  modulation  amplitude  is  given  by  Eq.  6.5.1. 
For  very  small  acoustic  signals  the  ratio  of  the  power  in  the  sum  of  the  two  1st  sidebands  to  the  power 
in  the  carrier  is 


Pa  _ 

2J\  (Kxs) 

2 

4  TTXS 

/'sig 

MKxs) 

k E 

(6.6.11a) 


Thus  the  ratio  of  the  power  in  the  acoustic  signal  to  the  photon  noise  power  is 


Pa 

4rr  xs 

/'noise 

hcEB 

*-E 

(6.6.11b) 


Because  the  sum  of  two  sidebands  is  used  here  this  formula  gives 
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(Xj)n 


J_ 

4ir 


HceKeB 

yps\i 


(units:  m) 


(6.6.12) 


for  pjpnotx  "  1-  This  is  the  threshold  of  detection.  The  displacement  xs  is  related  to  the  acoustic 
power  density  IF(units:  watt/m2  x  Hz).  In  a  medium  of  density  pm  and  speed  of  sound  cm  one  has, 


W  - 


pwcm  (2 nfsxx)2 
IB 


(6.6.13) 


Substitution  into  Eq.  6.6.11b  then  gives  the  ratio  of  acoustic  power  to  photon  noise  power, 


Pa  _  8  7?  WPS!G 

Pnoise  ^E^cEPmcmfs 


(6.6.14) 


Since  the  signal  power  PSiG  is  the  same  as  the  received  power  PR  of  Eq.  6.6.3,  it  is  seen  that  the  thres¬ 
hold  equivalent  noise  pressure  is  given  by 


(a)  (  W) threshold 


MCfPmCm/s2 
817 ///3(d) 


( b )  H  -  /V 


—a(R ,  +  RJ.Ar 

V 


(6.6.15) 


Another  expression  for  H  involving  the  focusing  properties  of  the  converging  lens  of  Fig.  6.4.1  is 
derived  in  Ref.  [6].  It  is  based  on  symbols  d,  D  sketched  in  Fig.  6.6.4: 


Refer?  flee 
Beam 

Fig.  6.6.4  —  Definition  of  d,  D 


H 


3 


d 

D  +  d 


A  plot  of  threshold  equivalent  noise  pressure  for  the  choices, 


(6.6.16) 


/3(180°)  -  5  x  10-4(m-1) 
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d- D 


is  shown  in  Fig.  6.6.5.  It  reveals  that  at  frequencies  above  (say)  100  Hz  photon  noise  exceeds  sea-state 
zero  noise  even  for  such  laser  power  input  as  i)F0 "  1  watt. 


based  on  the  optical  set-up  of  Fig.  6.4.1.  [1] 


Particle  Size,  Particle  Density,  Mie  Scattering  Cross  Section 

Suspended  material  in  the  ocean  which  is  retained  by  a  45  micron  filter  is  called  particulate  matter. 
The  amount  of  particulate  matter  (in  milligrams  per  liter)  ranges  from  0.04  in  the  surface  water  of  the 
North  Atlantic  to  18  in  the  region  of  coastal  waters.  An  average  oceanic  total  is  0.8  to  2.5  (Table 
6.6.2). 

A  statistical  analysis  of  particle  size  distribution  in  various  ocean  bases  leads  to  a  statement  that 
the  mean  squared  particle  radius  is  about  14  x  1 0~'2m2,  so  that  the  "mean  particle  diameter"  is  about  7 
microns.  According  to  Mie  theory  the  scattering  cross-section  of  a  single  sphere  (Ms)  which  is  much 
larger  than  an  optical  wavelength  is  twice  the  geometric  cross  section.  Hence  M,  -  2ir  x  14  x  10~12  - 
8.8  x  10-"  m2 

Motion  of  the  Sea  tiering  Particle 

The  mathematical  model  is  based  on  the  assumption  that  the  motion  of  the  "colloidal"  particle 
suspended  in  the  water  faithfully  records  the  acoustic  particle  velocity.  To  check  under  what  conditions 
this  can  be  true,  we  take  the  colloidal  particle  to  be  a  sphere,  radius  o,  density  ps  and  assume  it  is  oscil¬ 
lating  in  a  fluid  medium  of  density  p/(  kinematic  viscosity  vf  at  frequency  w,  and  net  amplitude  V. 
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Table  6.6.2  —  Amount  of  Suspended 
Particulate  Matter  [14] 


Area 

Depth 

(m) 

Suspension 

(mg/1) 

(a)  total 

Oceanic 

deep  water 

0-06 

North  Atlantic 

surface  water 

(average) 

0-04-0-15 

Oceanic 

0-8-2-5 

Pacific,  coast 

(average) 

1-8 

Coastal 

— 

6-0-18-0 

(6)  organic  fraction 

Atlantic 

— 

004-0-17 

North  Atlantic 

— 

0-05-0-2 

North  Atlantic 

deep  water 

0-01-0-02 

Central  Pacifio 

surface  water 

0-02 

Central  Pacific 

deep  water 

0-005 

(c)  inorganic  fraction 

Atlantio, 

offshore 

— 

0-05-1-0 

Coastal 

— 

0-16-1-20 

Then  the  forces  F  exerted  by  the  fluid  on  the  sphere  are  twofold:  (1)  the  accelerative  (2)  the  viscous 
force.  According  to  classical  theory  [7]  the  expression  for  F  is 


&•"  -j  irp/fl 3 


1  +  -L. 

2  4/3  a 


dU 

dt 


-3  IT  P  jC?  0) 


J-  +  -L. 

/3a  /3  2a2 


(6.6.17) 


in  which  /32  -  w,/2v.  If  the  period  of  oscillation  is  made  infinitely  long,  then  /8 2a2  «  /3a  «  1  and 
the  term  in  dU/dt  (i.e.,  the  inertial  increment  due  to  the  gross  motion  of  the  fluid)  becomes  negligible. 
Under  these  conditions  the  magnitude  of  the  force  exerted  by  the  fluid  on  the  sphere  is  F  -  6irpfvaU. 
This  is  the  Stokesian  force  resisting  the  slow  descent  of  a  particle  in  a  viscous  fluid  under  the  action  of 
gravity.  The  equation  of  forced  motion  arising  from  this  resistive  force  is  therefore 

^  1  6 TTfij-aU  (6.6.18) 


J  ™  ps 


dt 


in  which  p.f  -  pfv  is  the  fluk;  dynamic  viscosity.  Thus,  for  particles  of  diameter  D, 


dUs 

dt 


-  KU,  K 


D2ps ' 


(6.6.19) 


Since  U  is  the  differential  motion  of  the  water,  i.e.,  U  -  Uf-  U„  we  can  assume  Uf  to  be  the  acoustic 
excitation  and  write  Uf  -  U0  exp  ju>t.  At  the  steady  state  frequency  w  the  velocity  Us  reduces  to 
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This  equation  defines  the  properties  of  a  low-pass  filter  with  a  cut-off  frequency  a*f  0.  -  K.  As  long  as 


~\  «  1  the  motion  of  the  colloidal  particle  will  faithfully  follow  the  motion  of  the  acoustic  wave. 


To  calculate  the  magnitude  of  the  cut-off  frequency,  we  note  that  the  dynamic  viscosity  of  water  at 
20°C  (in  centipose)  -  0.01  dyue  sec/cm2  -  10~3  Nsm-2.  Assuming  particle  sizes  of  order  7  x  10"6 

1  \ 

~j  10 Vp,.  If  the  density  of  the  colloidal  particle  is  the  same  as  that 


meter,  one  calculates  K  -  <o0 « 
of  water,  the  cut-off  frequency  is 


fc.o. 


18  x  106 


49  x  2t r 


58.5  kHz. 


If  I-77I  «  1,  then  \  U,  -  £/0|  =  —  UQ.  By  choosing  a>  «  <o0,  one  sees  that  the  differences  between 
A  (o0 


the  motion  of  the  colloidal  particle  and  that  of  the  acoustic  wave  is  negligible. 


It  appears  from  the  above  argument  that  for  (low-frequency)  periodic  motion,  which  is  long  rela¬ 
tive  to  the  optical  process  duration,  the  forces  involved  are  purely  resistive,  and  the  particle  motion  is 
not  sensibly  different  from  the  wave  motion.  However,  when  the  wave  motion  is  complex  due  to  pres¬ 
ence  of  soft  reflective  walls,  diffraction,  etc.,  the  forces  acting  on  a  colloidal  particle  are  along  more 
than  one  coordinate.  The  motion  of  the  particle  is  then  oval,  or  elliptical,  and  the  equations  written 
above  no  longer  hold.  It  could  then  be  said  that  in  complex  sound  fields,  it  can  hardly  be  expected  that 
a  colloidal  particle  will  faithfully  follow  the  motion  of  the  acoustic  wave  since  it  would  then  be  required 
to  be  nearly  indistinguishable  from  the  medium  itself,  assumed  free. 


Brownian  Motion 


According  to  the  theory  of  Brownian  motion  [8]  the  mean  of  the  square  of  the  distance  travelled 
by  a  particle  in  a  fluid  during  a  time  t  is  given  by  the  equation 


r2  -  6  Dt. 


(6.6.21) 


Here  D  is  the  diffusion  coefficient  (dimensions  m2s  ).  For  spbencal  particles  of  radius  a  diffusing 

kf 

slowly  in  a  medium  of  dynamic  viscosity  fi,  it  is  known  that  D  -  Thus,  the  mean  distance 


travelled  in  time  t  is 


67174  a 


kTt 


Tr/xa 


r  irfia 
kT  '■ 


(6.6.22) 


It  is  important  to  estimate  the  time  required  for  the  particle  to  move  a  "decorrelation  distance."  Arbi¬ 
trarily  (but  reasonably),  this  distance  is  taken  to  be  a  quarter  wavelength  of  the  laser  light.  Let  \E  - 
3860  A,  n  -  10~3  Nm_2s,  a  -  3  x  10~6  m,  Boltzman’s  constant  -  1.38  x  10"23  NmK-1,  T  -  300K. 
Then  the  decorrelation  time  is 


td 


3.86  x  IQ-7 


ir  x  10~3  x  3  x  10~6 


1.38  x  10"23  x  3  x  102 


2.1  x  10-2  s. 


The  "decorrelation  speed"  i 


I"  is  Vr2/ 


td  or 


(3.86  x  10“7/4) 


2.1  x  10"2 


4.6  x  10-6  ms  1 
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"  nus,  Cd  is  of  the  order  of  10-3  mm/sec. 

The  po::$:bility  of  decorrelation  of  the  motion  due  to  the  acoustic  wave  by  the  Brownian  motion  of 
the  suspended  particles  must  be  seriously  considered,  if  the  duration  of  the  process  required  to  sample 
the  wave  exceeds  0.02  sec.  At  100  Hz  this  allows  about  2  complete  cycles  to  be  sampled.  However,  at 
50  Hz  only  1  cycle  can  be  sampled.  Thus,  there  is  a  threshold  frequency  for  doppler  detection  of  parti¬ 
cle  velocity,  estimated  here  at  50  Hz.  This  conclusion  is  restricted  to  the  case  of  a  single  scattering  par¬ 
ticle  whose  Brownian  motion  disturbs  the  acoustic  particle  velocity  over  short  times,  and  over  an 
assumed  characteristic  length  of  A^/4.  In  the  multiple  particle  case  the  Brownian  motion  is  random. 
Over  long  (enough)  times  it  only  adds  noise  to  the  detection  process  but  does  not  set  threshold  fre¬ 
quencies.  The  characteristic  length  is  then  not  significant. 


Spectral  Broadening  Due  to  Brownian  Motion 


The  probability  of  finding  a  Brownian  particle  in  the  distance  interval  r  and  r  +  dr  is  proportional 
to  exp(-r2/4Dr)  For  two-way  travel  the  phase  change  A<£  due  to  Brownian  motion  is 

A <ft  -  2k A  r  -  Hence,  the  probability  of  finding  the  motion  of  the  particle  in  phase  A <f>  is  pro¬ 


portional  to  exp  {—  ( A0 ) 2/ (647r 2 -?-/)}  -  exp 


_jA£)i 

Bgt 


where  Bb  - 


64tr2D 


In  accordance  with  the 


mathematical  model  sketched  earlier,  the  spectrum  of  the  first  sideband  due  to  acoustic  modulation  is 
1/2  of  this  quantity.  Thus,  the  spectral  broadening  due  to  Brownian  Motion  is 


Bb_ 

2 


32  ir2P 

*1 


_16  irkT 
3  kina 


(6.6.23) 


For  a  laser  wavelength  in  water  of  3.86  x  10“ 7  m,  n  -  10'3  Nsnf 2.  u  «  3  x  10-6  m  k  -  1.38  x  10  23 
NMK0-1,  T  -  300°  K  the  spectral  jadening  is  155  Hz. 

Mean  Distances  Travelled  in  Significant  Times  Due  to  Brownian  Motion  are: 


(a)  in  one  period  of  acoustic  wave  at  100  Hz 

(b)  in  one  period  of  laser  light 

(c)  in  time  to  interrogate  two  quarter  waves  of  laser 

wavelength  (2-way  travel  over  distance  equal  to 
a  quarter  wavelength) 

(d)  in  time  for  acoustic  amplitude  to  go  from  zero  to 

maximum  (i.e.,  one  quarter  period) 

(e)  the  time  to  cover  the  two-way  travel  between 

laser  and  particle  (2  x  30  m  -  60  m) 


0.7  x  10~7  m 
2.75  x  10-14  m 


1.9  x  10-'4  m 
0.33  x  10~7  m 
0.341  x  10~9  m 


6.7  COMPARISON  OF  THE  LASER  HETERODYNE  DETECTOR 
WITH  THE  LASER  DOPPLER  VELOCIMETER 

The  method  of  detection  of  an  acoustic  signal  by  use  of  a  laser  heterodyne  device  can  be  designed 
to  measure  either  of  two  different  quantities  (1)  a  sinusoidal  displacement  of  particles  in  a  fluid  (2)  a 
fluid  velocity  (turbulent  or  laminar).  In  the  case  of  drplacement  the  success  in  detection  rests  on  the 
capability  of  measuring  magnitude  of  the  power  spectrum  of  a  pnotodetecior  current  in  the  presence  of 
noise,  rather  than  in  the  capability  of  measuring  a  frequency  shift.  The  important  physical  quantity  in 
the  signal  processing  is  the  modulation  index  or  phase  shift  (Eq.  6.2.1)  not  a  Doppler  frequency  shift. 
Hence  the  acoustic  sensor  in  question  is  a  true  displacement  device,  rather  than  a  velocity  device.  In 
the  case  of  (steady)  velocity  success  in  detection  rests  on  the  capability  of  measuring  Doppler  frequency 
shift  in  the  presence  of  noise  (true  Laser  Doppler  Velocimeter). 
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We  compare  goals  and  achievements  in  measuring  displacement  and  velocity  by  laser  heterodyne 
methods  of  several  authors.  As  a  "T \once  goal  we  cite  the  modulation  index  of  ambient  noise  in  the 
ocean  expressed  as  a  plane  wave  equi.  Jcnt  in  a  one  Hertz  band  at  100  Hz.  In  the  absence  of  shipping 
noise  this  is  taken  to  be, 

modulation-index  design  goal:  8  x  10“6  radian 


a.  Under  the  assumption  that  shot  noise  is  the  only  noise  in  the  circuitry  of  an  acoustic  displace¬ 
ment  sensor  Massey  [9]  calculated  that  displacements  of  the  order  of  10“12  (meter)  could  be  measured 
in  the  laboratory  using  a  laser  wavelength  of  6330  x  10“ 10  (meter).  This  is  equivalent  to  a  modulation 
index  of  2  x  10“5  radian. 

b.  Yeh  t’J  Cummins  (10]  concluded  that  they  could  detect  in  the  laboratory  constant  (laminar) 
flow  velocities  as  low  as  4  x  10“5  meter/second  at  a  scattering  angle  of  30°. 

c.  Edwards  et  al.  [11]  estimated  that  under  laboratory  conditions  where  thermodynamic  diffusion 
of  molecules  was  the  limiting  factor  they  could  detect  constant  velocities  as  low  as  10“5  meter/second. 

d.  Atiempts  to  measure  components  of  velocity  turbulence  in  water  by  use  of  the  laser  Doppler 
velocimeter  in  the  regime  of  dissipation  spectra  in  high  speed  flows  have  been  confronted  with  excep¬ 
tional  difficulties.  The  basic  limit  is  the  Doppler  ambiguity  (or  uncertainty  in  measuring  a  frequency 
shift)  due  to  extraneous  time  varying  modulation  of  the  laser  beam.  These  modulations  are  introduced 
by  finite  transit  time  of  particles  through  the  scattering  volume,  turbulent  fluctuations  across  the 
scattering  volume,  mean  velocity  gradients,  and  circuit  noise.  In  making  measurements  of  turbulent 
flows  by  the  optical  schemes  discussed  above  it  is  important  to  note  that  the  only  measurable  velocity  is 
the  Eulerian  random  velocity  u0(t)  averaged  over  the  scattering  volume.  This  is  the  sum  of  a  mean 
velocity  u0(r)  and  a  fluctuating  ”?iocity  «&'(/).  The  power  spectrum  of  turbulence  consists  of  a  mean 
(Doppler)  frequency  shift  broader. ••d  by  the  spectrum  of  the  fluctuating  components.  As  noted  above 
the  resolution  of  the  power  spectrum  of  turbulence  (that  is,  its  separation  out  of  the  noise)  is  limited 
by  the  Doppler  ambiguity  (DA).  If  the  frequency  broadening  of  the  turbulent  velocity  fluctuations 
(namely  the  quantity  we  wish  to  measure)  is  of  the  same  order  as  the  broadening  due  to  Doppler  ambi¬ 
guity  (which  is  the  noise  we  wish  to  avoid)  then  there  is  no  way  of  telling  them  apart.  If  w0  is  the 
mean  Doppler  shift  due  to  «o'(r)  then  the  condition  of  resolution  is 

-  >  — .  (6.7.1) 

u  f>0 


(This  Doppler  ambiguity  poses  a  severe  limit  in  the  determination  of  the  turbulence  spectrum.)  It  is 
fundamental  to  recognize  that  the  measurement  of  laminar  flow  u  which  is  nonrandom  differs  from  the 
measurement  of  turbulent  flow  «0(/)  which  is  random.  In  the  latter  case  there  is  a  largest  wavenumber 
(or  highest  cut-off  frequency)  that  is  measurable  for  a  fixed  Reynolds  number  and  fixed  scattering 
angle.  Thus  the  entire  power  spectrum  of  velocity  turbulence  is  unattainable.  A  simple  estimate  of  the 
largest  measurable  wavenumber  is  k^Ay  *■  2ir/ L  in  which  L  is  the  largest  dimension  of  the  scattering 
volume.  Thus  if  L  is  a  number  fixed  by  the  LDV  the  largest  turbulence  wavenumber  measurable  is 
2 w/L,  and  the  rest  of  the  spectrum  is  unresolvable.  Hence  if  the  presence  of  submarine  turbulence  is 
to  be  determined  by  examining  turbulence  scale  sizes  less  than  L  meters,  the  LDV  method  fails.  It  can 
be  revived  by  reducing  the  scattering  volume.  However,  such  reduction  is  accompanied  by  increase  in 
Doppler  ambiguity  since  space  is  sampled  over  shorter  time  interval.  Mathematical  modeling  (12] 
shows  that  there  is  an  optimum  size  of  scattering  volume  L0pt>  given  by 


Lopt  ”  4>  75 


1 

Re  sin  4 

i/2 

>  h  “ 

1.27 

2 

e 

1/4 


(6.7.2) 
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(«  -  rate  of  dissipation  of  turbulent  energy  per  unit  mass,  v  —  kinematic  viscosity,  Re  *  Reynolds 
number  based  on  the  mean  velocity  -  u\E/(2v  sin  —),  0  -  angle  of  scattering).  Wavenumbers 

greater  than  2ir/L0pi  are  not  resolvable  because  of  Doppler  ambiguity.  The  symbol  /0  is  the  inner 
scale  (meters)  of  turbulence.  When  0  —  180°, 


Re 


2v  sin  j 


Up(5  x  10~7) 
2  x  10"6 


0.25  m0 


(6.7.3) 


so  that 


l0PT  -  lo  (0.57)  (0.5)  W(j/2  =  A  «o1/2 


(6.7.4) 


If  the  turbulent  velocity  is  1  meter/sec,  the  optimum  scattering  volume  is  1/4  of  the  inner  scale  of  tur¬ 
bulence.  This  is  a  very  severe  restriction.  Any  attempt  to  decrease  the  scattering  volume  only 
increases  the  Doppler  ambiguity. 

e.  Doppler  ambiguity  bandwidths  have  been  studied  in  the  laboratory.  Bates  [13]  used  a  10  inch 
pipe  at  flow  rate  of  1.4  ft/ sec  (Reynolds  number  2.056  x  10s  and  found  the  following  ratios  of  spectral 
broadening: 

Table  6.7.1 


In  Core  At  Wall 


(1) 

(2) 

(3) 


transit  time  spectral  broadening 


mean  Doppler  frequency  shift 
turbulence  spectral  broadening 


turbulence  spectral  broadening 


0.636 

1.074 

0.000719 


0.636 

38 

0.75 


REFERENCES 

[1]  General  Electric  Co.  "VAS"  The  Virtual  Acoustic  Sensor,"  Document  EHM-12-228-10,  Feb.  i967. 
Electronic  Systems  Div.,  Syracus,  New  York. 

[2]  E.M.  Oliver,  "Signal  to  Noise  Ra’>os  in  Photoelectric  Mixing,"  Proc.  IRE  49,  1960  (1961). 

[3]  Ref.  [1]  p.  VI-9. 

[4]  R.  Urick,  "Principles  of  Underwater  Sound  for  Engineers,"  McGraw-Hill,  1st  Ed.,  p.  168. 

[5]  S.Q.  Duntley,  J.  Opt.  Soc.  Am.  53,  214-223  (1963). 

[6]  Ref.  1,  p.  IV-14. 

[7]  H.  Lamb,  "Hydrodynamics,"  Dover  Publications,  p.  644,  Eq.  26. 

[8]  L.D.  Landau,  E.M.  Lifshitz,  "Fluid  Mechanics,"  p.  227.  Pergamon  Press,  1959. 


Underwater  Laser  Doppler  Hydrophone 


[9]  G.A.  Massey,  Proc.  IEEE,  56,  2157  (1968). 

{10]  Yeh,  Cummins,  Applied  Phys.  Letters  4,  176  (1964). 

(11]  Edwards  et  al,  J.  Appl.  Phys.  42,  837  (1971). 

112]  George,  J.L.  Lumiey,  J.  Fluid  Mech.  60,  321  (1973). 

[13]  C.J.  Bates,  DISA  INFO.  No.  16,  5-10  (1974),  published  at  779  Susquehana  Ave.,  Franklin  Lakes, 
N.J.  07417. 

[14]  "Optical  Aspects  of  Oceanography,"  N.G.  Jerlov,  E.S.  Nielsen,  Academic  Press,  New  York,  1974, 
page  19  Figure  4. 


•  -i 


m 


m. 

i 


Chapter  7 

METALLIC-GLASS  TRANSDUCER 


7.1  INTRODUCTION 


When  a  mixture  of  iron  and  one  (or  more)  of  the  elements— boron,  silicon,  phosphorous,  carbon 
or  cobolt— is  melted  together,  then  suddenly  cooled  at  such  a  rapid  rate  (say  106  K/s)  as  to  leave 
insufficient  time  to  permit  crystallization,  amorphous  (glass-like)  substances  are  formed  which  have 
remarkable  magnetic  properties.  It  is  possible  to  prepare  these  amorphous  magnetic  materials  in  the 
form  of  long  ribbons  with  uniform  cross  section  by  squirting  the  molten  alloys  onto  a  cooled  rotating 
cylinder,  or  by  centrifugal  solidification.  When  so  formed  these  metallic-glasses  retain  the  ductility  and 
flexibility  of  a  metal,  have  high  surface  hardness,  high  tensels  strength,  are  easily  magnetized  and 
posess  large  electrical  resistivity. 


When  strips  of  these  glossy  ribbons  are  annealed  (for  some  5  to  10  minutes,  at  temperatures  that 
range  from  280°  to  430°C,  in  an  applied  magnetic  field  of  some  25  to  6100  oersteds  directed  so  as  to  lie 
in  the  plane  of  the  ribbon  parallel  to  its  width)  and  then  excited  by  a  combination  of  both  dc  and  ac 
magnetic  fields,  they  exhibit  very  high  magnetostriction  and  elasto-magnetic  coupling.  Because  of  such 
properties  these  metallic-glasses  posess  special  advantages  for  use  in  electromechanical  transduction.  In 
this  chapter  we  discuss  these  properties  in  greater  detail  and  show  how  this  new  material  can  be  incor¬ 
porated  into  acoustic  sensors. 


7.2  MAGNETOSTRICTION  IN  METALS-SUMMARY  OF  PROPERTIES 
OF  USE  IN  ACOUSTIC  TRANSDUCERS 


To  appreciate  the  great  potential  of  metallic  glasses  as  basic  material  for  acoustic  transduction  it 
will  be  useful  to  summarize  key  elements  in  the  theory  of  magnetostriction. 


A  long  bar  of  magnetic  metal  (length  /)  with  narrow 
cross  section  (A)  wound  with  a  current  carrying  coil 
changes  its  length  by  amount  A  /  upon  being  magnetized  by 
an  incremental  dc  magnetic  field  A  H.  The  total  change  in 
length  per  unit  length.  61/1  due  to  the  total  magnetic  field 
(starting  from  the  demagnetized  condition)  for  iron  and 
nickel  bars  is  shown  in  Fig.  7.2.1.  Roughly,  in  the  case  of 
this  nickel  bar  the  ratio  61/1  reaches  the  limiting  (or  satura¬ 
tion)  value  of  ~-26  x  10~6  at  a  magnetic  field  of  ~30 
oersteds.  Since  it  is  always  advantageous  to  use  MKS  units 
we  note  here  the  conversion  from  Gaussian  units  of  mag¬ 
netic  field  to  MKS  units  is: 
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Fig.  7.2.  i  —  Static  magnetostriction  of  iron  and  nickel  as  a  function  of 
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Thus  30  oersteds  are  equivalent  to  2387  amp  turns/meter.  Similar  values  hold  for  nickel  bars  with 
differing  anealing  cycles. 

Since  the  magnetic  field  H  generates  a  magnetization  M  (or  flux  density  B  -  p.0M)  this  same 
change  in  length  can  be  plotted  versus  magnetization,  Fig.  7.2.2.  It  reveals  that  in  this  material  there  is 
limiting  (saturation)  strain  (8  ///)Mt.  The  saturation  magnetization  corresponding  to  it  is  approximately 
A/*,,  =s  500cgs  emu.  Again,  it  will  be  useful  in  calculation  to  note  that  the  conversion  from  a  c.g.s  emu 
unit  of  magnetization  to  an  MKS  unit  is 


!  c.g.s.  emu  -  -Lxl0<  x  \™**L 
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St  15 
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Fig.  7.2.2  —  The  magnetostrictive  characteristics  6/// represented  as  a 
function  of  (lux  density  fl(V 5/m2) 


0  200  400  600  000  1000  1200  1400  1600 
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Thus  500  c.g.s.  emu  are  equivalent  to  0.63  weber/m2.  Shown  in  dotted  lines  on  the  figure  is  the  path 
of  cyclic  magnetization  and  demagnetization,  indicating  hys'eresis.  It  is  also  noted  that  the  direction  of 
displacement  is  independent  of  the  direction  of  the  applied  magnetization,  from  which  the  inference 
can  be  made  that 

8///oc  M2, 

Thus  if  the  magnetization  has  an  alternating  component  at  frequency  /  the  strain  will  have  alternating 
components  of  frequency  /*,  2  f  etc. 

The  relation  between  magnetization  and  magnetic  field  for  this  nickel  sample  is  shown  in  Fig. 
7.2.3.  One  identifies  here  magnetic  properties  discussed  in  Sec.  2.2,  namely: 

the  value  of  coercive  force  is  -1.5  oersted  (~  —119  ampere  turns/meter) 
the  value  of  residual  induction  is  150  c.g.s.  emu  (-  0.19  weber/ m2). 

7.3  MAGNETOSTRICTIVITY 


The  ratio  81/1  is  the  total  strain  in  the  bar.  It  can  be  thought  of  as  the  internal  strain  due  to  an 
applied  external  force  per  unit  area  at  the  ends  of  the  bar.  If  one  uses  the  convention  that  an  applied 
(external)  stress  is  the  negative  of  the  internal  stress  it  is  seen  that  the  force  necessary  to  reduce  the 
strain  to  zero  when  the  bar  is  magnetized  is  given  by 
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Fig.  7.2.3  -  DC  magnetization  curve  of  a 
magnetostrictive  substance 
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in  which  Eu  —  Young’s  modulus  of  the  bar  at  constant  magnetization.  The  internal  stress  is  then, 

(r)int  -  Em  61/1 «  TAf  (notation  of  Kikuchi  [1]) 
or 


(70 int  —  —hB  (IRE  notation) 


As  before,  for  metals  of  high  magnetic  susceptibility,  B  -  n0 M.  The  negative  sign  here  is  an  IRE  con¬ 
vention  which  expresses  a  constitutive  relation.  By  definition 


r-fdr/e^o^i,,  ;  h  -  (ar/d/i) 
The  units  of  T  and  h  in  the  Cgs  and  MKS  systems  are: 


zero  strain* 


h: 


Cgs  emu:  dyne/maxwell  or  dyne/gauss  cln2; 


MKS:  Newton/weber 


T: 


Cgs  emu:  ■  - 

cm  x  stat  coulomb 


MKS: 


Ns 


Cm 


The  conversion  factors  are: 


T(MKS)  x  4 n*  x  lO”3  -  T(Cgs  emu) 

T(Cgs  emu)  x  79.577  -  T(MKS). 

T  =*  n0h  (in  [1]  Kikuchi  makes  hq  -  1,  so  that  |r|  -  |  A I) 


Figure  7.3.1  shows  a  plot  of  the  magnetostrictive  dynamic  constant  versus  magnetization.  This 
chart  may  be  used  to  calculate  the  magnitude  of  force  per  unit  area  developed  in  the  rod  if  the  increase 
in  size  of  the  rod  during  magnetization  is  completely  impeded.  For  example,  if  the  demagnetized  rod  is 
magnetized  to  a  level  of  ~  0.42  weber/meter2,  and  all  displacement  is  completely  impeded  the  stress 
developed  in  the  rod  will  be 


jrj  =  2  x  10^  x  0.42-^t^- 
rrb 


m* 


0.84  x  107-— 
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or 


|  T\  -  0.84  x  107  x’  1.450  x  10"4  -  1218  psi. 
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Fig.  7.3.1  —  Experimental  verification  of  T  (—  A  constant) 
derived  from  static  characteristics  (8//A  in  nickel.  Solid  line, 
theory;  dotted  line,  experiment  [11.  (Note:  T  is  calculated  to 
be  I A I  by  making  mo”  D- 


7.4  COEFFICIENT  OF  MAGNETOELASTIC  COUPLING 

We  return  to  the  basic  set  of  constitutive  relations  given  by  Eqs.  2.3.6.  We  interpret  the  first  one 
as  a  dynamic  force  balance  by  reversing  sign: 

(a)  Text-  h{,)  M-  cMS  (7.4.1) 


In  words, 

external  elastic  stress  *  internal  stress  due  to  magnetization  -  internal  stress  due  to  strain. 
Similarly  we  interpret  the  second  one  as  a  dynamic  magnetomotive  force  balance: 

( b )  H  -  -  hS.  (7.4.2) 

In  words, 

external  field  *  internal  field  due  to  magnetization  —  internal  field  due  to  strain. 

Combining  (a)  and  (b)  leads  to  Eq.  2,3.7  with  reversed  sign: 

(fl)(T)M-hwB-csS  (7.4.3) 


Here  kc  is  the  coefficient  of  magneto-elastic  coupling  calculated  at  the  value  of  fi.hand  cM  taken 
at  the  operating  point  of  the  transducer. 

In  ordinary  applications  the  internal  driving  magnetic  induction  has  both  a  dc  bias  field  and  an  ac 
driving  field, 
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B2  —  (B0  I-  B,  cos  tat)2  —  B$  +  2 2?,50  cos  wf  +  fi,2  cos  2wf. 


By  making  B0>>  B,  and  processing  only  the  ac  field  one  sets  the  operating  point  at  B0  -  50(//0) 
which  is  a  function  of  the  bias  (externally  applied)  magnetomotive  field  H.  At  this  operating  point, 

B i  -  iioHiHq  (units  of  hq.Ns2/C2)  (7.4.4) 


in  which  /tt,  is  the  incremental,  or  dynamic,  permeability  (units:  none)  associated  with  the  ac  cycling 
field.  An  estimate  of  B,  for  the  case  of  annealed  nickel  may  be  obtained  by  setting  H0  to  some  arbi¬ 
trary  number.  Let  this  be, 

j/p  —  1200-mPere  turns 

meter 

on  the  static  B-H  curve.  It  is  then  experimentally  found  that  the  ‘dynamic’  slope  at  this  operating 
point  is, 


M/  ~  41. 

Choosing  the  example  of  a  long  narrow  bar  whose  Young’s  modulus  is  EM-  cM \  the  strain  is, 

8/// —  -  26  x  10“6. 


Thus, 


B,  -  4ir  x  ir7  x  41  x  1200  -  6.18  x  1(T2  ( Wb)/m 2. 


The  slope  of  the  static  B  —  H  curve  at  H0  in  relative  units  is  scaled  to  be, 

H  -  340 


Hence,  the  bias  induction  is, 

B0  -  fiofjiHo  -  4ir  x  10“7  x 340  x  1200  -  0.512  (Wb)/m2. 


Using  this  value  one  obtains  from  Fig.  7.3.1  the  value  of  the  magnetostriction  coefficient 

h  -  |T |  —  2.1  x  10 1  N/(Wb)  . 


To  calculate  kc  we  require  a  value  of  Young’s  modulus.  Let  us  choose  here  its  value  at  the  demagnet¬ 
ized  state, 


Eq-  2  x  10  N/m2. 


Substituting  these  values  in  the  expression  for  k}  one  funds  that  for  fit  -  41 
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0.114 


2  4tt  x  IQ-7  x  41  x  (2.1  x  IQ7)2 
2  x  1011 

kc  -  0.34. 


In  terms  of  stored  energy 


k2  _  energy  available  for  doing  mechanical  work 
c  total  energy  input  in  the  magnetic  field 


Thus  about  1 1%  of  the  input  energy  is  available  for  doing  m-chanicd  work.  At  a  lower  bias  field  (say 
//q-  160  amp-turns/ meter)  the  coupling  coefficient  for  annealed  nickel  is  about  0.14.  In  this  case 
about  2%  of  the  input  energy  is  available  for  doing  mechanical  work. 

7.5  A£  EFFECT 

The  difference  between  cM  and  cs  shows  that  the  magnitude  of  Young’s  modulus  E  of  a  long  bar 
magnetized  to  M  is  lower  than  the  value  Eq  in  the  demagnetized  state.  Thus,  one  must  write; 

E  -  E(M)  <  E0  .  (7.5.1) 


This  phenomenon  of  diminution  in  E  with  increasing  magnetization  is  called  the  A£-effect.  Since  h  and 
H,  are  also  functions  of  magnetization  we  write, 

k2  -  kc 1  (M)  (7.5.2) 


There  is  in  every  magnetostrictive  material  an  optimum  bias  ( Mop, )  which  gives  the  maximum  coupling 
(kmtx).  For  any  other  M  the  coupling  is  lower.  Clearly  the  A  ^effect  and  the  maximum  coupling 
coefficient  are  related.  It  is  found  empirically  that  the  change  in  E(  -  A E)  from  the  demagnitized  state 
to  the  saturation  state  is  given  by, 


C  k2 

v-'  A-ni* 


(7.5.3) 


Tests  on  a  variety  of  common  iron/nickel  materials  shows  the  constant  to  be  approximately, 

C  ~  1.77.  (7.5.4) 


in  which  C  is  a  numerical  constant.  Thus  measurement  of  the  A£'-effect  gives  a  good  estimate  of  the 
coupling  coefficient.  In  particular  for  a  value  of 
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the  coupling  coefficient  would  be  close  to  unity,  which  is  the  maximum  theoretically  possible.  How¬ 
ever,  in  certain  magnetostrictive  rare-earth-iron  compounds  the  constant  C  has  been  measured  and 
found  to  be  approximately  2  at  a  bias  field  of  kilooersteds.  High  coupling  coefficients  are  anticipated  for 
these  materials  [2]. 

Maximum  Power  That  Can  Be  Delivered  at  a  Mechanical  Terminal 

In  a  small  amplitude  plane  elastic  stress  wave  propagating  linearly  in  an  elastic  body  the  stress  p  is 
related  to  the  change  in  mass  density  8  through  the  propagation  velocity  c. 

p  —  c2  8 

where 

c2  -  1/kp0;  *  ”  compressibility;  p0  -  equilibrium  mass  density. 


The  pressure  is  also  related  to  the  particle  velocity  v, 

P  “  Pocv 


Thus, 


(7.5.6) 


Let  the  plane  wave  travel  in  a  long  bar,  length  /,  area  A.  Then 


At  any  point  of  the  rod  the  stress  p(-r)  is 


(7.5.7) 
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a 


$ 


0 


1 


V 


iff* 

1 


Suppose  now  that  the  bar  develops  a  velocity  vj  against  a  load  at  one  end.  Then,  since 
/  -  c^t/ 2/o,  it  is  seen  that 


F(w) 


vi2  -  $ 

1 


(7.5.10) 


wo 

rr  *  2/o 


The  symbol  P(a>)  is  called  the  "output  form-factor"  by  Kikuchi  [1].  For  the  uniform  long  bar 
analyzed  here  it  has  a  value  of  unity.  Bars  of  nonuniform  cross  section  display  other  values  of  PU u) 
defined  as, 


^  V‘ 


c2t\ 


(7.5.11) 


where  subscript  1  means  conditions  at  the  mechanical  terminal. 


Now  let  the  real  part  of  the  load  be  expressed  as  a  mechanical  resistance  R.  In  general  it  is  a 
function  of  frequency  and  (sinusoidal)  amplitude  of  velocity.  The  real  power  delivered  to  this  load  is 


1 


H'mech-  y  R(w,v,)v,2. 


In  the  case  of  the  bar. 


H'mech  ”  y  R(w,fj2)c62  £?  P(cu),  P(o>)  -  1  for  long  bars. 


(7.5.12) 


If  the  maximum  permissible  strain  is  the  maximum  possible  output  for  the  bar  is 
( ^mech)max  -  y  R (w,£max)cft2  P(w),  P(w)  -  1  for  long  bars. 


(7.5.13) 


For  other  structures  P(w)  may  differ  from  unity.  However,  the  value  of  P(a>)  for  ring  vibrators  oscil¬ 
lating  in  the  breathing  mode  is  again  unity. 


The  mechanical  energy  delivered  by  the  bar  is  some  fraction  of  the  input  electrical  power  Welec. 
According  to  the  definition  of  the  coupling  factor, 


K  ^elec  “  ^mech' 


Since  the  total  energy  per  unit  volume  stored  in  the  magnetic  field  is  BH  (units:  volt  coulomb/ meter3), 
and  since  B  -  fi'h,  where  n'  is  the  dynamic  permeability,  it  is  seen  that  the  total  power  per  unit 
volume  in  the  magnetic  field  at  frequency  w,  (where  w  is  much  less  than  the  resonant  frequency)  is. 


W  -  w  n'tf. 
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Thus  the  mechanical  energy  available  for  doing  work  is 

W^ech  - 

At  velocity  resonance  the  dissipated  power  is  proportional  to  the  loaded  QL  of  the  transducer.  Hence, 

H'mech  -<afk?v'ffiQL.  (7.5.14) 

7.6  TRANSDUCTION  LOSSES 

Magnetostrictive  transducers  are  constructed  of  a  metal  core  wound  with  a  coil  supplying  ac 
power,  and  the  same  coil,  or  another  coaxial  coil,  supplying  dc  bias.  Where  feasible  the  bias  can  be 
supplied  by  a  permanent  magnet. 

The  blocked  electrical  impedance  of  the  core  is  that  of  an  inductance  Lc, 

Zee  ”  >4  X- 

Here  the  symbol  x  is  a  complex  quantity  indicating  presence  of  eddy-current  losses, 

-  Rc  +  JXC  -  j<oLc  lx  I (7.6.19) 

Rc 

tan  {  "  — . 

Ac 

In  dynamic  biased  operation  the  induction  B  executes  a  minor  hystersis  loop  on  the  BH  curve.  This 
shows  that  B  and  H  are  not  in  phase.  Thus  the  incremental  permeability  is  also  complex, 

Hi  -  \m\e~jp.  (7.6.2) 

Eddy  current  losses  in  the  core  and  in  the  hysteresis  loops  are  additive.  The  relation  between  B  and  H 
then  become, s 

B  -  /x'xmo H  ”  U/U ttHe~J*\x\,  <t>  -  P  +  £.  (7.6.3) 

This  relation  is  important  in  the  analysis  of  magnetic  field  transducers. 

7.7  TRANSDUCTION  RATIO 

From  Eq.  7.4.3  the  mechanical  force  F  associated  with  the  magnetic  induction  over  area  A  can  be 
calculated.  First  in  the  absence  of  losses: 

F-AhU)B  (7.7.1) 

Also,  from  Eq.  7.4.2 

Wd-^  ySB.  0. 1.2) 


Eft 
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The  corresponding  mechanical  force  may  be  represented  by  a  force/voltage  analogy  through  a  transduc¬ 
tion  ratio  a: 


«  Zo  /| 


blocked 


a  V 


(7.7.3) 


where  V  is  the  voltage.  Now  the  canonical  equations  of  the  magnetic  field  are  antisymmetrical.  They 
can  be  made  symmetrical  by  changing  F  to  -JF,  and  v  to-/v  (see  Sec.  1.48  for  discussion).  Thus,  for 
canonical  circuit  representation  the  force  balance  is, 


Ot  Zg^blocked  ”  JAH^B. 


(7.7.4) 


Since,  for  a  core  of  length  /  with  N  turns  of  coil, 


MN2A  (y*)-1 


(7.7.5) 


(y5)-1  - 


(7.7.6) 


Solving  Eq.  7.7.4  for  a  and  substituting  Eqs.  7.7.1,  5,  6,  3,  one  finds  the  circuit  transduction  ratio  to  be, 


t o 


N 

units:— 


(7.7.7) 


Now  in  the  presence  of  losses  the  transduction  ratio  becomes  complex.  The  losses  can  be 
accounted  for  by  use  of  the  dip  angle  0, 


a 


(7.7.8) 


Unlike  the  transduction  ratios  of  piezoceramic  transducers  which  are  constants  this  ratio  is  a  com¬ 
plex  number,  and  is  seen  to  vary  inversely  as  frequency. 

7.8  MAGNETOELASTIC  PROPERTIES  OF  METALLIC  GLASSES 

A.  Experimental  Set-Up 


Figure  7.8.1  shows  an  apparatus  for  measuring  magnetoelastic  properties  of  samples  of  metallic 
glasses.  The  amorphous  specimen  1,  obtained  in  this  case  by  a  roller  quenching  technique,  is  wound 
with  a  detector  (or  ‘pick-up’)  coil,  which  is  connected  to  the  terminals  of  a  phase  meter  and  volt  meter. 
To  excite  this  sample  with  an  ac  magnetic  field  one  prepares  a  solenoid,  2,  whose  terminals  are  driven 
by  a  signal  generator,  3.  The  phase  and  voltage  of  the  exciting  electric  field  are  also  measured  by  a 
second  pair  of  terminals  on  the  phase  meter.  The  sample  is  slid  into  the  solenoid  and  the  entire  struc¬ 
ture  is  then  placed  in  a  strong  electromagnet  4  which  supplies  the  bias  dc  field.  Under  both  dc  and  ac 
excitation  the  sample  vibrates  freely. 

During  measurement  the  magnitude  of  current  is  kept  constant  while  the  measured  amplitude  of 
the  pick-up  voltage  \  Vp\  varies  with  frequency,  The  phase  9  between  Vp  and  Iex  is  measured  at  each 
increment  of  frequency.  From  this  data  the  complex  impedance  at  each  frequency  is  calculated  as 
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Similarly  the  complex  admittance  Kp  is  calculated  from  Z  (co)  to  be, 

r„(«)  -  Zfo)"1  -  Re  Y„  +  /  ImT,. 

B.  Theoretical  Interpretation  of  Measurement 


(7.8.2) 


To  find  the  correct  expression  for  Z  (<o)  in  this  case  of  longitudinal  vibration  we  recapitulate  the 
derivation  of  the  equations  of  motion  discussed  in  Sec.  2.37.  Let  us  choose  a  segment  of  the  rod  of 
volume  Abdx.  On  the  cross-sectional  area  Ab  the  stress  is  given  by  the  constitutive  relation 

h-C&S-htt  By 

Since  we  wish  to  specify  constant  current  drive  we  substitute 

H3  A33 

B3  “  -f  +  —F  S 
yfj  ysj 

and  find 

Hi 


where 


h  -  C&  S  -  htf  -f 

>33 


c£  -  cfj 


1  - 


h2 


33 


>3S3C?3 


The  convention  of  signs  to  be  associated  with  forces  and  velocities  at  the  ends  of  the  bar  are  shown  in 
Fig.  7.8.2.  Now  we  make  a  free-body  of  this  segment.  The  net  stress  across  positive  increment  dx  is 


BT3  ,  ,  J  „  B2f(x3)  h$  BH3 


*^W-*C*^ 


>33 


-5  Bx 


(x-ddx. 


(7.8.3) 


Mi 


‘■VV£\ 

'•V»»V 
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Vf°  7,4 

Fr-A,Tj  ;  F^-AT, 

u's  **5U  ^>1* 


Fig.  7.8.2  —  Convention  of  signs  used  in  this  section 


Assuming  there  is  no  magnetic  field  leakage  from  the  lateral  edges  of  the  bar,  we  set  bH/bx  -  0 
at  all  intermediate  segments  of  the  bar.  However,  at  the  ends  of  the  bar  the  applied  body  force  due  to 
magnetostriction  is, 


Ftt  -  -4-  —■  -  tf0(8(x)  +  8(x  -  /)]  -4-  (units:  N/m3) 

yh  Sx  yf3 


(7.8.4) 


in  which  H0eJml  is  the  constant  magnetic  field  intensity.  According  to  Newton’s  law  of  motion  as 
applied  to  the  ‘free-body’  of  one  segment, 


Adx  —■  +  Adx  Fa  «■  Adx  p 

ox  dr 


(7.8.5) 


Substituting  the  expressions  for  bT/bx  and  F„,  and  choosing  steady  state  one  obtains, 
(a)  -~-fr  4-  Ar2f  —  —  [8(x)  +  8(x  -  /)]  (units:  m“') 

‘6X2 


(7.8.6) 


k  -  —■  VjP-  - 

vf'  b  V  — 


This  equation  states  that  the  rod  is  force-driven  by  the  delta  /unction  distribution  of  magnetic  field  at  its 
ends.  There  is  no  net  mechanical  force  delivered  to  the  bar  by  the  magnetic  field  inside  the  bar.  In  the 
steady  state  the  solution  of  the  homogeneous  part  of  Eq.  7.8.6,  written  as, 


dx2  \ll 


f  -  0,  vf 


|  -  A  sin  -ff-  +  B  cos  e Jul 


(7.8.7) 


The  strain  is  then 


bt  ,  to  <0*3  B(o  .  <o*3 
„  “  A— 77  COS  — 7T  -  ZT  Sin  — rr 


a*  vf  -  v" 


Bo)  .  <0*3  ,ut 

— 77-  sin  — rr  eJul. 
Vb  Vf 


(7.8.8) 


v  W  vV  v  v  v  v  v  v  vv  vVA  v  ,>  .•  •• 
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We  solve  the  inhomogeneous  part  of  Eq.  7.8.7  by  use  of  the  appropriate  Green’s  function 
(?(xUola>)  where  x0  is  the  source  coordinate  and  x  is  the  field  coordinate.  When  the  bar  is  stress-free 
at  both  ends  we  require  from  Eq.  7.8.3  that 


dG  h$H0 


,  x  -  0,  x  -  / 


dx  Cgy/j 

A  function  that  satisfies  this  condition  for  source  coordinate  at  x  -  x0  -  0  is, 


(7.8.9) 


<?(x|x0lw)  - - cos  kx o 


sin/rjy  -  x| 


kl 

cos  y 


,  x  >  x0.  (units:  m) 


or 


a(xl0U).m!plllMMcostx.siBkxl 


(7.8.10) 


Because  of  the  delta  function  distributions  in  Eq.  7.8.6  one  sees  that  G  is  identifiable  with  f.  The  parti¬ 
cle  velocity  anywhere  in  the  bar  is  then  seen  to  be, 


c&yl 


sin  kx 


.  kl  J 

—  tan  —  cos  tod. 


(7.8.11) 


An  explicit  form  for  f  allows  us  to  calculate  the  magnetic  flux  density, 

„  ,  ,  H0  ,  h33  H0  h$3H0  f  ,  ,  .  . 

B3(x)  -  — r  +  —  ~rr“~r-  +  >cos  kx  +  tan 

>33  dx  y?3  C$  (yf3)2 

Using  the  formula 


Y  sin  tocj 


(7.8.12) 


,  e  1  —  cos  c 
tan  y  - 


sin  c 


one  finds  the  average  to  be, 

♦  rv» 

(«)  1  r'.Mt  H“  I  HhSi  T 

2 


kl 


units: 


m 


(7.8.13) 


.  Since  in  this  derivation  the  magnitude  of  magnetic  field  is  kept  constant  the  applied  current  is 


/j  -  —■  (units:  A) 


The  resultant  voltage  varies  with  frequency  as 


V-J<oNA(B3)A(, 
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Thus  the  input  electrical  impedance  is 


z  _  _K  _  j»N2A 
1  yiji 


1  + 


hi 3 


C&yl i 


tan 


kHl 


kHl 

2 


(7.8.14) 


In  the  absence  of  losses  this  impedance  is  a  maximum  when 


kl  nir  .  «  , 

y  ”  — .  n  -  1,  2.  3 


or 


v" 


/m.x  "  n  ~T~l- 


(7.8.  If.) 


This  is  the  frequency  of  velocity  maximum  at  constant  current  drive  as  can  be  deduced  from  Eq.  7.8.11. 
Similarly  the  absolute  value  of  electrical  impedance  is  that  of  a  pure  inductance  when, 


kHl 


—  mn 


m  -  1,  2 . 


or 


fm\n  “ 


my? 


l 


(7.8.16) 


This  is  the  frequency  of  velocity  minimum  (again  from  Eq.  7.8.11)  at  constant  current  drive.  Actually, 
when  losses  are  neglected,  the  velocity  vanishes.  The  impedance  is  then  the  blocked  value  of  a  pure 
inductance: 


^blocked  ' 


j(»L 


(7.8.17) 


L  - 


N2A 


lyh 


units: 


Vs2 


The  tangent  factor  in  Eq.  7.8.14  is  called  the  motional  impedance  of  the  coil. 


A  similar  derivation  in  which  the  bar  is  driven  at  constant  magnetic  flux  density  (that  is,  constant 
voltage)  is, 


V 


1 


JOL 


N2A 


1  - 


hh  tan  kBl/2 


Chyfi  kBU  2 


(7.8.18) 


ly  33$ 


kB- 


vf  ■ 


V 


nt 

'-a 


The  difference  between  constant-B  and  constant-H  drive  has  been  noted  in  Sect.  2.10.  A  similar 
difference  between  constant- V  and  constant-I  in  piezoelectric  transducers  is  discussed  in  Sect.  2.19. 
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7.9  ALTERNATIVE  SOLUTION  OF  THE  DYNAMIC  PROBLEM  RAISED  BY 
EXPERIMENT  IN  SECT.  7.8 


Another  approach  in  analyzing  the  dynamics  the  experiment  set-up  in  Sect.  7.8  is  taken  up  next. 
Starting  with  the  constitutive  relations 


(a)  r3  -  c?3  B} 


(7.9.1) 


(b)  Hi  -  -  h3i  +  yfi  Bi 


and  with  the  solution  to  the  homogeneous  wave  Eq.  7.8.7 


f  —  (a  sin  Ajf  4-  >3  cos  kB  —  w/vf 


one  may  set  the  boundary  conditions  at  x3  -  0,  x3  -  /  in  terms  of  the  terminal  forces  Fh  F:  and  U\, 
U2: 


Mi 0)  -  Uu  MU )  -  -  t/2;  Fi  - -AT3iO)\  F2  --ATi(l) 


(7.9.2) 


It  is  then  seen  that 


(a)  f  - - j—  — — -r-  +  —~~r  sin  +  -r^-  cos  JtBx 

yw  tan  kBl  sin  kBl  J(» 


(7.9.3) 


1.1  Ux  ,  ^2 


(b)  F,-.4Cf3Jfca-^  — -707  +  -7—757  +  AhH% 
J(0  tan  kBl  sin  kBl 


1  I  Ux  ,  t/2 


(c)  F2  -  AC  fi  kB  —757  +  7—757  +  ^  ^3- 
j<0  sin  kal  tan  kal 


In  these  relations  we  have  assumed  53  to  be  the  driving  magnetization.  A  second  useful  set  is  to 
assume  H3  to  be  the  driving  magnetic  field  intensity.  Substitution  of  Eq.  7.8.12  into  (a)  leads  to 


(a)  Ti  (b)  Bi  -  — y-  +  ha 

dXi  yfi  dXi 


(c)  C$  -  Cf3  1  - 


y&cfi 


(7.9.4) 


(d)  kff  “  -^77 

v# 


(e)  vfl. 
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in  which  rm  is  the  mechanical  loss.  The  cotangent  function  has  the  following  values: 


kl  ,  kl 

—  ctn  — 

2  2 


0 

ir/2 

n 


+O0 

0 

— oo 


Thus  the  electrical  motional  impedance  is  a  maximum  at  the  frequency  of  mechanical  resonance. 


2  ”  2  °r  •/max“  2/ 


(7.9.10) 


and  vanishes  at  the  frequency 


kMl  , 

2  “  rr  or  ymjn  “  ^ 


(7.9.11) 


At  /min  the  electrical  impedance  is  the  blocked  value: 


7  it  N*A 
Zg  “  JO)  Li,  L  *“  n 

/y  33 


The  alternative  solution  derived  in  this  section  has  the  advantage  of  more  explicitly  including 
boundary  conditions  at  the  ends  of  the  transducer.  It  thus  allows  a  more  complete  interpretation  of 
experimental  results. 


7.10  EXPERIMENTAL  RESULTS  OF  MAGNETOMECHANICAL  TESTS 
ON  METALLIC  GLASS  RIBBONS 


Table  7.10.1  summarizes  the  magnetomechanical  properties  of  a  number  of  metallic  glass  ribbons 
as  reported  by  research  scientists.  These  ribbons  are  prepared  in  the  form  of  strips  of  up  to  10  cm  in 
length,  magnetized  parallel  to  the  width  during  annealing  in  a  high  transverse  dc  bias  field,  then  driven 
by  a  low  ac  field  at  a  low  dc  longitudinal  bias  field.  The  coefficient  of  electromechanical  coupling  was 
determined  by  the  resonance  method  described  in  Sect.  7.8.  The  Young’s  modulus  of  elasticity  is 
determined  by  use  of  the  theoretical  formulas  for  the  mechanical  resonant  frequency  of  a  long  bar 
(Eqs.  2.10.40  or  2.10.32). 


The  values  reported  above  are  maximum  quantities  associated  with  particular  annealing  pro¬ 
cedures  and  particular  longitudinal  dc  bias  fields.  Figure  7.10.1  shows  the  variation  of  magnetomechan¬ 
ical  coupling  factor  and  relative  permeability  as  functions  of  longitudinal  dc  bias  field  for  samples  of 
Metglas  2605  CO  annealed  at  363°C  in  a  transverse  dc  bias  field  of  6.1  KOe.  This  chart  shows  that  the 
coupling  factor  is  sensitive  to  small  changes  in  longitudinal  bias.  The  question  arises:  how  does  kmxx 
vary  with  Ta  (the  annealing  temperature)?  Figure  7.10.2  shows  that  below  ~  378°C  the  value  of  kmtx, 
varies  slowly  with  annealing  temperature.  However,  above  this  annealing  temperature  kmx  declines 
rapidiy.  The  conjecture  is  that  incipient  crystallization  is  disorienting  the  magnetic  moment  alignment 
which  is  producing  high  values  of  kmix. 
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Table  7.10.1  —  Magnetomechanical  Properties  of  Metallic  Glass  Ribbons 


Metallic  Glass 
Sample 


Fe7,Si10B|j 

111 

Fe„Si,0B12 

121 

Fe7,Pl5C,0 

131 

F.J0P13C7 

141 

FeioBjo 

Metglas  2605 

111 

Fe47C07|B|4Si| 

Metglas  2605CO 

151 

Fe11Bu.5Si3.5C2 

Metglas  2605SC 

151 

(Note:  F-  Tesla) 


/  389'C  / 

>  1  k  Oe  / 3.75  Oe 


ir 


*\v  , 

*  »  1  * *  »  *  V*  V>  *  -J*  ’  ' 
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Fig.  7.10.1  —  Coupling  factor  *33  (A)  and  relative  per¬ 
meability  /x,(0)  for  annealed  ribbon 
(r„  -  363C,  Ht  -  6. 1  ArOe).  Also  shown  is  the  rela¬ 
tive  permeability  for  the  unannealed  ribbon  (■)  (71 


Fig.  7.10.2  —  Maximum  coupling  factor  versus.annealing 
temperature  ( Ha  -  6.1  k  Oe).  (7) 


300  320  3*0  360  ISO  400 

ANNEAlJMi  TEMPERATURE  t’CI 
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Of  particular  interest  to  transducer  designers  is  .he  question  whether  metallic  glass  ribbons  exhibit 
hysteresis  and  eddy  current  losses  when  driven  by  ac  and  dc  magnetic  fields.  The  answer  is  determined 
by  plotting  electrical  impedance  and  admittance  circles  (imaginary  quantities  vs  real  quantities)  and 
measuring  dip  angle  of  the  circle  diameter  and  blocked  electrical  resistance.  A  discussion  of  this  pro¬ 
cedure  is  given  in  Sect.  2.17.  The  results  of  such  plotting  is  shown  in  Fig.  7.10.3.  The  circles,  with 
appropriate  normalization,  are  superimposed.  The  dip  angles  are  seen  to  be  quite  small  ("only  a  few 
degrees"  [7]),  indicating  that  Metglas  2605  CO,  in  the  form  of  ribbons,  exhibits  little  magnetic  field 
losses  in  the  frequency  range  of  longitudinal  mechanical  resonance  (14-32  kHz).  By  measuring  quan- 
drantal  frequencies  (see  Seel.  2.17)  it  is  found  that  the  mehanicai  Qm  of  the  impedance  circle  (i.e.,  Qm 
at  constant-H)  is  about  35,  and  the  Qm  of  the  admittance  circle  ( QM  at  constant-B)  is  about  120. 
These  high  values  of  QM  again  indicate  low  mechanical  losses  in  sweeping  through  the  frequencies  of 
resonance  and  antiresonance. 
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Fig.  7.10.3  —  Admittance  circle  (dashed  line)  and 
impedance  circle  (solid  line)  of  an  annealed  ribbon  with 
kmlx  —  0.71.  Data  normalized  so  that  the  diameters  are 
equal  to  1.  Axes  are  real  and  imaginary  parts  of 
admittance/impedance  with  frequency  as  a  parameter.  The 
high  values  of  k 1  Q  causes  the  circles  to  have  almost  com¬ 
mon  diameters.  (7) 


7.11  ELECTROMECHANICAL  TRANSDUCERS  MADE  OF 

MAGNETOSTRICTIVE  RARE  EARTH-IRON  ALLOYS 

A.  Introduction 

Rare  earth-iron  alloys  in  the  compositional  form  RFe  of  binary,  tertiary  and  quartenary  alloys  of 
terbium  (Tb),  dysprosium  (Dy)  and  holmium  (Ho)  have  been  found  to  have  high  magnetomechanical 
coupling  at  room  temperatures  [8].  Other  alloys,  such  as  terbium-iron  (Tb  Fe2),  and  samarium-iron 
( Sm  Fe 2),  also  exhibit  very  large  magnetostruction  coefficients  [91.  An  alloy  of  this  type  that  has  been 
investigated  extensively  for  high  magnetomechanical  coupling  and  A£-effect  is  terbium-dysprosium- 
iron.  Its  ultimate  strain  (8//i)  at  saturation  has  been  measured  at  values  exceeding  1000  x  10-6.  Many 
experiments  have  been  conducted  to  study  the  effects  of  changes  in  composition  on  its  magne¬ 
tomechanical  properties.  To  illuminate  these  effects  a  variable  composition  has  been  assigned  by 
researchers  to  it,  of  the  form 

Tbx  Dyx.x  Fe2- « 

in  which  x,8  are  numbers  chosen  at  will.  Also  chosen  as  parameter  is  the  dc  bias  field.  We  discuss  the 
electromechanical  performance  of  the  alloy  next. 

B.  Experimental  Procedure 

The  method  pursued  in  studying  rare-earth  magnetostrictive  transducers  is  identical  with  that 
described  in  Sect.  7.8.  One  first  constructs  static  magnetostriction  curves  to  find  the  ratio  A ///and  rela¬ 
tive  permeability  nr  versus  dc  bias  field.  Figure  7.11.1  shows  A/// vs.  H  for  (erbium-iron,  dysprosium- 
iron  and  terbium-dysprosium-iron.  The  most  noticeable  feature  is  the  small  dc  bias  field  needed  (1  to  3 
kiloersteds)  to  obtain  A///  ratios  of  the  order  of  1000  x  10-6.  Values  of  relative  permeability  will  be 
shown  later. 

After  performing  tests  for  static  properties  the  transducer  is  driven  through  resonance.  In  these 
tests  the  principal  goal  has  been  to  determine  the  coefficient  of  electromechanical  coupling,  k.  As 
noted  in  Sect.  2.33,  the  method  requires  the  experimenter  to  measure  the  input  impedance  and  admit¬ 
tance  at  each  frequency  of  forced  drive.  An  example  of  an  impedance  plot  of  X  vs  R  taken  on  a  bar  of 
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try  compound  Tb^iDy^jFe^,  biased  at  150  oersteds  and  driven  by  an  ac  drive  of  2  oersteds 
hown  in  Fig.  7.11.2.  The  corresponding  admittance  plot  based  on  the  same  data  is  shown  in 
.3. 
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A  first  observation  is  that  the  impedance  plot  represents  a  drive  at  constant-H  (that  is,  constant 
current)  while  the  admittance  plot  represents  a  drive  at  constant-B  (that  is,  constant  voltage).  The 
measured  frequency  foy  determines  the  Young’s  modulus  YB  at  constant-B  which  is  that  of  the  elastic 
bar  independent  of  electromechanical  coupling.  The  frequency  foz  determines  the  Young’s  modulus  YH 
at  constant-H.  It  includes  the  effect  of  electromechanical  coupling.  As  explained  in  Sect.  2.10,  the  fol¬ 
lowing  relations  of  magnitude  hold: 


(1  )/<,,  >  foz\0)YB  >  Yh. 

The  coupling  factor  itself  is  determinable  from  measurements  on  either  plot.  Referring  to  Eqs.  2.33.17, 
2.33.20  one  has: 


kbf 


.  is  2  _  i 

BcQy  '  tff  XcQz_  • 

Dz 


(7.11.1) 


Dy 

Qy 

Bc 


diameter  of  the  admittance 

circle 

foyl  f(y  ~  fly 

Qz 

core  susceptance 

&z 

quadrantal  frequencies 

f  lz*  fl. 

on  admittance  circle 

Xc  —  core  reactance 

”  foil fh~~  f\l 

*  ■  diameter  of  the  impedance  circle 
-  quadrantal  frequencies 
on  impedance  circle 


From  the  discussion  in  Sect.  1.41  and  Fig.  1.41.4b  the  frequencies  foz,foy  occur  approximately  at  the 
maximum  and  minimum  impedance.  Hence,  followi.  g  the  explanation  given  in  Sect.  2.33, 
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max 


f min 


(7.11.2) 


The  same  measured  data  can  be  used  to  determine  the  material  coefficient  of  electromechanical  cou¬ 
pling  by  use  of  Eq.  1.42.7: 


-RcotR-kh  (7.11.3) 

p  JL.  ^ 

"  2  fmxiz) 


A  plot  of  measured  Qy>Qz  and  computed  k 33  for  Tbi  DYj  Fe2  versus  bias  field  is  shown  in  Fig.  7.11.4. 
On  this  plot  one  also  finds  measured  values  of  fir/l0.  Compared  to  the  relative  permeability  of  nickel 
these  values  fir  are  very  small,  due  physically  to  the  very  high  values  of  A/// for  similar  dc  bias  fields. 

The  difference  between  resonant  frequency  foy  at  constant  induction,  and  resonant  frequency  foz 
at  constant  magnetic  field  intensity  has  been  discussed  in  Sects.  2.10.  For  materials  such  as  rare-eaiih 
magnetostrictive  compounds,  this  difference  is  substantial.  Figure  7.11.5  shows  results  of  testing  for 
this  difference  on  Tb^DY^Fei.  From  this  data  one  can  calculate  the  Young’s  moduli  YH,YB  based  on  a 
knowledge  of  the  mass  density  of  the  alloy.  It  is  found  that  YH  changes  from  4.5  to  11 
( lOloN/m2)  as  the  bias  changes  from  zero  to  4.5  kOe.  Thus  the  &E/E0  effect  is  very  pronounced. 
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Variations  in  alloy  composition  induce  marked  variation  in  (static)  material  coupling  k 33.  Figure 
7.11.6  shows  how  small  changes  in  the  amount  of  iron  in  T62iDYmnFe  affect  this  material  coupling  fac¬ 
tor. 


Fig.  7.11.4  —  Coupling  factor  kn,  Q  factor  and  relative  permeability 
in  Tb  3  Dy.7  Fe2  as  a  function  of  bias  field  [10] 


Fig.  7.11.5  —  Resonant  frequency  at  constant  induction,  and  at  constant 
field,  vs  bias  field  of  a  3.9  inch  long  bar  of  Tb3  Dy  7  Fe2.  [101 
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Fig.  7.11.6  —  Coupling  factor  kJ3  vs  bias  field  for  Tb27Dy ,7jFe2.j[10) 

C.  Discussion 

Rare-earth  magnetostriction  transducers  are  currently  constructed  of  short  rods  of  the  material.  In 
them  dc  bias  fields  are  provided  by  electric  batteries  or  by  permanent  magnets.  Because  of  the  large 
value  of  material  coupling  there  is  a  potential  advantage  of  high  power  delivery  for  manageable  dc  bias. 
However  the  rods  are  quite  brittle  and  special  precautions  are  needed  to  avoid  fracture  at  high  drive. 
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Chapter  8 

DIRECTIONAL  HYDROPHONES 

8.1  PARTICLE  VELOCITY  AND  PRESSURE  GRADIENT  AT  A  POINT 
IN  AN  ACOUSTIC  FIELD 

In  the  small  amplitude  theory  of  acoustc  fields  the  acoustic  pressure  p  (r)  is  derivable  from  the 
velocity  potential  <t>(t,  t)  of  the  held  according  to  the  formula, 


p(r,  t)  -  p0  </»(r,  r) 

or 


(8.1.1) 


in  which  0  has  the  units  of  m2/s  and  p0  is  the  (constant)  mass  density  of  the  fluid.  The  gradient  of  this 
pressure  is  then 


V  pit,  t)  -  pq  ~  V  <t>  Or.  r). 


(8.1.2) 


Since  the  law  of  motion  requires  that  the  gradient  of  the  pressure  be  equal  to  the  negative  of  the  mass 
acceleration, 


V  p{t,  t)  -  -p0  jj  u(r,  r) 


it  is  seen  that  the  particle  velocity  u  is  given  by. 


u  -  —  V<f>. 


(8.1.3) 


(8.1.4) 


One  concludes:  a  measurement  of  the  gradient  of  the  pressure  field  at  a  point  can  be  interpreted  as  the 
time-derivative  of  the  particle  velocity  multiplied  by  a  constant. 

As  an  example  we  take  the  held  of  a  point  (monopole)  source  and  choose  its  potential  for  outgo¬ 
ing  waves  to  be, 


<f>(r,  t)  -  "  cos  k{r  -  ct)  (units:  m2/ s) 


in  which  As  is  in  units  of  m3/ s.  The  the  radial  component  of  particle  velocity  is 


(8.1.5) 


u  -  sin  k(r  —  ct)  +  cos  k(r  -  ct). 

dr  r  r 2 


(8.1.6) 


Similarly,  the  pressure  held  developed  by  this  monopole  is, 


p  -  p0A,kc 


sin  k(r  -  ct) 


(8.1.7) 
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The  gradient  (at  a  point)  of  this  pressure  in  the  direction  of  the  radius  (going  out  from  the  source)  is 


dp  .  .  kr  cos  k(r  -  ct)  -  sin  k(r  -  ct) 
dr  ~  Po  A,k  r2 


By  use  of  Eq.  8.1.6  one  sees  that 


(8.1.8) 


dp  ^  du 


(8.1.9) 


as  required. 


A  hydrophone  constructed  to  respond  to  pressure  gradient  dpi  dr  at  a  single  point  will  therefore 
measure  the  temporal  derivative  of  the  radial  particle  velocity.  This  is  the  general  case. 

The  case  of  a  plane  wave  sound  field  is  somewhat  different.  We  choose  a  velocity  potential  of  a 
single  harmonic  wave: 


rf>  -  -Ap  exp  ik(x  -  ct)  (units:  m2/s) 


(8.1.10) 


from  which  one  may  find  both  pressure  and  velocity 


p  -  ike  Appo  exp  tk(x  -  ct) 
u  -  Ik  Ap  exp  iklx  -  ct). 


(8.1.11) 


The  gradient  of  the  pressure  field  is  then 


p0{ikc)u. 


(8.1.12) 


%  -  • 
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The  pressure-gradient  in  the  direction  of  propagation  here  is  directly  proportional  to  the  particle  velo¬ 
city.  Thus  a  hydrophone  constructed  to  measure  pressure  gradient  at  a  point  actually  measures  particle 
velocity  multiplied  by  a  frequency-dependent  constant  only  if  the  sound  wave  is  planar.  Clearly  Eq. 
8.1.12  is  a  particular  case  of  Eq.  8.1.9.  Except  for  this  case  of  plane  waves  a  pressure-gradient  hydro¬ 
phone  actually  measures  not  the  particle  velocity  but  rather  its  time-derivative. 

8.2  PRESSURE-DIFFERENCE  BETWEEN  TWO  POINTS  IN  A  SOUND  FIELD 

We  consider  next  the  measurement  of  pressures  between  two  points  in  the  sound  field  separated 
by  a  distance  Ax.  For  simplicity  we  take  the  points  to  be  on  a  radial  line  in  a  spherical  sound  field  and 
imagine  the  hydrophone  to  be  a  small  cylinder  Ax/2,  -Ax/2,  with  a  local  origin  at  its  center,  Fig.  8.2.1. 
Since  the  pressure  at  any  point  is  given  by  Eq.  8.1.7  the  pressure  difference  between  two  points 
r  ±  Ax/2  is 
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Pi~  Pi-  PoAskc 
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.  ,  Ax 
sin  k  r  — - —  ct 


(8.2.1) 
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•  Fig.  8.2.1  —  Geometrical  relations  or  a  pressure-gradient 
hydrophone  which  measures  pressures  at  r  ±  Ax/2 
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By  use  of  trigomometrical  identities  on?  finds  that 


Ap  -  Pi  -  p2  -  Po^i^c 


2 r  cos  k(r  —  ct )  sin  k~-  -  Ax  sin  k(r  -  c/)  cos  Ar-^ 


.  (8.2.2) 


2  Ax 
r  —  — — 


Ic\y  ktkX 

If  the  cylinder  in  Fig.  8.2.1  is  at  angle  0  with  the  radial  line  r  then  — —  is  to  be  replaced  by  —  cos 

0.  Comparison  of  this  lesult  with  both  Eqs.  8.1.8  and  8.1.6  shows  that  the  difference  between  the  pres¬ 
sures  at  two  distinct  points  not  only  disagrees  with  the  pressure  gradient  at  a  point  midway  between 
them  but  also  is  not  proportional  to  particle  velocity. 

In  application  however  one  usually  chooses  size  and  wavelength  such  that 


Then, 


r2»  «  1. 

2  2  A  2 


Ap  i  ,  kr  cos  k(r  -  ct)  -  sin  k(r  -  ct) 

ir  “ p”  A'kc - ? - 


(8.2.3) 


(8.2.4a) 


Since  the  right  hand  side  is  independent  of  Ax  it  is  seen  by  consulting  Eq.  8.1.8  that  as  Ax  becomes 
infinitesimal, 

approaches 
Ax  K  9x 

as  it  should.  In  the  far-field  the  term  in  1/ r2  vanishes,  and 


AE.~„.a  tAn  mAkjZ  cjL  =  _d  sin  kirj^ctl 
Ax  ~  fc  r  Po  dt  ' *5 *  r 

From  this  one  deduces  that  the  radial  particle  velocity,  averaged  over  distance  Ax,  is 


(8.2.4b) 
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u,  -  A,k 


sin  k(r  —  ct ) 


(8.2.4c) 


The  plane-wave  case  exhibits  other  features.  Suppose  we  select  a  velocity  potential  t)  at  a 
point  in  a  plane-wave  field  traveling  to  the  right, 


4>  -  A,  cos  k(x  -  ct)  (units:  m2/ s). 


(8.2.5) 


The  acoustic  pressure  is  then, 


p  -  po  -  p0  kc  Af  sin  k(x  -  ct). 
ot 


(8.2.6) 


Thus,  the  difference  in  pressure  between  two  points  in  the  field  for  a  plane  wave  incident  at  angle  0 
with  the  line  joining  the  points  is, 

Ap  -  Pi  -  Pi  -  Po  kc  Ap  jsin  cos  9  -  ct)  -  sin/c|— ^  cos  6  -  c/JJ  (8.2.7) 

in  which  we  have  suppressed  distance  x  as  being  common  to  both  points.  (This  suppressed  term  can  be 
inserted  by  replacing-Jtc/  with  kx  -  kct  in  all  subsequent  equations  of  this  development.)  By  use  of  tri¬ 
gonometric  identities  one  easily  finds  that, 


A p(Ax,  t,  9)  -  2 pakcAp  cos  kct  sin 


*Ax 


cos  0 


(8.2.8a) 


Thus  the  net  force  acting  over  a  small  area  Sx  is 

/„„  (Ax,  t,  0)  -  S,Ap. 


(8.2.8b) 


The  sine  term  in  Eqs.  8.2.8  is  analogous  to  the  phase  delay  between  two  point  receivers  in  a  line  array. 
It  occurs  frequently  in  antenna  theory. 

We  next  suppose  this  pressure  difference  accelerates  a  mass  m  of  fluid  in  the  x-direction,  and  if 
there  is  viscosity  tj,  overcomes  (in  addition)  the  viscous  drag,  so  that 


/net (A*,  t.  0)  -  m  —Ux  +  T)UX. 


(8.2.9) 


For  simplicity  we  neglect  viscosity.  Noting  that  kc  cos  kct  =  (d/dt)  sin  kct  we  solve  for  to  average 
velocity  of  the  mass. 


Mjc(Ax,  t,  9) 


2p0SxA 


m 


—  sin  kct  sin 


&Ax 


COS  0 


(8.2.10) 


In  comparison  it  is  noted  that  the  particle  velocity  in  the  x-direction  of  a  plane  wave  incident  at  angle  0 
at  a  point  midway  between  the  two  receivers  is  derived  from  from  Eq.  8.2.5  to  be 


«*  =  Ap  k  cos  0  sin  k(x  -  ct). 


(8.2.11) 
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Thus  in  general  the  average  velocity  of  a  mass  m  accelerated  by  acoustic  pressure  difference  between  two 
points  in  a  plane  wave  field  is  not  equal  to  the  particle  velocity  of  the  acoustic  field  taken  midway  between. 
However  if  in  Eq.  8.2.10  one  allows  the  condition, 


sin 


kAx  cos  0 
2 


kAx 

2 


cos  9 


and  if  one  restores  kx  in  the  manner  noted  earlier,  one  has 


Po  Sx  Ax 
m 


Apk  cos  9  sin  k{x  -  ct). 


(8.2.12) 


Thus,  even  if  the  separation  between  points  is  very  small  the  velocity  of  mass  m  is  not  the  particle  velo¬ 
city  of  the  medium  in  the  acoustic  field,  unless  m  is  exactly  a  unit  mass  of  the  fluid  (rather  than  a  unit 
mass  of  material  other  than  the  fluid). 


8.3  PRESSURE  DIFFERENCE  BETWEEN  TWO  PAIRS  OF  POINTS  ORIENTED 
IN  AN  ARBITRARY  DIRECTION 


We  consider  two  pairs  of  points  in  a  plane,  located  in  a  spherical  sound  field,  and  arbitrarily 
oriented  relative  to  each  other.  The  distance  between  the  points  of  each  pair  is  Ax,  and  the  distance 
between  pairs  is  Ax2.  The  pressure  difference  between  pairs  is  then  approximated  by. 


A/»i2 


Al 

3r. 


Ax2. 


(8.3.1) 


Equation  8.2.4a  serves  here  to  allow  us  to  make  the  following  identity  for  expressing  the  pressure 
difference  in  one  pair, 


A  p 


AfL 

dr. 


=  p0Askc 


kr  cos  k(r  -  ct)  -  sin  k(r  -  ct) 


Ax,  cos  9 1 


(8.3.2) 


in  which  we  have  included  the  orientation  angle  0,.  Between  two  pairs  we  use  Eq.  8.3.1.  Assuming 
Ax2  very  much  smaller  than  r,  or  r2,  and  assuming  r,  =  r2  -  r,  one  finds  by  a  second  spatial 
differentiation  that 


Apn  “  cos  0,  cos  02  p0A,kc  Ax,Ax2 


2  -  k2r 2 


sin  k(r  —  ct)  - 


cos  k(r  -  ct) 


(8.3.3) 


When  the  orientation  of  pairs  is  not  in  a  plane  one  can  specify  them  by  the  3  dimensional  spherical 
angles  0,  <f>.  Equation  8.3.3  defines  a  quadropole  sound  receiver  in  a  plane.  The  process  by  which  it  is 
obtained  can  oe  repeated  indefintely.  Thus,  writing  the  expression  for  the  pressure  field  of  a  monopole 
point  source  as  the  real  part, 


P 


Re* 


r-ip0Askc 


\ 

pikKr-cl)  j 

~r 


(8.3.4) 


(see  Eq.  8.1.7),  it  is  seen  that  the  «th  order  pressure  difference  is  approximately, 


1 


\V^^v^.;^v>jr>.sV^^\''^'--' 


>vcT.’^ir«~ 
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Srfir2  ■•’Brn 


alk(r-ct) 


-  i  p0  As  kc- 


(cos  0i  cos  02  * "  ‘  cos  0„)  Axt  Ax2  •  •  •  Ax3(8.3.5) 


provided  all  the  pairs  are  arbitrarily  oriented  in  a  plane  [11. 

Microphones  and  hydrophones  can  be  constructed  to  implement  Eq.  8.3.5.  They  are  called  nth 
order  pressure-gradient  transducers.  In  these  applications  the  reception  of  sound  can  be  made  highly 
directional.  Hence  they  serve  to  redue  noise  coming  from  all  external  sources  not  on  the  main  beam  of 
reception. 


rWOKT  view 


CNO  VIC*' 


Fig.  8.4.1  —  The  essential  elements  of  a  velocity  microphone  <t>  m  flux; 
v  «■  velocity;  e  -  electric  potential 


8.4  "PRESSURE-GRADIENT"  MICROPHONE  AND  ITS  EQUIVALENT  CIRCUIT 
IN  ELEMENTARY  FORM 

A  thin  compliant  strip  (or  ribbon)  of  conducting  metal  is  suspended  in  the  air  gap  between  the 
poles  of  a  permanent  magnet.  Under  the  action  of  a  differential  pressure  of  an  acoustic  field  it  vibrates 
in  a  direction  normal  to  the  magnetic  flux  linkages  thus  generating  an  electric  potential  between  its 
ends.  Figure  8.4.1  shows  the  essential  elements  of  a  pressure  gradient  microphone  constructed  on  this 
principle.  To  insure  sufficient  motion  for  obtaining  a  useful  voltage  output  one  must  observe  these 
precautions: 

(a)  The  ribbon  must  be  fixed  in  massive  supports  which  do  not  move  themselves  in  the  presence 
of  acoustic  forces. 

(b)  The  ribbon  must  be  surrounded  by  a  rigid  baffle  of  large  enough  acoustic  size  (that  is,  large 
effective  ka)  to  permit  development  of  a  useful  pressure  difference  between  the  front  and  back  of  the 
ribbon. 

The  baffle  is  very  important:  it  acts  as  a  diffraction  obstacle  which  increases  the  pressure  field  in 
the  direction  of  greatest  reflection  thus  enlarging  the  pressure  difference  between  front  and  back. 
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The  operation  of  this  -transducer  in  elementary  form  an  be  represented  by  an  equivalent  circut 
with  elements  of  both  mechanical  and  acoustical  character.  A  minimum  list  of  such  elements  is: 

(1)  The  acoustic  radiation  impedance  t\,  f2,  (units:  Ns/m5)  of  front  and  back  respectively  of  the 
ribbon. 

(2)  The  acoustic  impedance  fs  of  the  slits  between  the  ribbon  and  the  pole  pieces. 

(3)  The  acoustic  impedance  iM  of  the  ribbon. 

(4)  The  transduced  electrical  impedance  taken  to  be  an  equivalent  acoustic  impedance  in 
series  with  tM. 

The  procedure  for  constructing  the  equivalent  circuit  follows  the  method  outlined  in  Chapter  1  of 
this  treatise  (Sections  1  through  1.20): 

•  First,  the  number  of  ‘degrees  of  freedom’  (meaning  here  the  number  of  independent  volume 
velocities)  is  determined.  In  approximation,  there  are  here  two  such  velocities,  that  of  the  air  in  the 
slits,  qst  and  that  of  the  ribbon,  qM. 

•  The  acoustic  pressure  relations  involving  the  applied  pressure  px  of  the  frontside  incident 
wave,  Pi  of  the  backside  diffracted  wave,  and  the  surface  pressures  pf,  pb,  are  written  out.  These  are, 

(a)  pi  «  ttqR  +  pf 

(b)  P/~  Pb-  zMqM  -  itq,  (8.4.1) 

(c)  pb  -  *rtR  +  Pi 


•  The  relations  between  acoustic  volume  velocities  are  determined.  There  is  one  (nodal)  rela¬ 
tion, 

?*  =  Qm  +  9s  (8.4.2) 


•  An  electrical/acoustical  analogy  is  selected.  Here  the  choice  is  made  to  allow  pressure  to  be 
the  across-variabie  and  volume  velocity  to  be  the  through-variable.  Using  this  analogy  one  finds  from 
Eq.  8.4.1a  that  ix  is  in  series;  from  Eq.  8.4.1b  that  >m  and  fs  are  in  parallel  with  each  other  but  this 
parallel  branch  is  in  series  with  f\,  from  Eq.  8.4.1c  that  S2  is  in  series  with  this  parallel  branch.  Figure 
8.4.2  shows  the  equivalent  circuit.  The  transduced  impedance  ZME  is  deliberately  given  a  form  so  that 
it  is  made  to  be  in  series  with  zM.  While  the  lementary  circuit  is  simple  in  appearance  the  values  to  be 
assigned  to  the  circuit  elements  are  difficult  to  formulate.  We  consider  these  in  turn. 

A.  Radiation  Impedance  of  Vibrating  Strip 

Let  the  velocity  potential  anywhere  on  the  strip  be  (pit").  This  potential  generates  a  surface  pres¬ 
sure  at  point  r'  on  the  strip,  of  value 
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Fig.  8.4.2  —  A  schematic  equivalent  circuit  of  the  acoustical  part  of  a 
pressure-gradient  microphone  with  coupled  electrical  impedance. 
Symbols  are  defined  in  the  text. 


An  elementary  model  of  tf>  assumes  it  to  be  a  simple  source  in  steady  state.  Then,  for  a  velocity  v(r0,  r) 
the  presure  distribution  on  all  points  of  the  surface  (both  front  and  rear)  on  the  surface  is, 

pit')  -  pjv  J J  v(r0,  r)  ^  dS (r0) .  (8.4.4) 

For  simplicity  let  v(r0)  -  v0  exp  (Jwt).  The  total  force  (on  surface  S  of  both  front  and  rear)  is 


„  pr  ,  pc  exp  i-jk\t'-  r0l)  ,  . 
F(w)  -  >pv0  exp  (jwt)  J  J  dS(r)JJ  - 4ir|r_"r()"| 

We  define  the  mechanical  radiation  impedance  as  the  peak  force  divided  by  the  peak  velocity, 


(8.4.5) 


'RAD 


F(a>) 

Vo 


^RAD+y^RAD  (units:  Ns/m). 


(8.4.6) 


The  acoustic  (radiation)  impedance  is 


'RAD 

s 2  ' 


(8.4.7) 


An  evaluation  of  the  integral  of  Eq.  8.4.5  for  the  case  of  a  finite  length  ribbon  in  a  finite  baffle  is  excep¬ 
tionally  difficult.  Generally  one  must  use  the  techniques  of  numerical  integration,  including  special 
consideration  for  the  singular  point  r'  -  r0.  A  rough  model  for  which  ZA  is  known,  is  the  acoustic 
impedance  for  both  sides  of  a  circular  disk  of  radius  a  in  free  space, 


tA  —  0.01901  a2  po<u4/c3  +  jw  0.2105pQ/a  (units:  Ns/m5). 


(8.4.8) 


At  very  low  frequency  this  imoedance  is  almost  purely  reactive.  In  this  case  the  air  load  appears  as  an 
acoustic  mass.  While  the  model  of  Eq.  8.4.8  can  serve  to  indicate  this  mass  reactance  another  approach 
to  modeling  is  to  consider  the  load  on  one  side  of  the  ribbon  to  be  same  as  that  of  a  piston  at  the  end 
of  a  long  tube, 

9a  =  jw  Ma 
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Ma  -  0.1952  —  (units:  Ns2/m 5)  (8.4.8b) 

a 

(see  Fig.  1.7.6b).  More  accurate  models  are  discussed  in  the  next  section. 

B,  Acoustic  Impedance  of  a  Slit 

This  is  modeled  on  the  theory  of  the  flow  of  air  through  a  very  narrow  duct-a  process  which 
includes  consideration  of  viscosity  effects  arising  from  friction  of  the  air  molecules  between  themselves 
and  walls.  For  a  slit  t  meters  wide,  /  meters  deep  (in  the  direction  of  flow)  and  w  meters  high  normal 
to  the  flow  the  acoustic  impedance  is 


z,  —  12JL L  +  j  (o  (units:  Ns/m*) 
t3w  5  wt 

12) 

where 

t)  —  dynamic  viscosity  coefficient  (units:  Ns/  m1) 
At  20°C  and  0.76  m  Hg,  the  values  of  77  for  air  and  water  are, 
air:  tj  -  1.86  x  10~5 

water:  17  -  1.0  x  10-3. 


(8.4.9) 


C.  Acoustic  Impedance  of  the  Ribbon 

We  assume  the  ribbon  can  be  modeled  as  a  flat  plat  length  a,  width  b,  ihickness  h.  Young’s 
modulus  E,  Poisson’s  ratio  v,  clamped  at  its  (long)  ends,  with  the  total  mass  M  concentrated  at  the 
center  and  the  total  flexural  stiffness  K  determined  by  the  first  resonant  frequency  wr  in  flexure, 

2  h- 
M. 


Mp  -  ppab  ( pp  -  mass  of  plate  per  unit  area) 


(8.4.10) 


Kp-  D 


16rr^ 


;D 


Eh3 


3  ’  "  12(1  -  v2)  ‘ 

In  the  analogy  being  used  here  the  acoustic  impedence  of  the  ribbon  is  therefore, 

>M  -  jo>  4rf  +  3T  (units:  Ns/m 5). 


S2  ju)S2 


(8.4.11) 


The  resistance  (-  real  part  of  iu)  of  the  plate  due  to  internal  frictional  damping  is  not  considered  here, 
but  may  be  included  as  a  percentage  (of  the  order  of  a  few  percent)  of  the  stiffness  reactance. 
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D.  Transduced  Electrical  Impedance  Z\1E 

The  appropriate  form  of  ZME  is  derived  from  physical  consideration  of  the  transduction  mechan¬ 
ism.  For  the  pressure-gradient  microphone  shown  in  Fig.  8.4.1  the  transduction  is  electrodynamic, 
meaning  that  the  voltage  developed  (e)  is  proportional  to  the  mechanical  velocity  (v)  of  the  ribbon  in 
the  x-direction  of  motion, 

e  =  Bl\  =  BlqRS  (8.4.12) 

in  which  B  is  the  induction  and  /  is  the  length  of  conduction  ribbon  exposed  to  the  flux  field.  In  turn  v 
is  equal  to  the  pressure  difference  created  by  the  incident  acoustic  wave  driving  the  ribbon,  divided  by 
the  mechanical  impedance  of  the  ribbon  and  air  composite  structure.  Thus  the  voltage  e  is  proportional 
to  this  pressure-difference.  This  physical  requirement  leads  natrally  to  the  representation  of  the 
equivalent  circuit  of  Fig.  8.4.2  in  its  dual  form.  To  obtain  the  dual  Eqs.  8.4.1  are  inverted  by  solving 
for  the  volume  velocity  (which  is  taken  to  be  the  across-quantity  of  the  dual  circuit)  in  terms  of  the 
pressures  (which  are  taken  to  be  the  across-quantities): 


(a) 


Qr  “ 


P  l  ~  Pf 
'  »\ 


Pb  ~  P  2 
Si 


(b)  qM 


Pf~  Pb 
Sm 


Zmezm 

Z\fE  +  ZM 


(8.4.15) 


Here,  Eq.  (a)  represents  two  branches  in  parallel,  while  (b)  and  (c)  represent  two  branches  in  series. 
Since  qR  =  qM  +  qs  it  is  concluded  that  (b)  plus  (c)  equal  (a).  The  equivalent  circuit  which  is  the  dual 
of  Fig.  8.4.2  is  shown  in  Fig.  8.4.3. 

Equation  8.4.12  shows  that  the  transduction  ratio  is  tf>  =  BIS.  Hence  from  Sects.  2.35  and  2.36  the 
value  of  ZME  is  Ze'/(BIS)2. 


(a) 


Fig.  8.4.3  —  Dual  of  Fig.  8.4.2  with  added  electrical  mesh,  (a)  Bond  graph, 
(b)  standard  equivalent  circuit. 


8.5  DIFFRACTION  EFFECTS  IN  PRESSURE-GRADIENT  MICROPHONES 
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The  pressure  difference  at  the  center  of  the  ribbon,  between  front  and  rear  sides  caused  by 
diffraction  of  an  incident  wave  is  the  driving  force  which  generates  motion.  The  pressure  on  the  side 
facing  the  source  is  increased  by  reflection  and  diffraction  in  a  manner  dependent  on  the  ratio  of  the 
size  of  the  ribbon  relative  to  the  wavelength,  while  the  pressure  field  at  the  center  in  the  rear  is  nearly 
the  same  as  or  is  materially  less  than  the  incident  wave.  Thus  the  acoustic  size  of  the  ribbon  and  its 
associated  baffle  is  crucial  in  the  design  of  microphones  based  on  the  pressure-gradient  principle, 
because  it  determines  the  magnitude  of  the  driving  force. 

A.  Approximate  Diffraction  Field  of  a  Circular  Plat 

We  idealize  the  ribbon  to  be  a  circular  plate  radius  a,  Fig.  8.5.1.  When  viewed  on  edge  the  plate 
is  a  line  WW'.  On  the  plate  there  is  an  arbitrary  point  Q  which  reflects  the  plane  wave  coming  in  at 
angle  <f>  and  direction  s.  The  field  point  is  taken  to  be  P,  located  at  distance  z  from  the  plate.  Distance 
PP  is  the  transverse  distance  between  the  ray  at  P  and  the  ray  at  Q. 


Fig.  8.5.1  —  Geometrical  layout  of  a  circular  plate  undergoing 
diffraction  from  a  plane  wave  of  sound  incident  of  angle  <t> 


<t>p-  d>0  exp  j(mt  -  k  •  s)  (8.5.1) 

in  which  k  is  the  propagation  wavevector.  The  corresponding  ^-component  of  particle  velocity  is, 

Wi„r  -  ik  cos  p. 


To  calculate  the  reflection  one  uses  the  classical  procedure  of  endowing  each  point  Q  with  an  arbitrary 
velocity  w,  normal  to  the  plate  surface  S,  so  chosen  as  to  satisfy  a  reflection  boundary  condition.  For 
simplicity,  let  the  surface  be  acoustically  rigid.  Then  we  choose 
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8<l>» 

Wj  - - —  -  jk  cos  <f>$p  (8.5.2) 

k  —  |K|. 

In  this  formula  the  spatial  phase  of  <t>p  must  be  determined  in  the  coordinate  system  shown  in  the 
figure.  This  is  given  by  the  product  of  k  and  distance  P"Q.  Now, 

P"Q  -  P'Q  sin  <f>  -  TP" 

TP"  -  TP- z  cos<f> 

P'Q  —  r  cos  9. 

Thus  reversing  the  phase  of  ws  in  order  to  cancel  wT  on  the  surface  one  has. 

w,  -  jk  cos  «H>0  exp  j[<at  -  k(-r  cos  9  sin  <t>  +  z  cos  <£)]. 

The  calculation  of  the  scattered  wave  field  for  arbitrary  baffle  size  is  very  tedious.  A  useful  model  may 
however  be  constructed  by  assuming  this  field  to  be  the  same  as  the  field  of  a  circular  plate  radiating 
from  an  infinite  rigid  baffle.  For  an  arbitrary  field  point  P^(r,  z)  at  distance  p  —  -Jir  -  r0)2  +  z2  from 
(surface)  point  Q  (r0,  90)  the  potential  function  of  radiation  is, 

dG(p)  -  - - dS(r0,  90)  (units:  m2/s).  (8.5.3) 

Znp 

The  scattered  field,  approximated  in  this  way,  is  found  by  integration  over  all  the  area  of  the  plate 

<Mr,  z)  -  Jk  cos  f*  //<V  e**'0™"0™* r0dr0d90.  (8.5.4) 

The  symbol  R(6)  indicates  the  general  case  of  a  plate  in  which  the  distances  from  the  edges  of  the 
plate  vary  with  angle  6.  For  the  case  of  a  circular  plate  R  (9)  —  a  —  constant.  Since  the  total  field  is 

$  =  +  cj>, 

the  relative  pressure  field  at  any  point  (r,  z)  is  given  by  the  ratio 

z)  d>  _  1  [  frj 

PincW  bp”  <t>p' 

We  choose  now  a  field  point  at  the  center  of  the  plate,  where  r  —  0.  Then,  on  the  surface  one  sets  z  * 
0,  p  —  r0.  Integrating  over  r0  from  0  to  a,  one  obtains, 

«  1  +  COS  (ft  r2”  1  -  g-ftaU- Sin* COSO) 

2rr  •'o  I  -  sin  d>  cos  9 


P4( 0,  0) 
P\nc(t) 


(8.5.5) 


Directional  Hydrophones 

The  integral  can  be  evaluated  by  use  of  Bessel  functions  of  the  first  kind.  Sivian  and  O’Neil  [3]  per¬ 
formed  the  integration  and  obtained  the  result. 


£ _  1  4-  _ C0S  ^ _  1  _  oJka  V  * 

d  (j.\  1  i - : —  1  e  i*  *mJ 


J  1  -  V 1  -  sin2 


PincW 


1  -  sin2  0 


Jm(ka  sin  <£) 


e0  -  1;  €m  -  2  for  m  *  0. 


(8.5.6) 


The  factor 


cos  <ft/y/ 1  -  sin2  ^  -  ±  1 


is  written  in  the  manner  to  indicate  the  two  possible  values  shown. 

Two  important  special  cases  of  Eq.  8.5.5  are  «■  0,  <f>  ■»  n.  For  the  choice  of  normal  incidence 
at  <f>  —  0, 


Po(0,  0) 

^inc(O) 


1  +  cos  <f»(l  -  exp  -  jka)  «■  2  —  txp(-jka) 


(8.5.7) 


where 


Pq( 0.  0) 

Pi„c(0) 


IS  -  4  cos  ka 


while  for  normal  incidence  <t>  -  7r, 


Piio(0,  0) 
/’incU) 


exp (-jka) 


(8.5.8) 


where 

-f*  180  ^  . 

P,ncM 

Thus  on  the  surface  the  ratio  of  acoustic  pressure  on  the  front  side  to  that  on  the  back  side,  when  both 
are  referred  to  the  center  of  the  circular  disk,  is, 


(5  -  5  cos  ka 
1 


(8.5.9) 


In  particular,  when  ka  is  an  odd  multiple  of  ir  the  magnitude  |/yPi80l  ”  3,  while  when  ka  is  an  odd 
multiple  of  ir/2  j  H  F  j  go !  **  I.  The  sinusoidally  time  varying  pressure  differential  is  seen  to  be  3V  the 
incident  pressure  when  the  radius  of  the  rigid  circular  plate  is  an  odd  number  of  half  wavelengths.  On 
the  other  hand  when  the  radius  is  an  even  number  of  wavelengths  the  front  and  back  pressures  at  the 
center  are  the  same.  Figure  8.5.2  is  a  graphic  representation  of  these  relations:  curve  0°  represents  the 
surface  pressure  facing  the  oncoming  wave  while  curve  180°  represents  the  surface  pressure  on  the 
backside,  shielded  from  the  oncoming  wave. 


1  x  •  v  '>*  x’1  .  »  . '  \-x v 


M 
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Fig.  8.5.2  —  Computed  pressure  frequency  characteristic,  at  the 
center,  on  the  front  and  the  back  of  a  circular  baffle  for  normal 
incidence  of  the  impinging  sound  wave  (4l. 


B.  Approximate  Diffraction  Field  of  a  Square  Rigid  Plate 


From  Eq.  8.S.4  it  is  seen  that  when  0-0  (normal  incidence)  the  potential  field  at  the  center  of 
the  plate  depends  on  the  evaluation  of  the  integral, 


Reference  [3]  performed  the  evaluation  by  numerical  means  for  the  case  of  a  square  plate  in  air 
11.5  cm  on  edge  excited  by  a  normally  incident  wave.  Figure  8.5.3a  shows  the  computed  pressure  for 
the  case  0  —  0.  Here  curve  F  represents  the  pressure  (ratio)  facing  the  oncoming  wave.  The  pressure 
ratio  at  the  backside  (which  is  shielded  from  the  incident  wave)  is  given  by  curve  /  of  Fig.  8.5.3b. 


C.  Exact  Formulas  for  the  Diffracted  Fields  of  Classical  Shapes 


A  "pressure-gradient"  sensor  is  driven  by  a  net  force  generated  by  diffraction  and  reflection  of  the 
incident  wave.  It  is  necessary  then  to  have  explicit  formulas  for  the  scattering  of  sound  waves  from 
obstacles.  In  most  cases  it  is  satisfactory  to  model  the  scatterer  as  a  simple  form:  a  disc,  a  sphere,  a 
cylinder,  a  strip,  etc.  Also,  for  sake  of  simplicity  it  is  often  useful  to  treat  the  sensor  as  acoustically 
hard. 


The  scattering  of  sound  from  acoustically  hard  obstacles  has  been  calculated  for  classical  shapes. 
We  consider  here  several  results  of  these  analyses  in  connection  with  determining  the  pressure 
differential  in  pressure-gradient  hydrophones. 


A.  Exact  Solution  of  the  Diffracted  Field  of  an  Acoustically  Hard  Disc 

Let  the  disc  be  defined  in  terms  of  oblate  spheroidal  geometry  (x,  y,  z :  tj,  0): 
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Fig.  8.5.3b  —  Ratio  of  acoustic  pressure  at  the  center 
of  an  11.5  cm  square  plate  at  180°  azimuth  (back  side 
of  the  plate)  normalized  to  the  normally  incident  plane 
wave  at  0°  azimuth.  Curves  I,  J,  computed  magnitude 
and  phase  respectively  of  the  diffracted  wave;  Curve 
H,  observed  pressure  50  cm  from  the  center,  to  the 
rear  of  the  plate.  [31 


x  *=  —  (£2  +  1),/2  (1  —  t?2)^2  cos  <f> 


y  =  y  (f2  +  l)l/2  (1  -  172)  sin  <f> 


Fig.  8.5.3a  —  Ratio  of  acoustic  pressure  at  the  center  of 
an  11.5  cm  square  ptate  at  0°  azimuth  (facing  oncoming 
wave)  normalized  to  the  incident  wave  which  strikes  the 
plate  at  normal  incidence,  versus  frequency.  Curve  F, 
computed  magnitude  of  incident  plane  wave;  Curve  G, 
computed  phase  of  incident  plane  wave.  Curve  E, 
observed  pressure  50  cm  from  plate  center.  (3) 


shown  in  Fig.  8.5.4  [5].  A  plane  wave  of  sound,  whose  plane  is  parallel  with  the  y  axis,  is  incident 
upon  the  disc  (defined  by  £  =  0)  at  an  angle  £  with  respect  to  the  +z  axis.  The  velocity  potential  of 
this  wave  is, 
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Ij  ''L^.Jo.ui>lft_  K\fcKo^_.Uyer . 


^e_j^i^cKc>^c._  layer 


“Back. Side 


Fig.  8.5.5  —  Normalized  total  field  on  surfaces,  (a)  z  -  0+  and  (b)  z  -  0  -  for  c  -  10:— exact; 
— Kirchoff  double  layer; . Kirchuff  single  layer;  •  •  •  experimental  points 


B.  Exact  Solution  of  the  Diffraction  Field  of  an  Acoustically  Hard  Strip 


Let  the  strip  be  defined  in  terms  of  elliptic  cylindrical  geometry,  Fig.  8.5.6.  Here, 


x  -  —  cosh  u  cos  v 
2 


d  .  . 

v  -  —  stnh  u  sin  v  . 
2 


A  plane  wave  propagating  perpendicular  to  the  z-axis  in  a  direction  forming  angle  4>0  with  the 
negative  x-axis,  and  angle  ir/2  -  <f>o  with  the  negative  y-axis,  is  represented  by  the  velocity  potential. 


,j,inc  _  exp  [-ik(x  cos  <t>0  +  y  sin  <£0)}. 


(8.5.13) 


A  first  problem  is  to  expand  this  function  in  elliptic  waves.  Briefly,  these  waves  satisfy  the  -Helmholtz 
equation  of  steady  state  wave  fields: 


Mr  +  Mr  +  —  [cosh2  u  -  sin2  v]  1 1>  =  0. 
du2  dv2  2 


-  V-V^v-V.v.v.v.-^.  f. 
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x  -\d  coth  u  cot  v, 
y  -  id  tinh  u  tin  «, 
«■«. 


The  solution  of  which  is  in  the  separable  form  of  angle  functions  S  and  radial  functions  R,  each  satisfy¬ 
ing  Mathieu’s  equation  [7], 


>l>  -  SM  R(u). 

By  expanding  S(y)  in  a  Fourier  series  of  even  (-  cos  mv)  and  odd  (-  sin  m\)  functions  it  is  found 
that  there  are  four  classes  of  solutions  (designated  as  Mathieu  functions),  namely  solutions  periodic  in 
ir  and  2tt,  and  solutions  which  are  even  or  odd.  A  table  of  them  is  shown  below: 


r  “/ 


Table  of  Mathieu  Functions  S,  R  and  Normalization  N 


periodic  in  i r 

periodic  in  2ir 

even 

^®2  m 

Re2m+1 

Wm 

Ne2m+i 

odd 

S02n,  R02m 

^®2»  +  l* 

^®2»+l 

nL 

N2m+l 

N  =  [S(v)P</v 


Here  the  radial  solution  can  be  of  three  types  Rw,  R{1),  R0)  analogous  to  the  Bessel  funtions  J,  N 
and  the  Hankel  function  H  respectively.  The  choice  of  solution  depends  on  the  physical  conditions  of  a 
particular  application.  In  general  the  potential  field  of  Eq.  8.5.13  is  expandable  in  both  even  and  odd 
functions  for  all  m  (that  is,  for  both  n,  and  2tt  periodicity), 


(-/)" 


Sem(h  cos  <t>0) 


K(h) 


Sem(h  cos  v)  Rei,0  ( h ,  cosh  u) 


SOm(h,  cos  <£n) 

+ - cos  v)  ROX'  (h  cosh  u) 


N°<h) 


(8.5.14) 


Let  us  select  an  application  in  which  we  are  concerned  only  with  the  normal  components  of  particle 
velocity  on  the  surface  of  the  strip.  The  quantity  is  given  by  the  gradient  of  4>, 
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(8.5.15) 


At  the  surface  u  -  0  it  is  seen  that 


9<A 

flu 


d  ,.  . 

-  -  V0  sm  v. 


(8.5.16) 


u  -  0 


Now  sin  v  is  an  odd  function  which  is  periodic  in  lit.  Thus  we  shall  be  concerned  only  with  a  res¬ 
tricted  part  of  Eq.  8.5.14  given  by, 

4"'  -  A0  X  (-/)2"+1  S02s+1  (A,  cos  v)  *02<»+1  (A,  cosh  u).(8.5.17) 

m  '’2*+l  («) 

The  incident  field  given  by  Eq.  8.5.14  is  scattered  by  the  strip.  We  shall  be  concerned  with  that  portion 
of  the  scattered  wave  which  constributes  to  the  normal  particle  velocioty  on  the  surface  of  the  strip. 
The  (restricted)  form  of  the  scattered  wave  will  then  be  that  of  a  sum  of  outgoing  elliptical  waves: 

“  £  ^2»+i  cos  v)  RQim+i  (A,  cosh  u).  (8.5.18) 

m 

fl</4nc 


The  factor  Z)2m+1  is  chosen  to  just  allow  9i|/*c*V3u 


U  “  o 


du 


H-C 


that  is,  to  satisfy  the  condition 


that  the  normal  component  of  surface  velocity  vanishes.  The  total  potential  of  the  incident  plus  scat¬ 
tered  field  is  then, 


l.JClt 


or 


(a)  tl/y  —  t/»inc  +  </» 


(b)  *r  -  A,  JSi  Z  WO,'",,  to,  cosh  «) 

m  r*2m+ iVAl 


“J8"  u  »| 

flu 

*o2(3>+1 

97?0(3)(A,  1) 

flu 

(A,  cosh  u) 


502m+i  (A,  cos  v). 


(8.5.19) 


This  formula,  while  complete,  is  tedious  to  evaluate  numerically.  Another  approach  to  solution  may  be 
more  useful.  We  return  to  Eq.  (a)  above  and  write  it  in  the  form. 


Pt  ”  Pmc  +  PKt{ 


or, 


Pt 

nine 


1  + 


scat 
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For  an  acoustically  hard  obstacle  the  scattered  pressure  may  be  obtained  by  first  calculated  the  pressure 
pni  radiated  by  the  obstacle  when  given  a  surface  normal  velocity  -V0  where  +V0  is  the  normal  particle 
velocity  on  the  surface  caused  by  the  incident  pressure.  In  the  case  of  an  acoustically  hard  strip  the 
radiated  pressure  due  to  a  surface  velocity  +  K0  on  the  front  face  and  -V0  on  the  back  face  is 

P <rid)  -  /  f  P»  V0 L 


where, 


L  -  n  £ 


“  Bi  ( h ,  2m  +  1)  502„+i  (h,  cos  v) 


m-0  A&.+1  (h) 


9/?0(3)  (h,  cosh  u) 


9« 


^Oim+i  (A,  cosh  u)  (8.5.20) 


(8]  in  which  B\  are  expansion  coefficients  defined  in  the  reference  by  the  relations, 


S02m+1  (h,  cos  v)  -  £  B2b+1  ( h ,  2m+l)  sin  [(2 n  +  l)v] 

n-0 


£(2/»  +  1)  fl2°„+1  -  1. 


(8.5.21) 


The  scattered  pressure  is  simply  p50*1  -  -pni.  The  incident  pressure  which  develops  a  normal  particle 
velocity  +V0  an  the  front  surface  is 


P 


inc 


PC  v0 
cos  4>  o ' 


(8.5.22) 


Thus  on  the  surface  m-0, 

cos  d>o  Z-H-o-  (8.5.23) 

In  this  ratio  p 5C*t  is  a  function  of  elliptical  angle  v  while  pmc  is  not.  The  net  force  on  the  strip  is  due  to 
the  difference  in  total  pressure  between  front  and  rear  faces.  The  net  force  per  unit  of  length  due  to 
the  reflection  and  scattering  of  the  incident  wave  is 


^net  *  J0  (~)  P(rad)  f  sin  v  d\ 


oo 

/  pw  V0  n  £ 

m-0 


Bf(h,  2m  +  1) 
Nl+i 


R0pj+l  (h,  1) 


dR  0 


(3) 


du 


( h ,  cosh  m) 


j*  2it 
.  S°: 


2m+l 


u-0 


(ft,  cos  v)  sin  vd. 


In  view  of  Eq.  8.5.21  the  integral  itself  is  one  term,  B?  ( h ,  2m  +  1).  Hence 
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net 


-  / 


2  „  -  IB?  (h,  2m  +  1)12 

pw  v0  IT  2*  ~ 
m-0 


*02(3>+1  (/»,  1) 


2m+t 


tfBO(3)  (ft,  cosh  u) 


du 


(8.5.24) 


u-0 


in  which  the  units  of  force  are  N/m.  The  magnitude  of  Bnet  is  (roughly)  the  force  driving  a  pressure- 
gradient  microphone  of  the  ribbon  type,  here  modeled  as  a  section  of  an  infinite  rigid  strip. 

A  low  frequency  approximation  of  Eq.  8.5.24  valid  when  ■  «  1  is  useful  in  applications, 


1  net 
-Kn 


R  -  iX 


7r2fl4a>3 


128  C3 


pc  -  ico 


—  a2o 
4  H 


(8.5.25) 


[91.  It  is  seen  that  the  major  force  on  the  strip  is  the  mass  reactance  of  the  fluid  of  value  —  a2p  per 

4 

unit  of  length. 


C.  Exact  Solution  of  the  Diffraction  Field  of  a  Hard  Cylinder  of  Infinite  Length 

Let  the  axis  of  the  cylinder  be  along  the  z-axis  of  cylindrical  coordinates.  The  cross-section  of  the 
acoustically  hard  cylinder  at  z  —  0  is  shown  in  Fig.  5.5.7.  Since  the  angle  of  incidence  is  arbitrary  we 
can  take  the  plane  wave  to  be 


In  cylindrical  waves, 


tp,nce 


Ae-‘al 


I 


m- 0 


em(-i)Jm(kr)  cos  d>. 


(8.5.26) 


The  scattered  field  must  satisfy  two  conditions:  (1)  it  must  be  a  sum  of  outgoing  waves  (2)  its 
particle  velocity  on  the  surface  r  -0  a  must  be  equal  in  magnitude  but  opposite  in  sign  to  the  particle 
velocity  of  the  incident  plane  wave.  A  form  satisfying  both  of  these  conditions  is 

00  J'(ka) 

=  --1  I  77W7Z  ,  Hml)(kr)  cos  m  <t>  (8.5.27) 

mT0  ( ka ) 
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in  which  the  prime  signifies  a  derivation  with  respect  to  r.  The  sum  of  the  incident  acoustic  pressure 
and  the  scattered  pressure  on  the  surface  r  -*  a  is 

Pt  "*  — ia)p[0inc  +  0***'] 


(8.5.28) 


In  which  we  have  used  the  Wronskian 


Jm(ka)H<l)\ka)  -  J^ka)H^{ka)  -  (8.5.29) 

7TKQ 

A  plot  of  the  ratio 


for  /w  -  1,  5,  and  10  is  shown  in  Fig.  8.5.8  (see  Ref.  10).  It  shows  that  for  large  to  the  ratio 
approaches  a  value  of  2  at  the  face  0  -  0  and  near  zero  at  0  -  n.  The  argument  of  the  ratio  plus  the 
argument  of  the  plane  wave  (-  to  cos  0)  vs  cylindrical  coordinate  0  is  shown  in  Fig.  8.5.9. 

D.  Exact  Solution  of  the  Diffraction  of  an  Acoustically  Hard  Sphere 

The  geometry  of  scattering  from  a  rigid  sphere  is  shown  in  Fig.  8.5.10.  A  plane  wave  incident  on 
an  acoustically  hard  sphere  from  direction  90  and  0O  has  the  descriptive  form  of  velocity  potential, 

0'nc  -  A  exp  ik  ■  r  -  A  exp  {/to (cos  90  cos  9  +  sin  90  sin  9  cos  (0  -  09)]). 

An  expansion  in  spherical  waves  leads  to  the  classical  form  [11] 

0inc  -  A  £  I,  (2 n  +  1  )/"€m  jn  "*)!t  cos  n(0  -  <j>0)P?(co s  90)P^ cos  theta) jn(kr)(&.5.30) 

nm0  m_Q"  ' rt  '  rri  *  * 

where 


Here  the  prime  sign  means  d/dkr. 
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8.6  DIFFRACTION  CONSTANT  FOR  PRESSURE-GRADIENT  SENSORS 

The  net  force  driving  the  pressure-graident  sensor  shown  in  Fig.  8.4.1,  calculated  by  use  of  rigid 
(motionless)  surface  models,  is  the  blocked  force  Fb.  When  the  surface  begins  to  move,  and  to  be 
deflected  into  various  shapes  of  deformation,  the  net  force  changes.  Let  us  suppose  that  there  is  a 
velocity  distribution  V„  over  the  sensor  surface  either  due  to  the  blocked  force,  or  natually  occurring  at 
the  frequency  of  drive.  The  complex  radiation  power  at  the  surface  of  the  sensor,  corresponding  to  the 
product  of  blocked  pressure  Pb  and  Vn  is 


T-J*  PbV*dA  (units:  Nm/s). 


(8.6.1) 


In  this  expression  we  can  regard  Pb  (r0)  as  the  pressure  exerted  by  a  constant  force  generator  at  the  sur¬ 
face  point  r0  and  V„  (r0)  as  the  normal  velocity  component  resulting  from  this  local  force  acting  against 
the  local  mechanical  impedance.  The  complex  power  n  is  therefore  an  average  over  the  entire  sensor 
surface. 

The  expression  for  II  allows  one  to  define  an  effective  blocked  force  Feu//)  in  terms  of  a  reference 
velocity  V0.  Since  the  choice  of  V0  is  arbitrary  the  value  of  Fb^ff)  is  also  arbitrary.  Some  authors 
choose  K0  to  be  the  maximum  of  the  distribution,  generally  at  the  center  of  the  sensor  face.  Others 
choose  V0  to  be  the  spatial  average  over  the  sensor  face.  However  it  is  defined,  V0  (and  n)  determine 
a  corresponding  Fb(e//)  according  to  the  formula 


n 

vr 


(8.6.2) 


Defined  in  this  way  Fb(tff)  is  the  constant  force  generator  which  drives  the  velocity  V0  through  the 
mechanical  system  against  the  mechanical  impedance  of  the  system. 

Actually,  the  origin  of  all  force  on  the  (passive)  sensor  is  the  incident  sound  pressure  Pf  (say  that 
of  a  plane  wave).  This  pressure  acting  over  an  area  A  in  the  absence  of  the  sensor  is  APf.  In  the  pres¬ 
ence  of  the  sensor  this  incident  force  is  modified  by  reflection  and  diffraction  and  becomes  the  effective 
force  given  by  Eq.  8.6.2.  It  seems  useful,  particularly  in  application  to  representation  of  a  senor  by  an 
equivalent  circuit,  to  relate  effective  force  to  incident  force.  Several  such  relations  have  been  proposed 
in  the  form  of  dimensionless  quantities  called  diffraction  constants  D.  These  are  discussed  next. 


In  a  first  suggestion  D  is  taken  to  be  the  ratio  of  space-averaged  acoustic  pressure  to  incident 
acoustic  pressure  [12], 


D 


f  PbdA 

APf 


(8.6.3) 


This  relation  defines  D  in  terms  of  force  delivered  to  the  sensor  as  distinct  from  power  delivered.  For  a 
piston-type  surface  moving  with  uniform  velocity  the  distinction  between  force  and  power  vanishes 
since  they  are  related  by  a  constant.  If  however  the  surface  vibrates  with  a  natural  velocity  distribution 
corresponding  (say)  to  some  flexural  mode  shape,  the  force  delivered  gives  no  indication  of  power 
delivered.  To  overcome  this  inadequacy  it  has  be  suggested  that  the  diffraction  constant  be  defined  to 
include  the  effect  of  velocity  distribution  [13], 
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To  be  valid  this  formular  requires  the  velocity  distribution  to  be  fixed ,  that  is,  the  sensor  surface 
deforms  into  a  fixed  pattern  independent  of  angle  of  incidence  of  the  exciting  wave.  Usually  an  elastic 
sensor  surface  breaks  up  into  more  than  one  mode  of  vibration  when  excited  by  arbitrary  time  and 
space  varying  incident  waves.  Formula  (8.6.4)  then  applies  only  to  a  particular  modal  pattern  of  defor¬ 
mation  that  is  effectively  transduced  into  the  electric  branch  of  the  equivalent  circuit. 

Formula  (8.6.4)  is  useful  to  the  extent  that  one  can  define  a  reference  velocity  V0  for  the  surface 
of  the  sensor.  A  physical  approach  begins  with  the  expression  for  local  (complex)  acoustic  power  on 
the  surface  itself, 


n-  v„zn,v; 


(8.6.5) 


in  which  Zrad  is  the  mechanical  radiation  impedance.  Thus  for  the  general  case  one  can  define  the 
reference  velocity  to  be  [13), 


Vo 


A 


fA  I  V„\*dA 


1/2 


(8.6.6) 


The  calculation  of  D  occupies  an  important  step  in  the  design  of  pressure-gradient  hydrophones 
based  on  flexural  motion  of  the  sensing  element.  By  use  of  Eqs.  8.6.4  and  8.6.6  Woollett  [13]  has  cal¬ 
culated  D  for  the  three  cases  shown  in  Fig.  8.6.1. 


(a)  Pressure  Hydrophone 
fundamental  resonance 
«  0.4.  D- 0.85 


Lr 


(a)  V„  -  1.84  V0 


1  -  1.2453  4  +  0-2453  4 
a 1  a* 


(b)  Pressure  Hydrophone 
2nd  resonance 
X  -  0.06.  D  -  0.35 


:> 


•4=  coupling 

■factor  5 


(b)  V„  -  2.94  V0  [ J0(Kr )  +  4.89  x  10"4  J0(jKr)] 
K  -  5.455/a 


(c)  Pressure  Gradient 
Hydrophone 
X  -0.4 

D  -  0.5  Kb  (typical) 

K-^/C 


(c)  For  V„  see  Ref.  13. 


Fig.  8.6.1  —  A  flexurally  vibrating  biiaminar  disk 
under  three  conditions 
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Other  constructions  of  pressure-gradient  hydrophones  have  been  devised.  One  design  places  the 
sensing  element  (in  this  case  bilaminar  flexural  discs)  inside  rigid  shells.  Figure  8.6.2  shows  an  oscillat¬ 
ing  cylinder  and  an  oscillating  sphere  of  this  construction.  In  the  case  of  the  cylinder  the  driving  force 
is  the  difference  in  pressure  between  x  -  0  and  x  *“  /.  This  is  simply  the  pressure  at  x  —  0  minus  the 
same  pressure  delayed  by  space  phase  exp  (— jKl ).  The  absolute  value  of  the  blocked  force  is 


1 


Ul  CYLINDER 

K =“/c  % 


Fig.  8.6.2  —  Rigid  shell  pressure-gradient  hydrophones  with 
internal  velocity  sensors,  (a)  oscillating  cylinder,  (b)  oscillating 
sphere.  The  sensors  are  bilaminar  piezoelectric  disks.  9-0 
defines  the  maximum  response  axis  [13]. 


In  the  case  of  the  rigid  spherical  shell  hydrophone,  the  rigid  body  velocity  is 
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y„  -  Vs  COS  9. 


Thus,  according  to  Eq.  8.6.6, 


Vo~ 


(8.6.10) 


(8.6.11) 


The  total  pressure  on  the  surface  r  —  a  at  angle  D  for  a  plane  wave  traveling  in  the  negative  z-direction 
is  given  by  Eq.  8.5.3.  For  ka  «  1  the  sum  is  approximated  by  the  first  two  terms, 


Pj-  “  loop  A 


1  +  i 


3  ka 


cos  6 


(8.6.12) 


By  performing  the  integration  called  for  in  Eq.  8.6.1  and  using  it  together  with  Eq.  8.6.11  one  finds  that 
the  diffraction  constant  on  the  maximum  response  axis  is 


D  - 


(8.6.13) 


[13]. 

8.7  EQUIVALENT  CIRCUIT  OF  A  SPHERICAL-SHELL  PRESSURE 
GRADIENT  HYDROPHONE 

The  spherical-shell  hydrophone  picture  schematically  in  Fig.  8.6.2b,  consists  of  two  masses  Ms, 
Mh  connected  through  a  bilaminar  piezoelectric  disc  which  acts  as  a  spring.  To  construct  its  equivalent 
circuit  we  follow  the  procedure  outlined  in  Chapt.  1,  Sect.  1.20. 

We  first  determine  the  number  of  degrees  of  freedom  in  which  the  transducer  can  exhibit  motion. 
In  practice  the  mass  of  the  shell  Ms  can  move  in  three  possible  direction  of  translation.  Assuming  the 
sound  wave  exerts  not  torques  we  omit  rotation  about  three  possible  axes.  The  internal  mass  M,  is 
idealized  in  a  similar  way,  although  it  may  not  be  allowable  to  omit  the  rotation. 

Of  all  these  possible  motions  we  select  only  translation  in  the  direction  of  the  incident  plane  wave. 
For  the  construction  shown  this  is  the  only  motion  assumed  to  be  coupled  to  the  electrical  system 
through  transduction.  Thus  the  description  of  operation  of  the  hydrophone  is  reduced  to  two  degrees 
of  freedom  in  translation,  one  (—  Vs)  for  mass  M,  and  on  (-  V,)  for  mass  Mh 

Following  the  rules  outlined  in  Sect.  1.20,  we  next  list  the  force  and  velocity  equation  based  on 
this  model  of  possible  motion 

(a)  Fs  -  M,jo>  Vs  +  F, 


(b)  V,-V,  =  jo>CMFt 


(8.7.1) 
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Fs  —  force  generated  by  the  incident  wave 

Fj  -  force  coupled  through  the  bilaminar  disk  to  the  internal  mass 

Cm  -  compliance  of  the  internal  bilaminar  disk 

Vs,  —  velocities  (in  translation)  of  the  shell  and  the  internal  mass. 

Let  us  choose  an  FV  (force-across,  velocity-through)  representation.  Equation  (a)  shows  that  Af,  is  in 
series  and  Ft  is  in  parallel.  Equation  (b)  is  a  nodal  relation,  and  shows  that  if  V,  flows  through  the 
parallel  branch  as  required  by  Eq.  (c)  then  compliance  CM  is  across  F,.  Upon  adding  the  simple 
representation  of  the  piezoceramic  as  a  capacitor  in  parallel  position  and  a  shell  radiation  impedance  Z, 
in  the  (arbitrary  selected),  form  of  a  series  represetation, 


Zr  “  Rr  +  ja>Mr 

one  obtains  the  equivalent  circuit  shown  in  Fig.  8.7.1.  It  is  noted  that  the  force  driving  the  shell  is  the 
incident  force  modified  by  the  diffraction  constant  and  reduced  by  the  radiation  impedance. 


Fig.  8.7.1  —  Simplified  equivalent  circuit  of  the  rigid  spherical  shell  pressure  gradient 
hydrophone  of  Fig.  8.6.2(b) 


8.8  FIBER  OPTIC  PRESSURE-GRADIENT  HYDROPHONE 


The  construction  and  operation  of  a  fiber-optic  hydrophone  has  been  presented  in  Chapt.  5  of  this 
treatise.  In  the  simplest  application  one  (signal)  arm  of  the  interferometer  (Mach-Zender  type  [14])  is 
exposed  as  a  point  receiver  to  the  acoustic  field  while  the  other  (reference)  arm  is  free  of  signal.  A  pro¬ 
cedure  for  mitigating  the  effect  of  environmental  noise  was  discussed  in  Sect.  5.7.  When  the  reference 
arm  is  also  exposed  to  the  acoustic  field  at  a  distance  d  apart  from  the  signal  arm  (d  much  smaller  than 
the  wavelength  of  the  field),  the  combination  constitutes  the  basic  elements  of  a  pressure-gradient 
hydrophone.  Because  pressure  difference  is  detected  as  phase  difference  and  because  for  maximum 
sensitivity  the  two  arms  must  be  in  phase  quadrature  it  becomes  imperitive  to  devise  a  compensation 
system  which  insures  quadrature  in  the  presence  of  phase  error  due  to  thermal  disturbance.  One  pro¬ 
cedure  for  stabilizing  the  phase  relation  of  the  arms  of  a  fiber  optic  hydrophone  in  which  detection  is 
based  on  the  homodyne  principle  (see  Chapt.  5,  Sect.  5.8  for  discussion)  is  presented  next. 


Stabilization  in  phase  relation  can  be  achieved  by  a  feedback  correction  network  which  (1)  recog¬ 
nizes  a  phase  error,  (2)  provides  a  collective  signal  to  cancel  Inis  error.  A  schematic  biock  diagram  of 
such  a  system  is  shown  in  Fig.  8.8.1.  The  key  element  here  is  the  winding  of  the  sensing  fibers  around 
piezoelectric  cylinders  B ,  C  and  cementing  them  in  place. 
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In  this  digram  we  suppose  first  there  is  an  error  »n  phase  caused  by  an  external  acoustic  field,  or 
by  an  internal  temperature  fluctuation.  This  appears  at  point  D  as  an  electrical  signal  at  voltage  V. 
When  this  voltage  excites  the  piezoelectric  cylinder  it  causes  it  to  expand  (or  contract)  radially.  The 
result  is  a  change  in  length  of  the  fiber,  hence  inducing  a  change  in  the  phase  of  the  laser  light  in  arm 
#1  of  the  interferometer.  The  change  in  phase  due  to  the  correction  signal  tends  to  cancel  the  error. 
Continuous  compensation  is  obtained  by  tracking  random  errors  in  the  compensator  system  and  cancel¬ 
ing  them  in  the  feedback  loop.  In  the  absence  of  stress  in  the  fiber,  and  at  very  low  frequency  where 
the  predominant  mechanical  impedance  is  that  of  a  stiffness  the  constitutive  relations  of  piezoelectric 
coupling  requires  that  the  strain  S  (which  is  the  ratio  of  the  change  in  length  A  /  of  the  cylinder  to  its 
length  D  be  related  to  the  applied  electric  field  E  (which  is  the  voltage  divided  by  the  cylinder  thick¬ 
ness,  V/ 1)  through  the  piezoconstant  d3l: 


1 

E 


A/// 


a  v/t 


‘31 


(static  condition) 


or 


(8.8.1) 


AL  La 

AF  t- “* 


For  simple  choices  such  as  /  -  3  in.,  t  -  0.2  in.,  and  d3\ 
in  length  per  volt  correction  is, 


-  -274  x  10"12  m/  V  (PZT-5H)  the  change 


A/ 


AK 


~  45  x  10"10,  or  45A/Volt. 


The  change  in  thickness  Ar  per  unit  change  in  voltage  is  obtained  from  the  fact  that  for  an  isotropic 
cylinder  having  Poisson’s  ratio  -  1/3  the  radial  strain  A  t/t  <s  approximately  3X  the  axial  strain.  In 
terms  of  magnitudes, 


,  A/  , 
-  3  —  -  3 


A  V 


d3X~  — 


Ar 

r 


or 


Ar  ,  , 
A  V  ~  3dj' 


8.22  x  10"10  y 


8.22  A/  V. 


In  an  actual  device  having  these  dimensions  the  voltage/phase  relation  proved  linear  over  five  orders  of 
magnitude  (1  to  10-5  rad)  [153.  Thus  the  phase  shifter  has  a  large  dynamic  range.  This  makes  it  suit¬ 
able  for  hydrophone  applications. 


The  "error  in  phase"  at  point  D  of  Fig.  8.8.1  is  really  the  degree  to  which  the  two  arms  of  the 
interferometer  are  out  of  quadrature.  The  detection  of  this  error  is  the  first  stage  of  the  compensator 
system,  shown  in  the  figure.  The  laser  light  signals  from  A,  B  are  first  converted  into  electrical  signal 
in  a  pair  of  photodiodes.  Since  they  are  the  two  output  beams  of  a  Mach-Zehnder  interferometer  they 
arc  180°  out  of  phase,  Fig.  8.8.2.  By  auxiliary  apparatus  the  operating  point  GF  of  the  system  is  first  sei 
to  <j>  ~  n/2.  However  the  two  intensities  IA  and  IB  are  always  complementary  (that  is,  always  180° 
apart).  If  an  external  disturbance  (such  as  an  acoustic  field,  or  a  temperature  fluctuation)  induces  a 
phase  change  A<£  between  the  arms  of  the  interferometer  intensities  1A  and  IB  become  different,  Fig. 
8.8.2.  This  difference  is  the  "error  signal." 


454 
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Fig.  8.8.2  —  Intensity  of  User  beams  A,  B  as  a  function  of 
difference  <4  of  arms  #1,  #2. 


To  measure  the  error  signal,  and  thereby  measure  the  external  disturbance  a  strategy  is  adopted  of 
driving  intensities  IA  and  IB  back  to  the  operating  point  OP,  meanwhile  keeping  tally  of  how  much 
feedback  phase  shifting  is  necessary  to  do  this.  The  implementation  of  the  strategy  is  this:  IA  and  IB 
are  inserted  in  a  differential  amplifier  (gain  KD)  whose  out  put  is  KD(IA  -  1B).  High  frequency  noise  is 
removed  by  a  low  pass  filter.  The  filtered  error  signal  is  then  put  through  two  integrators.  The  first 
integrator  (sometimes  called  the  difference  integrator)  provides  a  gain  KP(s)  which  varies  inversely 
with  the  Laplace  transform  variable  s, 


KP(s)  -  -Ki/s.  (8.8.2) 

In  the  time  domain  this  corresponds  to  an  integration  of  the  difference  signal  from  t  —  0  to  a  specified 
time  t  «■  fj.  The  second  integrator  has  a  built-in  "stop"  required  to  stabilize  the  feedback  loop.  Its  gain 
is, 


tf,(s) 


-Kt(s  +  a) 

- ,  a  -  stop  frequency. 


(8.8.3) 


When  s  «  a,  the  filtering  action  is  simply  -Kj/s.  However,  s  »  a,  the  gain  is  simply  the  constant 
- Ki .  The  integration  in  time  then  "stops."  The  output  of  the  second  integrator  is  a  voltage  K0.  This 
is  fed  back  as  a  correction  signal  to  arm  #1  where  it  causes  the  piezoceramic  cylinder  to  expand  (say) 
thereby  causing  a  phase  shift  which  drives  the  phase  error  1A  -  IB  toward  zero.  In  passing  through  the 
cylinder  the  voltage  V0  is  multiplied  by  the  feedback  gain  KF  due  to  the  electromechanical  coupling 
response  of  the  cylinder.  At  any  instance  the  current  IA  has  the  form, 

IA  -  V0(s)H(s),  H(s)  -  Kf(s).  (8.8.4) 

Now  by  definition  alone  it  is  seen  that 

W  -  UB  ~  Ia)G(s),  G(s )  -  KDKPK)  -  forward  gain.  (8.8.5) 

Substituting  of  Eq.  8.8.4  leads  to  the  feedback  equation 

InG(s) 

K„(s)- - *  -  r,  K  -  KdkKxK2  -  loop  gain.  (8.8.6) 

,  .  Kks  +  a)  F 


This  is  a  dynamic  equation  in  (Laplace)  transform  time  which  because  of  feedback  locks  the  system  to 
the  operating  point  OP  at  the  quadrature  phase  4>  “  ft  12.  The  running  value  of  V0(t)  is  the  tally  of 
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how  much  phase  shift  is  needed  to  keep  the  arms  of  the  interferometer  always  at  quadrature.  It  is 
reported  out  at  point  E  of  Fig.  8.8.1.  Except  for  a  constant  it  represents  the  pressure  difference 
between  the  two  "point"  fiber  optical  sensors  when  they  are  the  elements  of  a  pressure-gradient  hydro¬ 
phone.  Because  it  also  contains  low  frequency  drift  it  is  put  through  a  (high)  band  pass  amplifier  which 
cuts  off  the  drift  at  the  lower  range  roll-off. 

Equation  8.8.6  predicts  that  the  feedback  loop  will  become  unstable  (that  is,  oscillate)  when  K ,  a  , 
and  s  are  such  that 


s2  +  Kt  +  Ka  -  0.  (8.8.7) 

We  may  think  of  this  equation  as  the  dynamical  relation  of  the  displacement  £  of  a  freely  vibrating  har¬ 
monic  oscillator  of  unit  mass  Af(— 1  kg),  damping  resistance  R  —  MK,  and  spring  stiffness  k  —  MKa, 

(M  •  s2  +  Rs  +  k)£  -  0. 


Taking  s  *  i<o  one  finds  the  natural  frequency  u  „  to  be, 


(8.8.8) 


The  damping  ratio  £  of  the  oscillating  system,  defined  as  the  ratio  of  R  to  critical  damping  Rc,  is, 

C  “  */*cri.ici  “  -J£  ~  (8-8  9) 


In  designing  the  feedback  loop,  it  is  seen  to  be  desirable  to  make  the  loop  gain  K  large  enough  so  that 
Ka  is  large  (hence  <o„  is  large)  and  the  damping  £  is  near  critical.  However  the  correction  circuit  itself 
is  essentially  a  low  pass  filter  with  response  flat  to  zero  frequency  whose  upper  frequency  roll-off  is 
determined  by  K  and  £. 

Minimum  Detectable  Signal 

The  self-noise  of  a  fiber  optic  pressure-gradient  hydrophone  of  identical  elements  is  the  noise  of 
cne  element  increased  by  the  reduction  in  field  excitation  caused  by  taking  pressure  difference  over 
small  distances. 

Suppose  for  example  the  instantaneous  pressure  variation  with  distance  is  given  by 

p(x)  =  Po  sin  kx,  k  =  —  =  (8.8.10) 

c  X 


Then  the  magnitude  of  pressure  difference  between  two  points  separated  by  AA' «  A  is 

A  p  =  p0kAX.  (8.8.11) 


In  decibel  units, 


A p(dB)  =  20  lego  K  A  X  +  p0{dB). 
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Choose  for  example  a  frequency  /—  10  Hz,  and  a  separation  distance  L  X  —  10  cm.  Then,  in  water 


20  log10 


2 n  x  10  >:  0.10 
1500 


-  47.6  dB. 


This  means  the  pressure  difference  between  the  two  in  the  field  is  -47.6  dB  below  the  pressure  midway 
between  the  points,  which  is  very  closely  the  pressure  p0  measured  by  each  elementary  sensor  alone. 

Assume  now  that  p0  is  the  minimum  detectable  pressure  for  the  elementary  sensor  (that  is,  for 
one  arm  of  the  interferometer).  Then  the  minimum  detectable  signal  for  the  pressure-gradient  sensor 
must  be  47.6  dB  above  p0.  Thus  placing  both  arms  of  the  interferometer  in  the  acoustic  field  and  sub¬ 
tracting  their  outputs  drastically  reduces  the  signal  to  noise  ratio  and  hence  raises  the  threshold  of 
detection  by  a  substantial  amount. 

In  one  experimental  construction  118  m  of  optical  fiber  were  wound  on  each  of  two  Teflon  man¬ 
drels  2.5  cm  in  diameter  spaced  0.08  m  apart.  The  minimum  detectable  pressure  when  one  arm  alone 
of 'the  interferometer  was  subject  to  an  acoustic  field  of  10  Hz  was  measured  to  be  ~20.5  dB  relptPa  in 
a  1  Hz  band.  The  reduction  in  signal  level  when  both  arms  were  subjected  to  the  acoustic  field  was 
-49.5  dB  re  1  /xPa.  Thus  the  minimum  detectable  signal  was  49.5  +  20.5  ~70  dB  re  1  /xPa  in  a  1  Hz 
band.  Similarly  at  /  —  1000  Hz  the  detection  threshold  was  ~30  dB  consisting  of  the  (constant)  20.5 
dB  and  a  9.5  dB  loss  in  signal  due  to  subtraction  of  the  pressure  fields. 

A  plot  of  the  threshold  (in  dB)  versus  frequency  on  semi-log  paper  is  a  straight-line.  The  calcula¬ 
tion  of  threshold  pressures  of  the  118  m  fiber  pressure-gradient  interferometer  as  well  as  a  373  m  fiber 
unit  are  shown  in  Fig.  8.8.3  superimposed  on  &  Wenz-type  chart  of  sea  noise. 
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Fig.  8.8.3  —  Minimum  detectable  pressures  (dB  re  1  ^Pa  in 
a  1  Hz  band)  of  two  pressure-gradient  hydrophones  super¬ 
imposed  on  a  Wenz  chart  of  sea  noise  (13c) 


When  the  pressure  field  that  is  being  measured  is  hydrodynamic  in  origin  the  fluctuation  of  pres¬ 
sure  between  two  adjacent  points  is  directly  related  to  the  fluctuation  in  velocity  of  the  fluid.  Presbure- 
gradient  hydrophones  are  well  suited  to  sensing  such  fields. 
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8.9  ERROR  ANALYSIS  IN  MEASUREMENT  OF  PARTICLE  VELOCITY  BY 
PRESSURE  GRADIENT  HYDROPHONES 


An  important  reason  for  conducting  experiments  to  determine  particle  velocity  is  to  derive  from 
them  a  measure  of  acoustic  intensity  (-  I).  By  definition  this  is  the  vector  quantity, 


I(r,  t)  -  pit,  t )  u(r,  t) 


units: 


N  -  m 


m2s 


(8.9.1) 


Using  the  relation  (Eq.  8.1.3),  one  has 


I(r,  /)  -  pi r,  t) 


-  —  X  v  p(r.  t)  dr  +  Cir) 


P  o 


(8.9.2) 


Here  C(r)  is  a  constant  (independent  of  time)  representing  the  mean  value  of  the  particle  velocity.  In 
linear  low  amplitude  acoustic  theory  it  Is  zero  in  value  and  thus  is  omitted. 


The  component  of  I  in  one  direction  (say  x)  is, 

Ur.  ,)  -  -  f  |£  ([,  T)  dT, 

p0  Jo  a* 


(8.9.3) 


We  note  that  this  component  is  a  point-junction:  direction  is  introduced  only  by  the  gradient  operator. 
While  pit,  0  can  be  measured  directly  there  is  no  practical  instrument  that  measures  dp/dx  at  point. 
However,  dp/dx  at  a  point  (say  r0)  can  be  approximated  by  finite  differences,  that  is,  by  taking  the 
difference  between  the  pressures  measured  at  two  closely  lying  points,  r1(  r2: 


dp  _  dp 


__  pir2,  t)  -  pit,  t) 


dx  dx|r-r0  l^-ril 

The  approximation  to  the  pressure  itself  at  r0  is  the  average  value, 


(8.9.4) 


_  1 


P  =  Pr-r0“  J  IP(*U  •>  +  P(f 2.  t)]- 


(8.9.5) 


To  conduct  an  error  analysis  on  the  measi  rement  of  intensity  one  begins  with  a  Taylcr-senes  expansion 
of  Eqs.  8.9.4  and  8.9.5  in  powers  of  A  -  |r2  -  rj|.  This  is  the  method  Pavic  [16].  Tne  tilde  Junction 
dp/dx  is  an  odd  function,  meaning  it  changes  sign  at  i  -  r0.  In  contrast  to  such  a  tilde  function  the 
physical  Junction  dp/dx  is  (in  general)  both  odd  and  even.  Because  of  its  definition  the  tilde  function  is 
expandable  in  odd  derivatives: 
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(8.9.6) 


Similarly,  the  tilde  Junction  p  is  an  even  function,  as  distinct  from  the  physical  pressure  which  is  both  odd 
and  even  This  n  nan  hn  n.ynanHpri  in  nvep  Hppvativfts 
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To  the  extent  of  the  validity  of  the  approximation  of  a  Taylor  series  the  derivatives  can  be  obtained 
from  plane-wave  representation,  p  «  exp  tk  •  r  (=  exp  /  [xk  cos  a  +  yk  cos  /3  +  zk  cos  -y],  so  that 


a  k  cosap. 


(8.9.8) 


In  terms  of  the  symbols  et,  e2,  it  is  seen  that 


€j  —  ~  (kcosa)2  oc  —  -°S — 


4  Otco*,)1 «  -^L5L 


(8.9.9) 


Thus  the  errors  in  measurement  of  both  p  and  dp/dx  are  proportional  to  A2  and  cos2 «,  and 
inversely  proportional  to  \2. 


As  an  example  of  error  estimation  in  the  measurement  of  acoustic  intensity  by  use  of  pressure 
measurement  at  two  closely  spaced  points  it  is  illuminating  to  take  the  simple  case  of  the  spherical  field 
of  a  point  monopole  radiating  harmonic  waves  at  frequency  co  and  wavelength  X.  The  rms  field  inten¬ 
sity  in  the  radial  direction  radius  r0  for  rms  source  strength  Su  (units:  m3/s)  is. 


I,  -  kcapo  !d>(r0)|2  (units:  Nm/sm1) 


lkrQ  -  I  lot 

«J>0  -  -j - e  0 

47rr0 


m 3  m2. 


(units:  -2—  -  ~). 
s  *  m  s 


(8.9.10) 


New  let  us  take  two  adjacent  points  rj,  r2  separated  by  distance  A  -  |r2  -  rj  and  located  vectorially  at 
angle  a  relative  to  the  radial  direction  given  by  vector  r0,  Fig.  8.9.1.  Then 


r*/\V 


Fig,  8.9.'  —  Geometrical  relations  defining  r2 


r\  “  r0  +  ~2  cos  a 


r->  tn  —  —  cos  a. 


rtnit' 
VO. 7.1 1/ 


The  rms  acoustic  pressures  at  r{>  r2  are  thus  expressed  in  the 
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_1 _ 

A  COS  a 

2r0 


-  1  + 


A2  cos2  a 
4r<? 


With  these  two  approximate  Eq.  8.9.17  further  reduces  to  the  simple  ratio, 

,  ,  A2  cos2  a 

[16].  The  second  term  on  the  r.h.s  is  the  error  due  to  finite  difference  approximation.  It  is  clear  there 
are  two  sources  of  error:  the  first  or  nearfield  is  [(A/2)//-2]  cos2  a ,  that  is,  it  depends  on  the  square  of 
the  ratio  of  separation  distance  A  to  radial  distance  r0  from  the  source;  the  second  is 
(A/X)2  cos2  a  (-2tt2/3),  that  is,  it  depends  on  the  ratio  squared  of  the  separation  distance  to 
wavelength.  In  order  for  the  nearfield  error  (due  to  curvature  of  the  wavefront)  to  be  negligible,  one 
can  estimate  r0  to  be  such  that 

1^-1  <  com  x 
2rJ  3 


k 

2  r0 


2  IT2 
3 


™l+i 


k 

2  r0 


2  IT2 
3 


(8.9.18) 


Let  the  constant  be  a  factor  of  2.  Then  r0  >  k/7  -  — ,  where  c  -  sonic  velocity.  Thus,  to  avoid 
nearfield  error  one  must  choose  the  radial  distance  from  the  source  to  be 


for  air: 

^  330 
T°  If 

50 

~  f 

(units: 

meter) 

for  water: 

r  >  15°° 

210 

(units: 

meter)  * 

If 

/ 

Upon  assumption  that  the  intensity  measurement  is  made  in  the  farfield  of  the  source  the  magnitude  of 
error  then  depends  solely  on  the  ratio  of  A  cos  a/k. 


magnitude  of  error  relative  to  1 


A  cos  a 


2  7T2 

3 


(8.9.20) 


[16].  The  maximum  error  (for  cos  a  -  1)  versus  frequency  for  given  separation  A  (cm)  is  expressed 
as  a  percentage  in  Fig.  8.9.2.  Thus  at  100  Hz  any  separation  less  than  10  cm  generates  an  error  of  less 
than  0.5%.  However,  at  1000  Hz  a  10  cm  separation  leads  to  a  measurement  error  of  50%. 


Figure  8.9.2  is  an  idealized  plot.  It  does  not  account  for  noise  and  phase  shift.  These  are  dis¬ 
cussed  next. 


8.10  ERRORS  DUE  TO  NOISE  AND  ARBITRARY  PHASE  SHIFT 


From  Eq.  8.9.14  one  can  express  the  approximated  intensity  by  the  simple  form 


f 


l 

pcA 


.1. 

y  • 


In  the  presence  of  noise  (which  contributes  a  term  *)  this  must  be  rewritten  as, 


1 


t  O  1  A  1> 

vo.iv.i; 
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Fig.  8.9.2  —  Maximum  error  infinite  difference  approximations  [16] 
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(8.10.6) 


or 

ia~Ia  [l+€,(A)+€3(8*)I 

in  which  is  the  error  due  to  spacing  A  and  e3  is  the  error  due  to  phase  shift.  Since  ctg  fi  —  °°  as 
/i  —  0  it  is  easily  seen  that  making  A  arbitrarily  small  in  trip,  presence  of  significant  phase  shifts  will 
deteriorate  the  accuracy  of  measurement  of  intensity  rather  than  improve  it.  Thus  phase  matching  of 
measurements  at  rt  and  r2  is  essential,  particularly  if  the  signal  field  contains  a  broadband  of  frequen¬ 
cies  (that  is,  when  the  signal  field  is  an  impulse)  because  then  A  must  be  very  small  in  order  to  accu¬ 
rately  measure  the  high  frequency  end  of  the  spectrum,  which  means  that  the  error  due  to  phase  will  be 
large  (see  Eq.  8.10.5).  A  numerical  example  of  such  phase  error  may  be  obtained  from  Eq.  (8.10.6). 
There  it  is  seen  that 


Phase  errors  are  also  introduced  by  the  diffraction  effects  noted  in  previous  sections  of  this 
chapter.  This  is  particularly  true  at  the  higher  frequencies  as  can  be  seen  from  (say)  Fig.  8.5.10.  Here 
80  is  expressed  in  radius.  When  80  is  expressed  in  degrees  and  «3  is  expressed  as  a  percentage  ,  the 
error  in  phase  per  degree  is, 


Choosing  c1  -  0.05,  the  error  in  intensity  per  degree  phase  differential  is 


g3  -  0.7  ,  w 

800  “  VO05  “3’1%- 

Thus  in  practical  designs  of  intensity-measuring  instruments  it  is  essential  to  reduce  diffraction  effects, 
if  only  from  the  point  of  view  of  phase  shifts  and  their  accompanying  errors. 

8.11  ERRORS  IN  INTENSITY  MEASUREMENTS  DUE  TO  INTEGRATION  TIME 

In  Eq.  8.9.14  the  rms  measured  acoustic  intensity  is  an  average  over  time  of  indefinitely  large 
duration.  When  the  integration  time  is  finite  the  intensity  is 

/•'!>'  <81U) 


Pavic  [16]  has  evaluated  this  integral  using  the  approximates  of  Eqs.  8.9.4,  8.9.5.  He  finds  that 
the  approximated  acoustic  intensity  \aT  when  averaged  over  finite  time  7" is  related  to  the  approximated 
intensity  averaged  over  all  time  (In)  by  the  formula, 


8 
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iaT=ia  11  +  64  mi 


(8.11.2) 


in  which  t4(T)  is  the  error  due  to  finite  averaging  time.  The  maxium  value  of  €4(D  for  the  condition 
A/X  «  1  is  estimated  to  be, 


M«L- 


Ntt2  —  cos  a 
X 


2  A 

where  A  is  the  number  of  cycles  used  in  the  averaging.  In  terms  of  e^A)  —  —  n  —  cos  a 

3  A 


(8.11.3) 


MD  I. 


0.26 


(8.11.4) 


As  an  application,  assume  c4  is  not  be  larger  than  et.  Then  the  minimum  N  is, 


MA)F2 


If  61(A)  is  expressed  in  percentage. 


N  >  -y26  -^  x  100  x  10  -  7 — ~ ^  3jr . 

“  MA)13/2  [e,(A)l3/2 

Thus,  in  order  for  the  error  e4{T)  in  the  measurement  of  acoustic  intensity  to  be  less  than  5%  the 
number  of  cycles  must  be  at  least, 

N  >  -jpj  ~  23  cycles 

provided  A/X  «  1. 
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Chapter  9 

GENERAL  THEORY  OF  ELECTROACOUSTIC  TRANSDUCTION  111 

9.0  INTRODUCTION 

The  theory  of  electroacoustic  transduction  presented  in  previous  chapters  may  be  generalized  to 
reveal  an  organic  structure  connecting  its  various  parts.  It  will  be  useful  in  developing  this  structure  to 
distinguish  between  electroacoustic  transduction  and  electromechanical  transduction:  the  former  will  include 
the  impedance  effect  of  the  medium  while  the  latter  will  exclude  it.  This  distinction  clarifies  the 
definition  of  transduction  parameters. 

The  generalization  to  be  developed  here  underlies  many  aspects  of  modern  electroacoustic  theory. 
9.1  ELECTROMECHANICAL  TRANSDUCTION 

We  consider  first  a  transducer  designed  to  convert  electrical  current  into  mechanical  force 
delivered  by  a  flexible  diaphragm.  The  power  variables  of  the  diaphragm  are  force  F  and  normal  velo¬ 
city  v„  while  those  of  the  electric  field  are  voltage  E  and  current  I. 

Let  y(r)  be  the  force  per  unit  area  at  point  r  on  the  diaphragm  (r  being  measured  from  an  arbi¬ 
trary  origin  («0)).  This  force  is  assumed  to  be  generated  by  the  electrically  induced  motion  v„(r’)  of 
the  diaphragm  originating  at  some  other  surface  point  r',  and  acting  against  the  mechanical  impedance 
of  the  diaphragm  structure.  The  diaphragm  impedance  function  Z0(r|ri)  which  converts  vn(r’)  into 
-y(r)  is  most  advantageously  defined  so  as  to  have  the  units  of  acoustic  impedance  (-  Ns/m5').  For 
incremental  values, 


dyv  (r)  -  Z0(r  |  r')  v„(r')  dA  (r)  (9.1.1) 

Zo(r|r')  =  -  .  ?-(r)  /  (Ns/m5).  (9.1.2) 

Air)  v„(r) 

In  addition  to  this  force  arising  from  diaphragm  motion  there  is  an  additional  force  which  is  present 
even  when  motion  is  blocked.  Choosing  electric  current  I  as  the  independent  variable  the  force  per 
unit  area  exerted  by  the  surface  against  any  restraint  blocking  its  motion  is  local  at  r  on  the  surface,  and 
has  the  value 


y*(r)  -  hit) I  (9.1.3) 

(units  of  h:  N/m2.4).  The  total  force  per  unit  area  at  r  is  the  sum  of  Eq.  9.1.1,  integrated  over  the 
diaphragm  area,  and  Eq.  9.1.3: 


-yir)  «=  J ^  Z0(r]r')  v„(r')  dA  it)  +  hit)/.  (9.1.4) 

Since  v„  is  a  function  of  the  electric  field  it  is  seen  that  both  /  and  vrt  are  coupled.  A  second  equation 
is  needed  to  complete  the  description  of  this  coupling. 

Again  let  /  and  v,  be  independent  variables.  Assume  first  that  the  surface  motion  is  blocked 
(v„  “  0).  The  voltage  Eb  associated  with  the  current  /  defines  the  blocked  electrical  impedance  Zb, 

E„  =  ZbI.  (9.1.5) 
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Assume  next  that  the  electric  circuit  is  opened  so  that  /  •  0.  A  motion  v„  then  corresponds  (because 
of  electromechanical  coupling)  to  some  voltage  Ey.  It  is  useful  to  define  Ev  in  terms  of  an  elec¬ 
tromechanical  parameter  ti( r)  (units:  Vs/m3)  in  such  a  way  that  an  equation  in  increments  dEw  closely 
parallels  the  formalism  of  Eq.  9.1.1: 


dEy  -  h'(r')  \„(r)  dA  (r). 


Thus, 


£y  -  fA  h'(t')  v„ (r) dA  (r°. 

The  total  voltage  corresponding  to  both  v„  and  /  is  the  sum  of  Eq.  9.1.6  and  9.1.7, 

E-Ja  h  (r)vn(r')dA  (r)  +  Zbl. 

This  is  the  second  of  two  equations  needed  to  define  the  coupling  between  v„  and  /. 


(9.1.6) 


(9.1.7) 


(9.1.8) 


Equations  9.1.4  and  9.1.8  define  correspondencies.  They  can  also  be  considered  to  define  cause- 
effect  relations  by  choosing  to  regard  y(r)  and  E  as  input  force  and  voltage,  and  v„  and  /  as  output  nor¬ 
mal  velocity  and  current.  Alternatively  by  transposing  quantities  in  these  equations  one  can  regard 
current  /  and  velocity  v„  as  input,  and  voltage  E  and  force  y  as  output. 

9.2  ELECTROACOUSTIC  TRANSDUCTION 


The  transducer  described  above  was  assumed  not  appreciably  to  couple  to  the  medium.  We 
assume  now  that  such  coupling  exists  and  that  the  medium  is  an  infinite  homogeneous  isotropic  fluid. 
The  nature  of  ihe  coupling  described  next. 


The  transducer  diaphragm  is  imagined  to  be  part  of  a  closed  surface  Sir).  Outside  (and  on)  this 
surface,  in  the  absence  of  external  sound  sources,  a  steady  state  pressure  field  pit),  if  it  exists,  forms  a 
continuum  governed  by  the  field  equation, 


,(r>  -  £  X 


<7(r|r’)  tleSsL  _  p{r')  ^GJr_[r^ 
on  on 


dS 


(9.2.1) 


in  which  (7(r  |  r)  is  the  Green’s  function  appropriate  to  the  space  outside  the  transducer  and  to  the  sur¬ 
face  S.  The  positive  normal  gradient  is  taken  to  point  into  surface  5.  We  assume  now  that  it  is  possible 
to  construct  G  such  that  its  normal  derivative  vanishes  everywhere  on  the  surface, 


dG(r  I  r) 


9  n 


I r  in  5 


(9.2.2) 


The  pressure  field  on  the  surface  S  then  obeys  the  integral  equation, 

pit)  =  -p-  f  G (r | r )  dS  (r). 

47t  9 n 


(9.2.3) 


Actually  the  pressure  fieia  ai  any  point  r  =  K  outside  this  surface  also  is  governed  by  this  equation. 
The  function  G(R/r)  must  then  be  a  valid  description  of  condition  /?-—<»,  that  is,  it  must  have  the 
form 
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GiR/r)  -  exp  /  Ar/R  -  r  | / 1 R  -  r  | .  (9.2.4) 

On  the  surface  S  the  acoustic  field  obeys  the  acoustic  boundary  condition  which  relates  acoustic  pres¬ 
sure  gradient  to  particle  velocity.  Since  the  diaphragm  couples  to  a  fluid  (mass  density  p)  there  is  only 
one  component  of  this  velocity,  namely  v„.  Thus,  for  v„(r,  t)  -  vnit)e~lul,  one  has 

-4^  “  p(-/w)v,  or  -  /top  \'ne~u‘t  (9.2.5) 

dz  dz 

in  which  normal  coordinate  z  points  into  the.  medium.  The  integral  equation  of  acoustic  coupling  for 
points  r  on  S  is  then  Eq.  9.2.3  with  +dp/dn  -  -  8p/8z, 

pit)  -  f  Git  \  t)  v„(r)  dSit).  (9.2.6) 

4  it 

It  is  useful  to  define  from  this  equation  a  kernel  function  Z,( r  |  r)  which  has  the  units  of  acoustic  radia¬ 
tion  impedance, 


Zf (r  |  r)  -  -r^  G it  1 1)  (units:  N/ms) .  (9.2.7) 

4tt 

It  terms  of  this  quantity  the  same  integral  equation  may  be  written, 

p (r)  -  fs  Z, (t |  r')  vB it)  dS it) .  (9.2.8) 

This  equation  states  that  corresponding  to  some  (known)  dis  bution  of  pressure  on  S  there  is  an  (un¬ 
known)  velocity  distribution  which  can  be  found  by  solving  this  equation. 

Equation  9.2.8  constitutes  the  essential  contribution  to  formation  of  the  equations  of  electroacous¬ 
tic  transduction.  The  procedure  is  to  incorporate  it  into  the  equation  of  electromechanical  transduction 
(Eq.  9.1.4).  To  this  end  the  force  per  unit  area  -y(r)  is  considered  to  be  the  sum  of  an  applied  external 
force  r„  and  the  medium  reaction  force  pit)  given  by  Eq.  9.2.8: 

y(r)  -  T0(r) +p(r)  (9.2.9) 


Eq.  9.1.4  then  reduces  to, 

r„(r)  -  fs  [Zo(r|r')  +  G(r|r')]  v„(r)  dSit)  +  hit)l.  (9.2.10) 


We  can  regard  this  result  as  a  cause-effect  relation:  the  cause  is  the  applied  force  r0  and  the  effect  is  a 
velocity  and  an  electrical  current  /,  both  assigned  positive  sigr.s.  In  those  applications  where  there  is 
no  external  applied  force  (r0(r)  -  0)  the  actual  drive  of  the  transducer  is  purely  electrical  (  constant 
current  /  in  Eq.  9.2.10).  Then  in  abbreviated  notation, 

fs  K (r  | r)  v„(r’)  dSit)  =  ~hir)l  (9.2.11) 


where 
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The  negative  sign  before  current  /  indicates  that  it  is  considered  "a  cause"  of  the  velocity  v„.  This  is  an 
integral  equation  in  unknown  v„(r)  of  the  first  type  with  kernel  A(r|r').  In  theory  it  can  be  solved  by 
inversion,  that  is,  by  finding  the  resolvent  kernel  L  (r  I  r)  such  that 

v„(r)  -  -I  fs  L (r  i  r")  h(r)  dS( f).  (9.2.13) 

For  particular  cases  and  simple  goemetries  the  construction  of  the  resolvent  is  straightforward;  how¬ 
ever,  in  general,  finding  the  resolvent  may  prove  difficult. 

Equation  9.2.11  is  the  first  of  two  equations  of  electroacoustic  transduction.  The  second  equation 
is  obtained  by  substitution  of  v„(r‘)  in  Eq.  9.1.8.  The  relation  Z  -  £//is  then, 

E  -  ZI,  or  E  -  (Z„  +  ZMOT)I  (9.2.14) 

Zmot  -  Ssjs,  hir)  L(r'^M)  hirl,)  dS^T)-  (9.2.15) 

Here  Zmot  «  the  motional  electrical  impedance. 


9.3  ACOUSTIC  PRESSURE  IN  AN  INFINITE  MEDIUM  RADIATED  BY  A  TRANSDUCER  IN 
A  BAFFLE  IN  THE  PRESENCE  OF  DISTANT  SOUND  SOURCES 

Let  A  represent  the  vibrative  surface  of  an  acoustic  transducer,  and  assume  it  is  located  in  a  baffle. 
For  purposes  of  discussion  the  baffle  is  taken  to  be  acoustically  hard.  In  addition  let  there  be  sources  of 
sound  at  some  distant  point,  in  a  medium  which  is  homogeneous,  isotropic,  and  unbounded.  It  is 
desired  then  to  determine  the  acoustic  pressure  at  an  arbitrary  point  in  this  medium,  or  on  the  surface 
of  the  transducer. 

We  consider  first  the  pressure  at  a  point  R  in  the  medium.  This  is  the  sum  of  the  pressure  />jnc 
coming  directly  from  a  source  and  the  pressure  field  P^nec  reflected  from  the  baffle.  It  will  be  useful  to 
call  these  components  the  contribution  of  geometric  acoustics  (pf), 


Pf  “  Pine  4"  Preflec* 


(9.3.1) 


A  different  contribution  to  the  pressure  at  R  comes  from  the  observation  that  the  transducer  presents 
to  the  baffle  an  "edge"  which  can  diffract  acoustic  fields.  This  diffracted  pressure  p^rac  is  seen  to  be  the 
algebraic  difference  between  the  diffraction  field  of  the  transducer  generated  pressure  pit),  and  the 
diffraction  field  of  the  geometric  acoustic  pressure  pg( r)  on  the  baffle,  (with  pit)  diminishing  from  the 
surface  outward  and  pt( r)  diminishing  from  the  distant  source  toward  the  baffle), 


Pdiffrac^) 


J_  f 

dp(r') 

Bpgir') 

4 IT  Js 

Bn 

trans  dn 

baffle 

<?(R|r')dS(r'). 


(9.3.2) 


Here  the  positive  normal  points  into  the  baffle,  and  the  condit.on  BG/Bn  —  0  is  again  used  to  define  its 
(assumed)  acoustic  hardness.  When  there  is  no  transducer  and  when  the  baffle  is  infinite  the  "edges" 
disappear  and  Eq.  (9.3.2)  then  vanishes.  On  the  transducer  surface,  for  time  representation  (exp  -iut) 
one  has  the  acoustic  boundary  condition  Eq.  (9.2.5)  with  +Bp/Bn  =  -Bp/Bz 
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The  total  pressure  at  point  R  is  then  the  sum  of  geometric  and  diffracted  contributions, 

p( R)  -  pg{ R)  -  f  K„(r')G(R|r')rfS(r')  -  -j-  f  m  ---(/(R/r'Wr)  (9.3.4) 

*  4lT  •'trans  477  ^  baffle  Qh 

(Foldy  [2],  adopts  the  convention  that  bp/bn  is  positive  when  directed  outward  from  the  surface.  In 
addition  he  takes  time  to  be  exp  Oort).  Thus  his  Eq.  (14)  is  the  same  as  Eq.  (9.3.4)  excepting  that  +i 
is  replaced  by  +/.) 

Equation  (9.3.4)  is  an  integral  equation  in  the  unknown  field  pressure  p( R)  (or  equivalently,  in 
the  unknown  surface  velocity  v„(r)).  It  will  prove  useful  in  determining  transducer  acoustic  responses 
in  subsequent  derivations. 

9.4  TRANSDUCER  RECEIVING  RESPONSE 

An  electroacoustic  transducer  (with  baffle)  designed  for  nonresonant  reception  of  sound  is  placed 
in  an  acoustic  field  generated  by  a  distant  source.  Since  the  motion  of  the  transducer  surfaces  is  pur¬ 
posely  made  small  we  may  regard  the  acoustic  field  to  be  Eq.  (9.3.4)  without  the  term  in  v„.  This 
means  the  transducer  diffraction  field  is  negligible  compared  to  the  baffle  diffraction  effect, 

Preceiver(r)  “  PgO)  ~  J*s  ~qP~  Gixf^dSif).  (9.4.1) 

One  identifies  ptectiver  with  the  external  applied  field  r0(r)  of  Eq.  (9.2.10).  Using  the  notation  of  Eq. 
(9.2.12)  one  can  then  rewrite  Eq.  (9.2.10)  in  the  form, 

fs  K  (r/r')  V„  (r')  dS (r')  =  preceivcr(r)  -  h  (r)  /.  (9.4.2) 

It  is  important  to  note  that  no  matter  how  small  v„  is  the  transduce;  will  generate  no  voltage  unless  v„ 
is  a  finite  quantity. 

Assuming  the  resolvent  L  (r'/r")  of  integral  equation,  Eq.  (9.4.2)  can  be  found  one  can  solve  for 

v„(r')  -  Js  I  (r'/r")  [p/^iver  -  h(t")I)dS(r").  (9.4.3) 

Since  we  are  interested  in  voltage  response  we  substitute  this  solution  into  Eq.  (9.1.8) 

E  =  Js  A'(r')  /  L  (r'/r") [preceiver(r")  -  h(r")I]dS(i")dS(t')  +  Zbl  (9.4.4) 

for  materials  commonly  in  use  in  electroacoustic  transduction  the  factors  /?( r),  h'( r)  are  small  quanti¬ 
ties.  The  product  term  in  h'h  of  Eq.  (9.4.4)  is  therefore  negligible  compared  to  the  contribution  of  the 
local  receiver  pressure.  We  will  omit  it  in  further  discussion. 

The  voltage  E  and  current  I  in  Eq.  (9.4.4)  are  output  quantities.  E  itself  is  generally  measured 
across  the  terminals  of  electrical  load  impedance  Z/, 

E  =  -  Z,I.  (9.4.5) 

Here,  the  negative  sign  indicates  that  E  is  output  rather  than  input.  Substitution  for  /  and  rearrange¬ 
ment  of  Eq.  (9.4.4)  lead  to  the  (output)  voltage  response: 
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E  -  -  -  Z~  f  h'(r')  /  L  (r'/ (r")preeeiver(r")  dS (r") dS (r') .  (9.4.6) 

+  Z/ 

The  open  circuit  response  E0c  is  obtained  by  allowing  Z/  to  become  infinite. 

Discussion 

From  the  definition  of  the  resolvent  L  as  the  operational  inverse  of  the  kernel  K  (see  Eqs. 
(9.2.11),  (9.2.12),  and  (9.2.13))  it  will  be  seen  that  L  contains  the  contributions  of  the  diaphragm 
impedance  Z0  and  the  radiation  impedance  impG/2n.  The  driving  force  preceiver  is  recognized  as  the 
effective  pressure  on  the  moving  surface  of  the  transducer,  including  not  only  the  incident  pressure  from 
all  external  sources  and  their  reflections  from  obstacles  in  the  medium  but  also  contributions  from  the 
diffracted  field  of  the  transducer  itself  calculated  as  if  the  transducer  and  its  baffle  were  acoustically 
hard. 

The  receiving  response  is  always  stated  relative  to  the  electrical  load  impedance  Z,  in  units  of 
"volts  across  a  load  resistance  of  (designated)  ohms." 

An  important  feature  of  Eq.  (9.4.4)  is  the  reciprocal  relation  of  h ,  h':  for  reciprocal  transducers 
(defined  in  Sect.  9.6  below), 

hit)  -  A'We®,  a  -  real  constant.  (9.4.7) 

This  means  that  symbolically  the  relation  of  E  to  v„  embodied  in  h'  and  p  to  I  embodied  in  h ,  when 
measured  at  spatial  points,  differ  from  each  other  only  in  phase  (phase  may  be  zero)  but  not  in  magni¬ 
tude.  Transducers  obeying  reciprocity  in  transduction  factors  h  form  a  large  class.  They  also  exhibit 
reciprocity  in  the  interchange  of  r  and  r'  in  the  kernel  function  K  and  L,  which  comes  from  the  defining 
relations  for  the  Green’s  function  G(r|r'), 

tf(r|r')  -  tf(r'|r);  I(r|r')  -  L(r'|r).  (9.4.8) 

These  relations  (Eq.  (9.4.7)  and  (9.4.8))  are  important  in  experimental  testing  and  calibration  of  trans¬ 
ducers  that  obey  electroacoustic  reciprocity. 

9.5  TRANSDUCER  TRANSMITTING  RESPONSE 

The  electric  power  variables  of  electroacoustic  transducers  are  taken  here  to  be  voltage  E  and 
current  /.  We  assume  the  transducer  is  driven  at  constant  current  and  ask,  what  is  the  acoustic  pres¬ 
sure  developed  on  the  surface?  This  is  determined  from  equations  already  derived. 

From  Eq.  (9.2.13)  the  normal  velocity  v„  of  the  transducer  surface  generated  by  the  constant 
current  transduction  is  found  in  terms  of  the  resolvent  L  (units:  m/Ns)  of  the  integral  equation.  As 
noted  earlier  L  contains  diaphragm  (acoustic)  impedance  Z0  and  radiation  (acoustic)  impedance 
«pG/4ir.  The  surface  pressure  developed  by  v„  is  obtained  by  substitution  into  Eq.  (9.2.6), 

^T~  “  Je  G(r/r')  f  L  (r’/r")h(r")dS(T")dS(r').  (9.5.1) 

I  4 ir  ♦'s 

This  is  the  constant  current  transmitting  response  (units:  N/m2  A)  sought  for. 

A  large  class  of  electroacoustic  transducers  are  driven  at  a  constant  voltage.  The  transmitting 
response  of  this  class  is  determined  as  follows:  first,  Eq.  (9.1.8)  (with  a  slight  change  in  notation  to 
include  acoustic  as  well  as  mechanical  quantities)  is  solved  for  the  current  /  and  the  result  is  substituted 
into  Eq.  (9.1.4)  to  obtain  the  surface  pressure. 
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pit)  -  f  Z0( r/r')  -  v,,(r')</S(r')  +  E.  (9.5.2) 

S  A  ^4 

According  to  the  acoustic  boundary  condition  this  pressure  is  expressible  in  terms  of  the  surface  velo¬ 
city.  Substitution  of  Eq.  (9.2.6)  and  rearranging  terms  lead  to 

_  Md  E  -  f  K* n(t') dS{t‘)  (9.5.3) 

Zt,  4,5 

**( r/r')-  Z0(r/r')  -  -  (units:  Ns/m5)  (9.5.4) 

ZA  4tt 

Eq.  (9.5.3)  is  an  integral  equation  in  the  unknown  velocity  v„.  If  the  resolvent  operator  L*(r/r')  (that 
is,  the  operator  inverse  to  k*(t/t'))  can  be  found  the  solution  is, 

v„(r')  -  -  -f-  f  h  (r") L * (r'/ r") dS (r") .  (9.5.5) 

(Here  the  units  of  L*are  m/Ns.)  The  surface  pressure,  Eq.  (9.2.6),  then  becomes  the  constant  voltage 
transmitting  response, 

G(xlt')~-  f  h(r")L*(.r'lt")dS(r")dS(r').  (9.5.6) 

E  4n  js  Zb  Js 


The  double  integral  is  a  statement  that  all  surface  points  contribute  a  pressure  to  a  given  surface 
point  (—  first  integration)  and  all  such  given  points  are  summed  over  the  surface  (—  second  integra¬ 
tion). 


9.6  THE  RECIPROCITY  THEOREM  FOR  ELECTROACOUSTIC  TRANSDUCERS 

The  electroacoustic  reciprocity  theorem  states  that  the  ratio  of  the  magnitudes  of  the  receiving 
and  transmitting  responses  of  an  electroacoustic  transducer  is  a  constant  independent  of  the  nature  and 
characteristics  of  the  transducer  [3]. 

To  illustrate  this  theorem  let  a  transducer,  acting  as  a  transmitter  (frequency  to),  centered  at  Rr, 
radiate  a  field  to  point  R  in  an  infinite  homogeneous  isotropic  fluid  medium.  Choosing  a  constant 
current  drive  we  use  Eq.  (9.5.1)  to  describe  the  transmitted  field  S, 

S (transmitter  centered  at  RCI  field  at  R)  -  f  G( R/r') 

4tt  js 

X  fs  h  (r") L  (t'/t") dS (r") dS (r')  (9.6.1) 

in  which  r'  and  r"  are  points  on  the  surface  S,  the  center  of  S  being  Rc. 

Now  let  the  same  transducer  acting  as  a  receiver,  also  centered  at  RCJ  receive  a  wave  field  at  the 
same  frequency  e o  from  a  point  source  located  at  R.  It  is  useful,  though  not  essential  to  the  theorem, 
to  assume  the  transmitted  wave  field  is  thus  spherical.  The  incident  field  is  then, 
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-/*r|r"-R| 


PioM")  -  <J>  -^r, — 


(9.6.2) 


in  which  r"  is  a  point  on  the  receiver  surface  and  <t>  is  the  source  strength.  The  total  field  pit")  on  the 
surface  on  the  surface  is  the  sum  of  incident  and  diffracted  fields, 


Pfeceiver(^  )  “  Pine Pdiltracled^  )  ■ 


(9.6.3) 


In  the  presence  of  the  receiver  and  its  baffle  this  receiver  pressure  is  obtainable  from  the  definition  of 
the  Green’s  function  of  the  baffle, 


P receiver  “  <S>G(r"/R). 


(9.6.4) 


The  strength  <l>  of  the  spherical  source  is  seen  from  Eq.  (9.6.2)  to  be 

„  Pinc(r")|r"-R|  ,  ..  %tf  x 

’1>-.»pO*|,"-g|)  (u",ts:  N/m>- 


(9.6.5) 


It  is  customary  to  refer  the  receiver  response  to  the  surface  pressure  at  the  center  Rc.  Thus  the  source 
strength  is 


<t>  -  pinc(Rc)\Rc  -  R| exp (— /Ar |RC  -  R|). 


(9.6.6) 


Substitution  into  Eq.  (9.6.4)  gives  pre ce,Ven  and  substitution  into  Eq.  (9.4.6)  gives  the  (open  circuited) 
voltage  response  M  defined  as, 


M  (receiver  centered  at  Rc,  source  at  R)  = 


_  E0c 


Pinc^c^ 


|RC  -  R|  exp  (-/Ar|Rc  -  R|  f  h'( t')  J  L (t'/t") G(r"/R ) dS it") dS it') .  (9.6.7) 


Assume  next  that  the  reciprocity  conditions,  Eqs.  (9.4.7)  and  (9.4.8)  hold  and  that 

<7(r7R)  =  G(R/r'). 

Then  the  ratio  of  transducer  receiving  response  M  to  its  transmitting  response  S  is, 

M (receiver  at  Rc,  source  at  R)  _  [Rc  -  R[  exp  i-ik |R  -  Ac|  -  /«) 
S (transmitter  at  Rc,  field  at  R)  (/top/ 4n) 

The  magnitude  of  this  ratio  is. 


(9.6.8) 


m 


V,%V- 


M  =  47rlRc  ~  Rl  =  ld_  =  2 d\_ 

S  cop  pf  pc 


d  =  |R;  -  R|. 


(9.6.9) 
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Discussion 

The  spherical  wave  reciprocity  constant  Js  depends  on  the  distance  from  held  point  R  to  the 
center  Rc  of  the  transducer.  It  thus  appears  to  be  an  arbitrary  quantity  since  Rr  can  be  variously 
defined.  However,  the  receiving  response  (Eq.  (9.3.7))  is  itself  defined  only  in  terms  of  a  reference 
point,  also  taken  to  be  Rc .  Thus  J  is  not  truly  arbitrary. 

Js  varies  directly  with  the  wavelength  and  inversely  with  the  characteristic  impedance  (-  pc)  of 
the  medium.  This  type  of  functional  dependence  is  seen  to  be  the  result  of  choosing  a  point  source  of 
spherical  waves  upon  which  to  calculate  the  receiver  response.  If  the  source  is  a  line  generating  cylindr¬ 
ical  waves  the  reciprocity  constant  has  a  different  form.  To  derive  it,  it  will  be  useful  to  state  the  elec¬ 
troacoustic  reciprocity  theorem  in  an  alternate  form.  Let  there  be  a  transducer  which  can  operate  both 
as  a  receiver  and  as  a  transmitter.  In  the  receiver  mode  let  the  transducer  face  be  rigid  so  that  the 
applied  acoustic  field  force  is  the  blocked  force  ( Fb ).  The  resultant  voltage  v0c  is  then  measured  open 
circuit.  In  the  transmitter  mode  let  the  transducer  be  driven  by  a  constant-current  /  from  a  generator 
with  zero  internal  impedance,  thereby  developing  a  normal  velocity  v„  on  its  surface.  According  to  the 
reciprccity  theorem  the  receiver  and  transmitter  responses  are  related  by  a  constant, 


(9.6.10) 


Now  for  a  cylindrical  transducer  of  length  L  and  radius  a,  the  blocked  force  in  the  receive  mode  is 
based  on  the  incident  force  in  the  absence  of  the  transducer: 

Fb-2naLpmc.  (9.6.11) 


In  the  transmitter  mode  the  pressure  field  at  R  is  p(R)  -*  AHf)(kR)e~lu‘  where  A  is  the  strength  of  the 
transmitter  and  H0  is  the  Hankel  function  of  zero  order.  For  :cven  normal  velocity  v„  on  the  surface  r 
■*  a  («  X)  where  H0(k)  =»  (2l/ir)  In  r  exp  —imt,  one  has  A  —  n2afvHp0  as  may  be  seen  from  the 
acoustic  boundary  condition  (Bp/Bn)\r  -  a  “  -/wpv,.  In  the  farfield,  H0ikR)  -  (2/vkR)111  exp 
[fltCR  -  ct)  -  in! 4],  Hence  piR)  —  irapv„(cf/R)l/ ”  exp  [tkiR  -  ct)  -  /ir/4].  Substitution  of  Fb 
and  v„  into  Eq.  (9.6.10)  leads  to  the  result, 


(units  of  J:  ms/NS) 


(9.6.12) 


Jc  is  the  desired  cylindrical-wave  reciprocity  parameter. 

Equation  (9.6.9)  is  valid  for  any  point  R  in  the  medium.  From  this  it  is  deduced  that  the  direc¬ 
tivity  pattern  of  the  transducer  acting  as  a  transmitter  is  the  same  as  its  pattern  when  acting  as  a 
receiver.  However,  the  reciprocity  theorem  requires  that  the  orientation  of  the  transducer  relative  to 
the  field  point  R  be  the  same  whether  transmitting  or  receiving. 


9.7  PASSIVE  LINEAR  ACOUSTIC  TRANSDUCERS  WI  *  H 
FIXED  VELOCITY  DISTRIBUTION 

In  Eq.  (9.2.13)  the  (unknown)  velocity  v„(r)  is  obtained  by  inverting  the  integral  equation  (of 
mechanical  coupling)  Eq.  (9.2.11).  The  result  is  then  inser'sd  into  Eq.  (9.3.4)  thereby  giving  the  pres¬ 
sure  distribution  pit)  on  the  surface  of  the  transducer. 
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Suppose  now  that,  independent  of  the  manner  of  excitation,  the  transducer-face  normal  velocity 
has  a  fixed  spatial  distribution  at  a  particular  frequency,  that  is, 

v„(r)  -  vnfp(t),  /3(r)  known.  U'7.1) 

Here  vref  is  a  reference  velocity,  and  both  vref  and  /3  are  complex  quantities.  If  the  transducer  face  is 
imagined  to  be  a  pair  of  mechanical  terminals  the  power  flow  outward  from  these  terminals  is  given  by 

W  -  Re{/v*}  -  Re{J*  p(r)v„*(r)dS(r)) 


(9.7.2) 


/- /  p(r)/3*(r)dS(r». 

Following  Foldy  (21  one  substitutes  Eq.  (9.7.1)  into  Eq.  (9.3.4),  then  multiplies  Eq.  (9.3.4)  by  0*(r) 
and  integrates  over  the  surface.  The  result  is  the  force  /of  the  medium, 


ftmfo~  2rVt 


rtf 


(9.7.3) 


fo  -  Js  fi9(r)pt(r)dS  -  /  0*(r)G(r/r’)  dS(t')dS(r)  (9.7.4) 


Z, "  ^  Ss  fs  fi'WGWrtfiWdSWdSlx) 


units: 


Ns 

m 


(9.7.5) 


The  force  /<,  is  identified  as  the  generated  force  of  the  medium  considered  to  be  a  mechanical  force  gen¬ 
erator.  The  term  Z,  vref  is  the  force  drop  due  to  the  velocity  v„. 

Receiving  Response  and  Transmitting  Response 

The  quantities  v„,  f  F0,  and  Z,  allow  us  to  obtain  the  transmitting  responses  of  a  transducer  with 
fixed  velocity  distribution.  To  do  this  we  return  to  Eq.  (9.2.11),  multiply  by  /3(r),  integrate  over  the 
transducer  surface  area,  then  solve  for  Kef 


V  -  "*7 

ref  Z0  +  Z, 

(9.7.6) 

Zo-f  f  p (r) Z0 (r/ r')/3 (r') dS(r')dS (r)  (units:  Ns/ m). 

(9.7.7) 

k'-  J  h(x)p(r)dS(r)  (units:  N/A). 

(9.7.8) 

The  transmitting  response  for  this  (known)  velocity  distribution  vreffi(r')  is  then  given  by 

**>  -  -  wff+z,)  /«  cw/rtdwzsw. 


(9.7.9) 
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To  find  the  receiving  response  of  a  transducer  with  fixed  velocity  distribution  we  return  to  Eq.  (9.2.10) 
and  using  Eq.  (9.3.4)  we  identify 


r0(r)  -  pg(r)  -  -j—  J*  G( r/r)  Oi&l  dS{ r').  (9.7.10) 

*  4tt  j  an 

Substitution  in  Eq.  (9.2.10),  followed  by  multiplication  of  the  result  by  /3  *(r)  and  integration  over  sur¬ 
face  area,  then  solving  for  snf  lead  to 


/o  ~  k'i 
Vfef  ”  Z0  +  Zr ' 

Now  from  Eq.  (9.1.8) 


(9.7.11) 


E-kvtt{+ZbI  (9.7.12) 

k  -  /  /»'(r)/3(r)dS(r).  (9.7.13) 

Choosing  an  electrical  load  impedance  Z,  —  -EH,  one  substitutes  Eq.  (9.7.11)  and  (9.7.13)  into  Eq. 
(9.7.12),  which  then  gives  the  output  voltage 


_ kZj o _ 

(Z,  +  Z4)(Z0  +  Z,)  -  kk'  ■ 


(9.7.14) 


(Note  again  that  Zb  refers  to  the  transducer  and  Z,  to  the  electric  generator,  both  expressed  as  electricai 
ohms.)  In  order  for  this  expression  to  be  reduced  to  the  receiving  response,  E  must  become  the  open- 
circuit  E0c  by  making  Z;  —  «>.  Also  /0  must  become  the  free  field  incident  pressure  pr  The  latter 
transformation  requires  the  calculation  of  /0  for  a  specific  acoustic  field.  Let  this  field  be  due  to  a  point 
source  with  strength  4>  at  distance  R,  and  let  the  center  of  the  receiver  be  at  Rc.  Then  employing  the 
definition  of  the  Green’s  function  and  using  Eq.  (9.6.4)  and  (9.6.5)  as  models,  one  has 

/o  -  *  /  G(r/R);3*(r)rfS(r)  (9.7.15) 


p,(r)|R-Rc! 
exp(tfc|R  -  Rc|)  ' 


(9.7.16) 


The  receiving  response  of  the  transducer  with  fixed  distribution  of  velocity  then  reduces  to 


M(R) 


Eq  c 

Pf(  Rc) 


fc|R  -  RC1  exp  (— /k|R  -  Rc| 
Z0  +  Zr 


f 


G(r/R)/3*(r)dS(r). 


(9.7.17) 


This  formula  for  M  together  with  the  formula  for  S  (Eq.  (9.7.9))  from  the  basis  of  the  reciprocity 
theorem  discussed  in  the  next  section. 


Electroacoustic  Reciprocity  for  Transducers  with  Fixed  Velocity  Distribution 

Division  of  Eq.  (9.7.17)  for  Af(R)  and  Eq.  (9.7.9)  for  S(R)  gives  the  reciprocity  theorem  for 
electroacoustic  transducers  with  fixed  velocity  distribution.  If  me  sets  the  conditions  of  reciprocity, 
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1*1-  I*' 


(9.7.18) 


P  •(/■)-  elyp(r) 


(9.7.19) 


|Af(R)|  2d\ 

|S(R)I  “  pc 


,d  -  |R  —  Rf|. 


(9.7.20) 


Thus  reciprocity  is  esublished,  provided  conditions  Eqs.  (9.7.18)  and  (9.7.19)  hold.  Furthermore  if 
one  writes 


P(r)  -  g  <r)e‘*M 


(9.7.21) 


then  condition  (9.7.19)  leads  to 


/( y  +  20(r))  —  ±  1 


<t>(x)  —  nir  -  y/2,  n  -  0,  1,  2  . . 


(9.7.22) 


Since  y  is  independent  of  r,  then  0  must  also  be  independent  of  r.  Hence  the  phase  of  any  two  adja¬ 
cent  points  on  the  transducer  surface  must  be  0°  or  180°  [2]. 

Directivity  Factor 


A  transducer  moving  with  face-velocity  v„  radiates  a  pressure  p(R)  to  a  held  point  R  given  by  Eq. 
(9.2.6).  Choosing  R  to  be  a  surface  point  r  one  finds  the  real  power  radiated  is  given  by  Eq.  (9.7.2), 


-Re{// 


G (r/ r') v„ (r') dS (r') v* (r) <£S (r) }  -  v’fr, 


(9.7.23) 


in  which 


r,  *»  ReZf 


where  Z,  is  Eq.  (9.7.2). 

Now  by  definition  the  directivity  factor  of  a  transducer  is  the  ratio, 

DF- AM.  (units:  none). 
PC  H'r.d 


(9.7.24) 


Here,  A  (R)  is  the  area  of  a  sphere  of  radius  R.  Thus  the  Z>Fis  not  specified  unless  the  radius  vector  R 
is  specified  in  magnitude  and  direction.  It  is  customary  to  take  R  in  the  direction  of  maximum 
transmitting  (or  receiving)  response,  and  to  choose  its  magnitude  to  be  a  unit  distance  (say  one  yard  or 
one  meter).  Substituting  of  Eqs.  (9.7.23)  and  (9.2.6)  lead  to 
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DF  _  "We.  |  r  q (R/r')/3 (r') dS (r')  | 2,  |R|2  -  1.  (9.7.25) 

<'.-c r,  J 

It  is  clear  from  the  structure  of  this  equation  that  the  transmitting  and  receiving  factors  of  a  reciprocal 
transducer  are  equal. 

Available  Acoustic  Power  Upon  Reception 

Let  the  origin  of  coordinates  of  a  receiving  transducer  be  at  its  acoustic  center.  Assume  a  point 
source  (strength  $  (units:  N/m»  at  a  (great)  distance  R  is  radiating  a  plane  wave  field  which  is 
incident  on  the  receiver  at  some  angle  relative  to  the  coordinate  system.  According  to  Eq.  (9.3.4)  the 
held  a  R  in  the  presence  of  the  transducer  moving  at  velocity  v„  is 

pi r)  -  $G(r/R)  -  /  G(r/r')0(r')d9(r').  *9.7.26) 

Here,  as  always,  G  is  the  Green’s  function  associated  with  the  medium  and  the  baffle  structure  of  the 
receiver. 

The  net  force  /  on  the  transducer  face  is  the  medium  force  which  generates  acoustic  power  (Eq. 
(9.7.2))  in  the  receiver 


W  -  Re{/vref*}  -  Re 


Mi 

z 


(9.7.27) 


The  symbol  Z  is  the  mechanical  impedance  of  the  transducer  face  calculated  with  reference  to  velocity 
v„r.  Integrating  Eq.  (9.7.2)  with  pit)  given  by  Eq.  (9.7.26),  then  using  vref  —  f/z,  one  obtains  the  net 
force  /, 


d> 

J  /3*(r)G(r/R)dS 

rj 

‘  0*(r)G(r/rW)<tf(r')dS(r) 

(9.7.28) 


Using  the  definition  of  Z,  (Eq.  (9.7.5))  one  readily  derives  the  real  power  absorbed  by  substituting  Eq. 

(9.7.28)  into  (9.7.29)  and  taking  the  real  part, 


pc|E|2/M /  /3*(r)G(r/R)dS|2 
U  +  z,i2 


(9.7.29) 


*X, V*  '-v  ,.‘V>  V  ”•’■  »’*  -'*'  •■'  '•’• 
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The  absorbed  power  is  a  maximum  when  z  —  z ,*,  that  is,  when 


i  '  r„  x  -  -x,. 


(9.7.30) 


Then,  using  the  definition  of  the  directive  factor,  Eq.  (9.7.25),  one  finds 

.  M>.  (9.7.31) 

oiz  47 r 


Discussion 

The  maximum  power  that  can  be  absorbed  by  a  receiver  from  a  plane  wave  incident  in  a  given 
direction  is  seen  to  depend  on  three  factors.  A  first  factor  is  the  intensity  of  the  incident  wave,  which 
is  to  be  expected.  However,  because  the  receiver  is  directional  this  intensity  must  be  modified  by  the 
directivity  factor  of  the  receiver  which  magnifies  (or  reduces)  it  depending  on  direction.  This  also  is  an 
expected  result.  It  is  important  to  note  that  this  receiving  directivity  is  calculated  relative  to  the  direc¬ 
tion  of  incidence  of  the  plane  wave.  The  third  factor  is  the  square  of  the  wavelength.  Its  appearance  is 
due  to  the  fact  that  Wmxx  varies  inversely  as  frequency  squared.  Since  however  DF  varies  directly  as 
frequency  squared,  the  wavelength  dependency  is  seen  to  be  directly  the  result  of  including  the  DF 
explicitly  in  Eq.  (9.7.31). 

Available  Power  Efficiency 

In  an  electroacoustic  receiver,  the  transfer  of  power  from  the  acoustic  field  into  the  electric  field 
may  be  visualized  in  an  ideal  way.  In  the  acoustic  field  one  may  take  the  force  of  the  medium  on  the 
transducer  face  to  be  /0  in  Eq.  (9.7.3),  neglecting  the  term  Z,vref  since  vref  is  small  enough  to  render 
this  term  negligible.  If  the  impedance  imposed  by  the  medium  on  the  face  is  the  acoustic  radiation 
impedance  z,(-  r,  -  lxr),  and  if  the  power  transfer  between  the  acoustic  field  and  the  electric  field  is 
ideal  (—  matched)  then  Z/(-  /?,  -  iXj)  of  the  electric  load  approaches  2 R,  and  z,  approaches  2 r,.  The 
ideal  acoustic  power  transferred  is  !/ol2/4/v  and  the  ideal  electrical  power  generated  is  |£,0(r|2/4)?/. 


The  ratio  of  the  two  ideal  powers  gives  the  available  power  efficiency  (Tjide,|)r 
(9.7.14)  with  E  —  E0c  one  finds: 


Using  Eq. 


7ideal'rec  : 


\E0cl\ 

l/ovrefi 


(’lidetl^r 


k2Z,2f o2  x  1 

(Zt  + Z,)(Z0+ Zr)  -  kk')2  ftUr, 


Mk\2rrR, _ 

\(Z,  +  Zb)(Z0  +  Zr)  -  kk’\2 


(9.7.32) 


In  the  case  of  an  electroacoustic  transmitter  /0  is  replaced  by  /0  -  Z,vref  in  both  the  acoustic  field  and 
in  Eq.  (9.7.14).  The  available  power  efficiency  for  transmission  is  again  Eq.  (9.7.32),  excepting  that  k‘ 
replaces  k, 


(t?  ideal) t 


_ Mk'\2rrR,  _ 

|(Z,  +  Z„)(Zr  +  Z0)  -  kk' 


(9.7.33) 
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If  the  transducer  is  reciprocal,  \k'\2 
transmitting  or  receiving  modes. 


|fc|J;  then  the  available  power  efficiency  is  the  same  for 


For  perfect  matching  the  electrical  terminating  impedance  of  the  electric  generator  is  made  the 
complex  conjugate  of  the  transducer  electrical  terminating  impedance.  Under  this  condition  of  match¬ 
ing  the  above  ratios  of  ideal  powers  are  called  standard  available  power  efficiency  in  each  case. 

Threshold  Pressure  of  a  Receiver 

Assume  a  condition  of  ideal  power  transfer  from  an  incident  plane  wave  to  an  electrical  load  resis¬ 
tance  Rt.  Then  the  electrical  power  absorbed  for  the  lowest  detectable  acoustic  pressure  pT  can  be  writ¬ 
ten  in  terms  of  the  threshold  open  circuit  voltage  ET.  The  maximum  acoustic  power  ideally  transferred 
is  given  by  Eq.  (9.7.31).  Hence,  by  definition  of  the  available  power  efficiency,  the  threshold  pressure 


|£rl2  pc4ir 
4 R,  \2(DF)  ‘ 


(9.7.34) 


Now  |£r|2/4R/  must  be  equal  to  the  averaged  noise  power  <E^/R,>  due  to  noise  in  the  receiver  cir¬ 
cuitry.  Such  noise  is  a  sum  of  ambient  noise  in  the  medium  and  thermal  noise  in  the  transducer.  Since 
ambient  noise  itself  may  be  the  desired  signal  pressure  we  consider  here  only  thermal  noise.  For  a 
receiving  band  A/ Hz  wide,  at  absolute  temperature  T  (units:  °K)  this  is  given  by. 


<£/?> 


4k  TA/ 


(9.7.35) 


Nm 

k  -  Boltzman’s  constant  -  1.38  x  10” 23 

From  the  definition  of  threshold  voltage  one  sets  <£$>  «  i£r|2.  Then  the  threshold  pressure 
becomes: 


^ttdckTLj 


X  2(Z>F)(Wr 


(9.7.36) 


It  is  immediately  seen  that  by  making  the  directivity  factor  indefinitely  large  the  threshold  pressure  may 
be  made  indefinitely  small.  An  empircal  formula  for  the  directivit'  factor  of  a  plane-surface  transducer 
in  an  infinite  baffle  is  known  to  be  [4], 


DF  -  Air  A  ~  +  2. 


(9.7.37) 


When  A  «  X2  then  DF  —  2.  The  threshold  pressure  is  then 


pT  a  —  «  (o  for  (vidtaihec  “  constant. 

A 


(9.7.38) 


When,  however,  A/\2  »  2  then  the  threshold  pressure  is  independent  of  frequency  but  varies 
inversely  as  the  square-root  of  the  transducer  face  area 


-i  *_~S  -.1  -J3A" 


.T  K.'TVnU 
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pT  *  (>4)_l/2. 


(9.7.39) 


The  use  of  threshold  pressure  as  a  criterion  of  excellence  in  receiver  design  is  seen  to  be  wanting 
because  a  mere  increase  in  receiver  area  reduces  the  reception  threshold  regardless  of  any  other  elec¬ 
tromechanical,  or  electroacoustic  feature  of  the  transducer.  A  more  significant  criterion  of  goodness  is 
the  available  power  efficiency,  Eqs.  (9.7.32)  or  (9.7.33),  which  involves  electrical,  mechanical  and 
acoustic  parameters  in  a  meaningful  way. 

Receiver  Capture  Area 

The  maximum  power  that  can  be  extracted  from  a  plane  wave  by  a  transducer  with  directivity  fac¬ 
tor  DF  is  given  by  Eq.  (9.7.31).  Assume  now  that  A  Ik1  is  large  enough  so  that 


DF  -  4  it 

X2 


(9.7.40) 


Substitution  into  Eq.  (9.7.31)  leads  to  the  formula 


~  r4c  S,  or  Ac  ~  WmJJ. 


(9.7.41) 


The  symbol  Ac  is  the  capture  area  of  the  receiver.  Its  significance  is  this:  if  the  frequency  is  "high 
enough"  such  that  DF  is  approximately  equal  to  the  first  term  in  Eq.  (9.7.37),  and  A  —  Ac  —  actual 
face  area  of  the  transducer  then  the  available  acoustic  power  for  reception  is  the  product  of  Ac  and  the 
intensity  of  the  incident  plane  wave.  The  capture  area  is  then  related  to  the  directivity  factor  by  the 
formula. 


A  <-DF)k2  ( DF)c 2 
c“  4  *  “  4  Try*2  ' 


(9.7.42) 


If  DF  is  proportional  to  /2  then  Ac  could  be  independently  of  f.  Ac  is  thus  seen  to  be  a  significant 
design  parameter  of  receivers. 

Generator  Force  (fo>  of  the  Medium 

From  the  concept  of  available  acoustic  power  upon  reception  (Eq.  (9.7.31))  and  discussion 
thereafter)  one  may  deduce  from  the  formula  for  the  power  matched  ideal  transducer  that 


l/ol2  _  \2(DF)  $ 
4  r,  4tt 


\HDF)  Jrr 


(9.7.43) 


VvV-V- 

:•*••«' 


Thus  a  plane  wave  of  intensity  /  incident  upon  a  receiver  develops  a  generator  force  /o  given  by  Eq. 
(9.7.43).  This  is  equivalent  to  an  "open-circuit  force"  exerted  by  the  medium  on  the  transducer  face. 
The  face  responds  with  motion  vref,  and  the  force  /  actually  delivered  to  the  transduction  mechanism 
through  the  radiation  impedance  Z,  is  given  by. 


f  ZrVref. 


(9.7.44) 
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In  an  equivalent  circuit,  constructed  with  "force  across"  and  "velocity  through,"  the  generator  force  /0  is 
seen  to  be  in  series  with  the  radiation  impedance  Z,  while  the  delivered  force  /  is  across  the  terminals 
of  the  medium  force  generator. 


Transmitting  Response  of  Transducers  In  the  Presence  of 
Volume  Distributed  Sources 


Equation  9.3.4  predicts  the  steady  state  pressure  field  p  of  a  transducer  with  normal  surface  velo¬ 
city  V„  in  the  presence  of  a  second  field  p,  generated  by  external  sources.  A  more  general  formulation 
predicts  the  pressure  field  under  transient  excitation  pt(x,  t).  In  this  case  the  Green’s  function  for 
unbounded  space  is, 

5  [(R/c)-(t-t0)) 
g "  R 

R-lr-rl 


and  integration  is  with  respect  to  time  to  as  well  as  space  r.  The  source  incident  pressure  (pjnc)  is 
taken  to  be  due  to  volume  distributed  sources  q.  In  this  general  case  q  may  be  monopole  sources  M , 
dipole  sources  Fh  and  quadrupole  sources  Ty.  Integration  with  respect  to  time  then  changes  time 
dependency  of  these  volume  sources  (as  well  as  of  equivalent  surface  sources)  into  dependency  on 
retarded  time,  i.e., 


speed  of  wave  propagation 


written  briefly  as  [9].  Of  particular  interest  is  the  volume  source  Ty  of  a  turbulent  fluid  whose  velocity 
structure  is  characterized  by  a  velocity  field  Ch  and  by  shear  stress  rv, 


T(J  "  pC'Cj  —  Ty. 


All  sources  q  (r,  r0)  generate  a  pressure  p  on  the  surface  of  the  transducer,  which,  together  with  the 
fluid  shear  stress  tu,  makes  up  the  stress  vector  P,  —  nJ(pbu  -  t v).  Following  Eq.  9.3.4  (in  its  tran¬ 
sient  form)  the  pressure  fluctuation  above  ambient  pressure  W  at  field  point  r  is, 


+ 1  /.7  W  *  +  &  /.  7  V*' -  /.  J 


dM 


Bt 

1  i 

0  pV„ 


Bt 


dV(  t) 


dS. 


Here,  the  term  in  Pt  represents  diffraction  from  the  transducer  considered  to  be  a  solid  body,  and  the 
terms  in  V„  represent  acoustic  radiation  due  to  the  normal  surface  velocity  on  the  moving  part  of  the 
transducer  surface.  V„  is  caused  both  by  the  external  sources  q  and  by  internal  drive  forces  of 
transduction  (such  as  voltage,  amperage,  etc). 
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Chapter  10 

HYDROPHONES  CONSTRUCTED  OF  PIEZOELECTRIC 
COMPOSITE  MATERIALS 


10.0  INTRODUCTION 


The  use  of  polarized  piezoactivc  ceramic  materials  as  the  principal  ingredients  in  hydrophones  is 
widespread.  They  can  be  produced  in  large  quantities  at  economical  prices,  have  good  receiving  sensi¬ 
tivity  and  dynamic  range,  require  no  dc  polarizing  current  (or  voltage),  have  a  reasonable  life  expec¬ 
tancy  and  can  be  built  in  many  shapes. 


In  applications  important  to  undersea  surveiiiance  of  potentially  hostile  navies  there  is  a  need  for 
hydrophone  with  large  capture  areas.  While  such  a  hydrophone  can  be  constructed  of  groups  of 
piezoelectric  ceramics  these  tend  to  be  heavy  in  weight,  brittle  and  therefore  easily  damaged,  requiring 
careful  matching  of  component  ceramics  to  ensure  phase  and  sensitivity  uniformity,  exhibit  deteriora¬ 
tion  of  performance  with  depth  of  submersion,  and  are  likely  to  be  bulky. 


A  new  material  (generally  called  piezoelectric  ceramic/ polymer  composite)  which  is  inherently 
lightweight  and  compliant,  with  improved  piezoelectric  properties,  and  which  can  be  built  into  large  area 
hydrophone  receivers  in  ways  that  make  them  relatively  insensitive  to  hydrostatic  pressure,  has  been 
the  focus  of  research.  The  goals  of  such  research  and  the  achievements  to*  date  are  discussed  in  this 
chapter. 


10.1  HYDROPHONE  FIGURE-OF-MERIT 


The  concept  of  available  power  efficiency  of  a  transducer  acting  as  receiver  is  discussed  in  Sect. 
9.7.  There  it  was  defined  as  the  ratio  of  (ideal)  electrical  power  developed  in  the  electric  load  to 
incident  acoustic  power  developed  on  the  face  of  the  transducer.  This  ratio,  given  by  Eq.  (9.7.32),  is 
chosen  here  to  be  the  figure-of-merit  of  a  hydrophone.  For  purposes  of  providing  a  useful  guide  in 
materials  research  Eq.  (9.7.32)  can  be  reduced  to  a  simpler  form  closely  related  to  piezoelectrics. 


We  assume  first  that  the  transduction  properties  of  material  in  question  can  be  described  by  the 
linear  static  equations  of  r:ezoelectricity.  Two  alternate  sets  of  coupled  equations  are  chosen  in  order 
to  interrelate  piezoconstants: 


=  sfjTi  +  dmiEm 
Dm  *“  dmnl  T,  +  z„kEk 


S  -  sfjlj  +  gmtDm 


Dm  ~  ~  Smi  Tj  +  /3 lkDk 


(10.1.1) 


Here  dml  is  the  charge  density-stress  constant  and  gmi  is  the  electric  field-stress  constant.  In  these  (ten¬ 
sor)  equations  let  the  stress  T,  be  the  component  external  hydrostatic  pressure  ph.  Considering  only 
electromechanical  conversion  with  both  D  and  E  measured  in  the  3 -direction  one  deduces  that  in  terms 
of  the  hydrostatic  piezoelectric  coefficient  dh  and  gh. 


units  of  dh: 


xnt-c/A 


(10.1.2) 


'TSCT4X*  T  *  %'i  *5V.TV ^ 


V^V-V-V-V-V-  /  >'•  ^  ^ 


Hydrophones  of  Piezoelectric  Composite  Materials 


v  nO" 

E3  -  -  ghph  units  of  gh:  —  x  — 


Cady  [1]  notes  that 


<4  “  <4i  +  dJ2  +  d3 3  -  2d3\  +  d33\  gh  -  2^31  +  $33.  (10.1.3) 

The  electric  energy  stored  because  of  hydrostatic  deformation  is 

Sfelec  -  E3D3  -  -  gHdhpj*  (units:  Nm/m3).  (10.1.4) 

Now  under  static  conditions,  for  a  transducer  structure  with  mechanical  compliance  CM  (units:  m2/N), 
the  mechanical  energy  supplied  by  the  medium  is 


£mech  -  P?CM  (units:  Nm/m3). 


(10.1.5) 


(10.1.6) 


Thus,  the  magnitude  of  the  ratio  of  energies  is, 

■§— -  -  (units  gghdh:  m2/N).  (10.1.6) 

9  mech  v M 

If  the  transduction  were  matched  (—  ideal  coupling)  this  ratio  would  be  the  available  power  efficiency 
on  reception.  As  it  is,  it  can  serve  as  a  figure-of-merit  even  though  the  transduction  is  nonideal.  For 
brievity,  the  figure-of-merit  is  taken  to  be  the  ghdh  product  for  transducers  operating  in  the  hydrostatic 
mode.  It  is  related  to  the  usual  definition  of  coefficient  of  electromechanical  coupling  on  reception,  k } 
in  the  following  way: 


,  2  _  frelec  m  khd/,1  CM 
^Telec  +  #mech  1  +  gh^J  CM 


(1C.1.7) 


The  figure-of-merit  is  also  related  to  open-circuit  receiving  sensitivity,  M0  defined  by  Eq.  (9.7.18).  In 
the  case  of  a  simple  receiver  structure  composed  of  a  plate  or  shell,  of  thickness  t  and  receiver  area  A, 
Eq.  (10.1.4)  takes  the  form 


it  is  seen  that 


VC 

—  x  -j  -  ~  ghdhP  ■ 


C  -  —  V  -  CTV,  (CT-  free  capacity) 


VY  1  T 

■j  jrCT--ghdh,  r-At. 


By  choosing  V  —  V0c,  one  may  generalize  the  left-hand  side  of  this  formula  to  apply  to  any  mode 
of  piezoelectric  coupling: 
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MqCt 

r 


(units:  m2/N). 


(10.1.8) 


This  is  the  figure-of-merit  derived  by  Woollett  [2],  who  takes  ^however  to  be  the  totally  enclosed 
volume. 


Evidently  one  goal  of  research  in  piezoelectric  composities  is  to  maximize  ghdh  for  given  CM. 

We  now  return  to  Eq.  (10.1.1)  and  consider  the  purely  electric  field  relation, 

Z)3  -  *&E3. 

This  equation  states  that  the  generation  of  a  time-varying  voltage  in  the  receiver  circuit  at  zero 
mechanical  stress  is  accompanied  by  time-varying  accumulation  of  charge  (i.e.,  electric  current).  In 
order  to  realize  the  maximum  electric  energy  the  current  should  be  maximum.  This  requires  a  large 
€&  Thus,  a  second  goal  of  research  in  piezoelectric/ polymer  composites  is  to  obtain  as  large  a  permit¬ 
tivity  as  possible. 

Since  light  weight  of  hydrophone  structure  is  desirable  a  third  goal  of  research  is  to  reduce  the 
mass  density  of  the  composite.  A  fourth  goal  of  research  is  to  make  the  piezoactive  material  more 
elastically  compliant  so  that  it  is  a  better  impedance  match  to  water. 

Any  achievement  of  these  goals  must  compete  with  existing,  highly  serviceable  materials. 

To  provide  a  reference  for  the  achievements  of  recent  research  we  list  here  in  Table  10.1.1  those 
properties  of  polarized  piezoceramic  materials  (and  polymer  film)  that  are  appropriate  to  this  chapter. 


Table  10.1.1  —  Piezoelectric  Ceramic  Materials  for  Hydrophones  [3] 


Property 

P  , 
(kg/m3) 

Kh 

Curie 

Point 

CC) 

£31^31 

#33  •  d3i 

*»  '  dh 

*15  •  <*15 

Material 

10"15 

m2/N 

Type  I 

1300 

320 

1,365 

7,543 

168 

19,542 

Type  II 

1700 

350 

1,840 

8,875 

70 

22,309 

Type  II-M 

3400 

190 

2,253 

11,135 

112 

19,859 

Type  III 

1000 

300 

976 

5,341 

112 

— 

Type  IV 

1200 

115 

319 

2,101 

102 

PbNb206 

225 

570 

41 

3,612 

2,244 

— 

Flexible 

Ceramic 

4000 

30 

_ 

112* 

38* 

pvf2 

1800 

10 

100+ 

3,480* 

— 

343* 

— 

*estimrted  va 

ue;  maximum  temperature 

10.2  CONNECTIVITY  OF  PHASES  OF  COMPOSITE  STRUCTURES 

The  word  "phase"  that  appears  in  desciption  of  piezoelectric/polymer  composites  is  defined  as  one 
component  material  of  a  system  of  several  possible  components.  Thus  for  example  a  biphasal  system 
consists  of  two  distinct  component  materials  of  different  physical  and  chemical  structures.  Similarly,  a 
multiphased  system  consists  of  several  distinct  components. 
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In  the  formation  of  multiphase  composites  it  has  been  found  useful  to  distinguish  between  sys¬ 
tems  with  the  same  phases  but  different  structures  among  the  phases.  For  example,  the  biphasal  sys¬ 
tem  piezoelectric/polymer  can  be  different  from  polymer/piezoelectric.  Position  in  the  word  sequence 
serves  to  distinguish  them.  The  distinction  is  brought  out  by  the  concept  of  connectivity.  This  is 
described  next. 

The  component  material  in  each  phase  may  be  dispersed  throughout  the  volume  of  the  composite 
in  various  ways.  It  may  be  self-connected  in  one-dimension,  meaning  that  the  component  material 
appears  essentially  as  thin  linear  rods  (or  fibers)  pointing  in  one  direction  of  a  rectangular  coordinate 
system.  It  may  be  self-connected  in  two-dimensions,  meaning  that  the  component  material  accupies  two 
dimensions  of  (say)  a  rectangular  block.  This  may  be  a  two-dimensional  layer  of  the  material  of  phase 
I  or  alternatively,  a  group  of  linear  rods  (or  fibers)  pointing  in  the  x-direction,  and  a  second  group  of 
identical  rods  (or  fibers)  pointing  in  the  ^-direction.  It  may  be  self-connected  In  three  dimensions,  mean¬ 
ing  that  the  component  is  an  isotropic  block  of  material,  or  alternatively,  three  groups  of  linear  rods 
pointing  in  the  x,  y,  and  z  coordinate  directions.  Finally,  the  component  may  not  be  self-connected  in 
any  direction,  like  a  random  dispersion  of  voids  in  a  cube  of  material. 

To  identify  a  composite  and  thereby  describe  its  essential  phasal  construction,  a  numerical  value 
chosen  from  0,  1,  2,  3  is  assigned  to  the  phase.  These  numbers  mean:  0  —  not  self-connected;  1,  2,  3 
connected  in  one,  two  or  three  directions  respectively.  As  an  example  of  such  composite  connectivity 
identification  we  choose  the  verbal  sequence  "elastomer  IPZTI  spheres"  and  assign  the  numbers,  3-1-0. 
This  sequence  means  the  following:  the  elastomer  phase  is  self-connected  in  3  dimensions  (most  likely 
a  block);  the  PZT  phase  is  self-connected  in  1 -dimension  (most  likely  a  collection  of  linear  rods  (or 
fibers))  pointing  (say)  along  the  x-direction  and  embedded  in  the  elastomer;  the  "spheres"  phase  is  a 
collection  of  spherical  bodies  randomly  dispersed  throughout  the  elastomer. 

A  second  example  helps  distinguish  between  0-0  and  3-3  connectivity.  A  0-0  composite  consists 
of  particles  of  phase  1  and  phase  2  randomly  dispersed  in  each  other  in  a  volume.  By  contrast  a  3-3 
composite  consists  of  a  3-dimensional  skeleton  of  phase  1  interwoven  with  a  skeleton  of  phase  2. 

This  numbering  scheme  in  conjunction  with  a  verbal  sequence,  though  not  without  its  ambigui¬ 
ties,  serves  to  label  a  particular  composite.  More  complete  descriptions  are  always  possible. 

Figure  10.2.1a,  b,  c,  and  d  are  four  examples  of  connectivity  of  piezoceramic/polymer  types. 

10.3  SERIES,  PARALLEL  CONNECTIVITIES; 

HYDROSTATIC  PIEZOELECTRIC  CONSTANTS 

Figure  10.3.1  shows  two  disphasic  composites  with  1-1  connectivity,  if  phases  1  and  2  are  rods  (or 
fibers);  or  2-2  connectivity,  if  phases  1  and  2  are  layers.  In  (a)  the  phases  are  connected  in  series  with 
the  electrodes  (that  is,  the  electrodes  form  layers  parallel  with  the  phases).  The  composite  piezoelectric 
constants  (marked  with  an  overhead)  are  written  in  terms  of  volume  fractions  v. 

-  v\d$e$  + 

33  *'i«3(3)  + 

series  connection  _  ,  (?)  (10.3.1) 

833  “  »MS33  + 

in  which  1  and  2  indicate  phase  1  and  phase  2. 

In  (b)  the  phases  are  cor.nected  in  parallel  relative  to  the  electrodes  (that  is,  phases  1  and  2  are 
perpendicular  to  the  electrodes^.  The  composite  piezoelectric  constants  are: 
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ceramic. 


ehztomer  rods 


ceramic 


wmmmk 


/JJJ/LL 


electrode 


mmm 


□  □  □ 
□.□  □ 


'Hslum 

•J  Ml 


Fig.  10.2.1  —  Example  of  connectivity  of  composite  materials.  (a)  piezoceramic/eUstomer,  1-3  connectivity,  (b) 
piezoceramic/elastomer,  3-2  connectivity,  (c)  piezoceramic/elastomer,  3-1P  connectivity,  (d)  piezoceramic/elastomer,  3-ls  con¬ 
nectivity. 


parallel  connection 


-  *1*1$  +  vid$s$ 

*33”  nsj?  + 

V\ +  Vid$s$ 
^33  (v\ d$  + 


(10.3.2) 


As  will  be  noted  later  in  this  chapter  composites  with  parallel  connection  show  sizable  g33  constants. 
>'  The  hydrostatic  sensitivity  dA  for  such  a  parallel  connection  is  a  combination  of  d33  and  d3I: 

-j  j  |  «3  ~  Vidfpsjf  + 

d*  -  d33  +  2d31 - +-v^p  ■  +  2MP  +  ) 


where 


d3i  =  v{d^  +  v2d$. 


(10.3.3) 


1 
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Assume  now  that  the  composite  is  poled  in  the  X3  direction.  Only  block  #3  then  is  piezoelectrically 
coupled.  The  volume  fraction  t^*,  of  active  piezoceramic  is  then 


"1 


L3  +  L2l 


a  +  / )3 

while  the  volume  fraction  of  polymer  in  the  building  block  cube  is 

*  t  • 

i>i  -  1  -  p\  . 

The  formula  for  d33  in  this  model  is  then 

vi  vjM2) 


(10.3.5) 


d33 


v,  V(2>  +  ' 


(10.3.6) 


Here  s33*<2)  is  the  compliance  of  nonactive  piezoceramic  with  associated  polymers.  In  making  estimates 
it  is  useful  to  choose 


In  a  similar  manner 


S3T  =  0.1  s33*(2). 

LW 


ao.3.7) 


31  a  + 1)3 ' 

The  dielectric  constant  of  the  components  may  be  estimated  in  the  same  way, 


(10.3.8) 


k33-k3<J>l2. 

Note  that  /  and  L  in  these  formulas  are  expressed  as  fractions  of  a  unit  cell. 


(10.3.9) 


Figure  10.3.3  is  a  (calculated)  plot  of  d33,  k3l,  dA,  and  ~d3 1  versus  volume  fraction  py  (of  piezo¬ 
ceramic)  of  a  unit  cell  based  on  the  cubic  array  model  [5]. 


Other  models  can  similarly  be  constructed,  such  as  one  based  on  rectangular  paral’.elopiped.  As 
before,  they  can  be  used  to  give  phenomenological  explanations  of  measured  values  of  composite  pro¬ 
perties. 


Fig.  10.3.3  —  Piezoe  sctric  and  dielectric  coefficients  calculated 
from  the  cubic  array  model 
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10.4  PREPARATION  PROCEDURES  FOR  COMPOSITE  MATERIALS 


Composite  structures  designed  to  be  the  piezoactive  materials  of  hydrophones  are  prepared  in 
various  ways.  We  note  here  four  commonly  used  procedures. 

0)  Embedding 

Two  phases  of  a  mujtiphase  composite  are  embedded  in  each  other  when  one  of  the  phases,  gen¬ 
erally  in  liquid  form  is  poured  around  the  second  phase,  generally  in  rod,  fiber,  crystal,  etc.  form,  and 
harded  in-situ. 

(2)  Perforation 

The  first  phase,  generally  in  block  form,  is  drilled  in  different  patterns  of  long,  thin,  straight  holes 
which  are  then  filled  with  the  second  phase,  possibly  in  liquid  form,  in  which  case  the  liquid  is  har¬ 
dened  in-situ,  or  in  solid  form,  in  which  case  a  close  fitting  is  required. 


(3)  BURPS  (Burned-out  Plastic  Spheres) 


One  phase,  say  a  piezoactive  ceramic,  is  ground  to  a  powder,  mixed  with  a  volume  of  small  plastic 
spheres,  cemented  with  a  binder,  then  fired  (sintered).  The  plastic  spheres  burn  out  leaving  a  porous 
ceramic  skeleton.  Ti  cavities  of  this  skeleton  are  then  back-filled  with  polymer,  generally  in  liquid 
form,  which  is  harden.  -  in  place. 


(4)  Replamineform  [4] 


A  piece  of  coral  skeleton  is  shaped  by  machining  to  a  desired  geometry.  It  is  then  vacuum- 
impregnated  with  Kerr  Inlay  casting  wax  and  the  wax  is  allowed  to  harden.  The  coral  skeleton  is  then 
leached  away  in  hydrochloric  acid  leaving  a  wax  negative.  The  negative  is  invested  with  piezoceramic 
slip  fluid  by  vacuum  impregnation  with  vibratory  actioh.  The  composite  is  heated  at  300°C  which  burns 
off  the  wax  negative.  The  coral-like  piezoceramic  structure  is  then  sintered  at  1280°C  for  one  hour. 
The  replica  is  back-filled  with  a  suitable  polymer  (say  Dow  Corning  MDX-4-4210  elastomer  (silicone 
rubber)).  Poling  is  done  at  14  kV/cm  for  5  min  at  100°C.  When  desired  the  composite  is  crushed  to 
break  the  connectivity  leaving  a  flexible  composite. 


10.5  SUMMARY  OF  MEASUREMENTS  ON  FERROELECTRIC  COMPOSITES 
FOR  HYDROPHONES 


With  the  definition  of  connecti  vity  given  in  Sects.  10.2  and  10.3  and  with  a  brief  note  of  prepara¬ 
tion  methods  given  in  Sect.  10.4  we  turn  now  to  tecord  measured  results  on  a  variety  of  composites. 
Since  the  construction  of  hydrophones  is  currently  based  (to  great  extent)  on  polarized  lead  zirconate 
titanate  material  it  will  useful  to  list  in  Table  10.5.1  the  physical  and  piezoelectric  properties  of  those 
most  commonly  in  use.  For  nomenclature  see  [3], 


Included  for  comparison  are  three  other  materials:  lead  niobate,  flexible  components,  and 
polyvinyldifluoride  polymers.  These  are  currently  under  investigation. 


To  assess  the  relative  uiefulness  of  these  materials  in  hydrophone  design  we  choose  the  figure- 
of-merit  fH  discussed  in  Sect.  10.1,  namely 


MnCT 
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Table  10.5.1  —  Piezoelectric  Ceramic  Materials  for  Hydrophones  [3] 


sf.  I  Sf2  sf3 


Aging  (%) 


10-,J  mtyN 

(%) 

Kh 

ke 

/i 

-4.0 

-5.3 

15.5 

0.5 

500 

-5.0 

-2.3 

+  1.5 

-5.7 

-7.2 

18.8 

1.4 

75 

-1.0 

-0.3 

+0.2 

-4.8 

-8.4 

20.7 

2.0 

65 

-2.7 

-1.4 

+0.9 

-3.7 

-4.8 

13.9 

0.5 

960 

-4.0 

-1.5 

+  1.0 

-2.') 

-2.7 

9.1 

0.6 

400 

-1.6 

-1.4 

+0.6 

- 

- 

25.4 

- 

11 

- 

- 

- 

- 

- 

- 

15.0 

<10 

low 

- 

- 

- 

- 

2.0 

<10 

low 

- 

- 

Property  g3,  g33  S f,  Sf2  Sf3  S§3  Aging  (%) 

- — -  Atji  k33  - - —J — — -  tanS6  Qfc - - - 

Materia!  10“}  V-m/N  10“12  mJ/N  (%)  Xf3  kp  /, 

Type  I  -11.1  26.1  0.33  0.66  12.3  -4.0  -5.3  15.5  0.5  500  -5.0  -2.3  +1.5 

Type  II  -11.5  25.0  0.34  0.70  16.4  -5.7  -7.2  18.8  1.4  75  -1.0  -0.3  +0.2 

Type  H-M  -8.6  19.1  0.38  0.75  16.5  -4.8  -8.4  20.7  2.0  65  -2.7  -1.4  +0.9 

Type  III  -10.5  24.5  0.31  0.62  11.1  -3.7  -4.8  13.9  0.5  960  -4.0  -1.5  +1.0 

Type  IV  -5.5  14.1  0.19  0.47  8.6  -2.0  -2.7  9.1  0.6  400  -1.6  -1.4  +0.6 

PbNb206  -4.5  42.7  0.05  0.38  -  25.4  -  11  - 

•Flexible  -4.0  20.0  <0.01  _____  15.0  <10  low  - 

•PVF2  -250  -  -0.001  -  -  |  -  -  2.0  <10  low  - 

Sfz  ,  4  +<rE  2k}, 

-  — *IT *'  "a^ 

Sfi  -  sfi  (1  -  k}, );  sfi  -  sfj  (1  -  k}3 );  ‘estimated  values 

In  all  practical  cases,  the  design  features  a  single  mode  of  piezoelectric  coupling  so  that  the  product  of 
the  stiv  .re  of  the  hydrophone  sensitivity  (M})  and  the  free  capacity  Cr  becomes, 

MqCt<£  gTdT  or  gpdp  or  ghdh. 

A  highly  desirable  mode  of  coupling  is  the  hydrostatic  mode  in  which  the  piezoactive  material  is  subject 
to  hydrostatic  pressure  on  all  sides:  no  pressure  release  is  needed,  wiiether  inherent  in  the  structure 
(such  as  hollow  cylinders  or  spheres)  or  furnished  with  air-backed  cavities  in  the  form  of  sponge-rubber 
etc.  Hence  the  advantage  of  possible  submergence  of  this  material  in  the  ocean  to  limitless  depths.  In 
pursuit  of  such  a  design  it  is  noted  from  .able  10.1.1  that  the  magnitude  of  ghdh  for  commonly  used 
hydrophone  materials  lies  between  100  anJ  200  x  10“15  (in  units  of  m2/N).  This  is  judged  to  be  quite 
low,  and  is  attributed  to  the  fact  that  dh  (—  d33  +2 rf31)  is  small  because  d3l  (about  1/2  d33)  is  opposite 
in  sign  to  d33.  Also  because  gh  -  dh/K{3,  and  because  Kj3  is  large  the  value  of  gh  is  low. 

To  improve  the  design  of  hydrophones  operating  in  the  hydrostatic  mode  one  must  seek  two 
goals:  (1)  to  decouple  the  d33  from  the  d3,  piezoconstant,  and  (2)  simultaneously  lower  the  dielectric 
constant  so  that  g33  is  increased.  There  is  however  a  price  paid  for  low  dielectric  constant,  namely 
adverse  electric  loading  of  the  electric  rable  to  the  hydrophone,  which  can  only  be  overcome  by  use  of 
a  preamplifier  between  hydrophone  and  cable.  A  material  which  offers  promise  to  achieve  both  of 
these  goals  is  a  composite  of  piezoceramic  and  polymer  elastomers  in  diphasal  structure  combined  in  a 
variety  of  connectivities.  To  assist  in  the  discussion  we  note  that  the  subject  of  connectivity  has  been 
derived  in  Sects.  10.2  and  10.3,  and  methods  of  preparation  of  composites  are  briefly  summarized  in 
Sect.  10.4.  The  new  material  itself  can  best  be  described  by  experiments  on  various  compositions. 

We  consider  next  experimental  results  of  measurements  of  piezoelectric  properties  of  piezoelectric 
polymer  composites  with  various  connectivities.  The  cases  considered  are  a  few  of  the  many  types  of 
connectivity  possible. 

Case  #1  Lead  Zirconate  Titanate/Epoxy  Composites  in  1-3  Connectivity 

The  structure  of  this  composite  is  shown  in  Fig.  10.2.1(a).  In  the  final  assembly  the  piezoceramic 
rods  were  3  cm  long  and  840,  600,  400,  and  254  fim  in  diameter— rods  of  any  one  diameter  making  up 
a  particular  composite.  Fixtures  were  designed  to  give  the  composite.*,  10,  20,  30,  40,  and  50%  piezc- 
ceramic  by  volume.  Epoxy  was  then  poured  around  each  fixture  under  a  vacuum  to  remove  air  bubbles 
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and  cured  at  70®C  for  16  h.  The  result'1  nt  3  cm  long  slug  (mass  density  1.3  x  103  kg/m3)  was  cut  into 
sections  1,  2,  3,  and  4  mm  thick,  au  »  *  d  silver  electrodes  were  applied  to  them,  and  they  were  poled 
in  a  75°C  oil  bath  with  a  field  of  22  KV/cm  for  5  min.  Permittivity  was  measured  on  a  bridge  at  1  kHz; 
djj  was  measured  with  a  </33  meter  (Model  CPDT  3300  of  Channel  Industries,  Chagrin  Falls,  Ohio)  and 
dh  was  measured  by  changing  pressure  in  an  oil  chamber  at  a  rate  of  3.5  MPa/s  and  collecting  charge  in 
an  integrating  electrometer. 

Figure  10.5.1(a)  shows  measured  </33  (in  units  of  coulomb/newton)  as  a  function  of  volume  per¬ 
cent  of  lead  zirconate  titanate  for  three  diameter  rods  (400,  600,  and  840  n m).  Figure  10.5.1(b)  gives 
the  standard  deviation  in  these  measurements. 

Figure  105.2  shows  measured  dh  versus  thickness  of  sample  with  volume  percentage  of  lead  zir¬ 
conate  titanate  as  parameter.  A  noticeable  feature  of  plot  (C)  is  that  for  a  4  mm  thick  sample  dh  of  the 
composite  was  vo  !!X  the  value  of  dh  for  Clevite  PZT  501  A. 


Fig.  10  5.1  —  Plots  of  (A)  dy 3  and  (B)  standard  deviation  of  d}i  vs  vol  *3  of  PZT  [7] 


THICKNESS  ("*) 


Fig.  10.5.2  —  Variation  of  dh  with  vol  %  PZT  and  composite  thickness  tor  rod 
diameters  of  (A)  840  /am  (B)  600  /am,  and  (C)  400  ^m  (7) 
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Figure  10.S.3  shows  measured  values  of  Kfj  versus  volume  percentage  of  of  lead  zirconate 
titanate.  The  variation  is  seen  to  be  nearly  linear. 

Figure  10.S.4  shows  measured  values  of  "voltage  piezoconstant"  gh  (units:  Vm/N)  versus  volume 
percentage  of  lead  zirconate  titanate. 


Volume  %  PZT 


Fig.  10.5.3  —  Relative  permittivity  vs  voi  PZT; 
symbols  as  in  Fig.  10.5.1  [7] 


10  20  30  40  50 

Volume  %  PZT 

Fig.  10.5.4  —  Plot  of  ti,  vs  vol  %  PZT;  symbols  as  in  Fig.  10.5.1  [7] 
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Ail  these  figures  give  a  variety  of  figure-of-merit  (taken  here  to  be  the  gh  and  dh  product).  An 
example  will  show  what  can  be  achieved.  We  choose, 

10%  PZT  by  volume 
400  nm  diameter  of  rod 
1  mm  thickness 

The  values  of  parameters  for  this  composite  are  then: 


di3  =  235  x  10“12  C/N 

(Fig.  10.5.1) 

dh  =  63  x  1(T12  C/N 

(Fig.  10.5.2) 

K&  =  200 

(Fig.  10.5.3) 

ft  =  43  x  IQ"3 

(Fig.  10.5.4) 

Hence, 

ghdh  =  2709  x  10"15  (m:/N). 

This  product  is  roughly  some  20x  larger  than  piezoelectric  ceramic  materials  currently  in  use  (see  Table 

10.1.1). 


Case  #2  Lead  Zirconate  Titanate/Epoxy  Composites  in  0-3, 1-3,  3-3,  3-1  and  3-2  Connectivities 

A  summary  of  the  piezoelectric  properties  of  these  composites  prepared  by  Perforation,  Burps, 
Replamine  or  Embedding  procedures  (see  Section  10.4)  is  presented  in  Tables  10.S.2  and  10.S.3.  Some 
remarkable  figures-of-merit  are  achieved.  In  Table  10.5.2  a  polyurethane  matrix  drilled  with  a  row  of 
holes  in  one  direction,  and  then  backfilled  with  piezoceramic  rods  to  make  a  1-3  connectivity,  showed  a 
ghdh  product  of  42, 100  x  10-15  m2/N.  Similarly  a  composite  prepared  by  the  BURPS  procedure  which 
gave  a  3-3  connectivity  (—  skeleton  of  piezoceramic  intertwined  with  a  skeleton  of  silicone  rubber) 
showed  a  ghdh  product  of  26,000  x  10" 15  m2/N.  Again  this  should  be  compared  to  a  value  of 
168  x  10-15  m2/N  Type  I  Piezoelectric  Ceramic  (Table  10.1.1). 

Table  10.5.3  lists  results  of  measurements  on  composites  of  3-1  and  3-2  connectivity  prepared  by 
perforation.  In  one  case  of  a  3-2  connectivity  (see  Fig.  10.2.1b),  with  the  piezoceramic  block  polarized 
and  electroded  along  the  z-axis,  and  holes  backfilled  with  epoxy  along  both  x  and  y  axes,  the  epoxy- 
filled  hole  size  was  3.2  mm,  separated  from  adjacent  holes  by  X  -  4.5  mm.  The  composite  thickness 
was  5.8  mm.  Upon  measurement  on  an  automated  capacitance  bridge  at  1  kHz  the  dielectric  constant 
133  came  to  a  value  of  290.  The  piezo  charge  constant  d33  was  measured  on  the  d3 3  meter  noted  above 
to  be  290  x  10-12  C/N.  From  these  two  values  one  deduced  that  g33  —  d33/K33  ~_114  x  10-3  Vm/N. 
Thus  the  product  g33d33  =  33, 000  x  10  !5m2/N.  Similarly  the  hydrostatic  constant  dh  was  measured  to 
be  329  x  10“12C/N  by  use  of  an  electrometer  method  described  above.  The  voltage  piezoconstant  was 
deduced  to  be  128  x  10-3  Vm/N,  from  which  the  ghdh  product  calculated  out  to  be  about 
42,000  x  10-lsm2/N.  These  are  extraordinary  values. 
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Table  10.5.2  —  Piezoelectric  Properties  of 
PZT-Polymer  Composites 


*33  d* 

(PCN">) 

g*  (10-3  VmN"1) 

d*g*  (10-15  m2N_l) 

PZT 

1600 

50 

4 

200 

PZT  particles  in  silicone  rubber 
matrix  (0-3  connectivity) 

100 

28.3 

32 

900 

PZT  replamine  in  a  silicone  rubber 
matrix  (3-3  connectivity) 

50 

35.8 

80 

2800 

PZT  rods  in  an  epoxy  matrix 
(1-3  connectivity) 

200 

77.6 

40.4 

3138 

PZT  rods  in  a  polyurethane  matrix 
(1-3  connectivity) 

83 

176.2 

239 

42100 

Burps  composite  (epoxy  matrix) 

(3-3  connectivity) 

500 

120 

27 

3200 

Burps  composite  (silicon  rubber 
matrix  (3-3  connectivity) 

300 

260 

100 

26000 

(after  [8]). 


Table  10.5.3  —  Measurements  on  3-1  and  3-2  Composites 


Composite 

Hole  Size  Thickness  X* 


i  *  iA  i*IA 

(mm)  (mm)  (mm)  K33  (PCN"‘)  (10~3  VmN"1)  (PCN~‘)  (10~3  VmN"1)  (HT15  M2N~') 


■33 


*33 


Perforated  PZT/epoxy 
(3-1  connectivity) 

3.2 

6.5 

4.25 

810 

340 

47 

210 

29 

6000 

Perforated  PZT/epoxy 
(3-1  connectivity) 

3.2 

6 

4.25 

760 

350 

52 

230 

34 

78C0 

Perforated  PZT/epoxy 
(3-1  connectivity) 

3.2 

5.5 

4.25 

740 

330 

50 

200 

30 

6000 

Perforated  PZT/epoxy 
(3-1  connectivity) 

3.2 

4.5 

4.25 

680 

320 

53 

190 

31 

5900 

Perforated  PZT/epoxy 
(3-1  connectivity) 

4.2 

6.8 

4.75 

470 

290 

70 

190 

46 

8600 

Perforated  PZT/epoxy 
(3-1  connectivity) 

4.2 

6.5 

4.75 

450 

290 

73 

222 

56 

12300 

Perforated  PZT/epoxy 
(3-1  connectivity) 

4.2 

6 

4.75 

425 

280 

74 

170 

45 

7600 

Perforated  PZT/epoxy 
(3-1  connectivity) 

4.2 

5.5 

4.75 

410 

275 

76 

120 

33 

3950 

Perforated  PZT/epoxy 
(3-2  connectivity) 

3.2 

6.7 

4.5 

360 

290 

90 

238 

74 

17600 

Perforated  PZT/epoxy 
(3-2  connectivity) 

3.2 

6.2 

4.5 

330 

290 

99 

294 

100 

29000 

Perforated  PZT/epoxy 
(3-2  connectivity) 

3.2 

6 

4.5 

320 

300 

105 

322 

113 

36300 

Perforated  PZT/epoxy 
(3-2  connectivity) 

3.2 

5.8 

4.5 

290 

290 

114 

329 

128 

42000 

Perforated  hollow  PZT 
scaled  with  polymer 
(3-2  connectivity) 

3.2 

6.2 

4.5 

340 

340 

112 

372 

123 

45700 

(after  (8)) 

(^X  is  the  center-to-center  distance  of  adjacent  holes.) 
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In  composites  prepared  by  perforation  it  is  clearly  seen  that  hole  size,  hole  separation  and  compo¬ 
site  thickness  play  a  role.  Figure  10.5.5  shows  the  variation  of  dh  with  composite  thickness.  This  is  a 
3-1  composite  prepared  by  perforating  a  solid  block  of  piezoactive  ceramic  (PZT)  with  3.2  mm  diameter 
holes  parallel  to  the  x-axis,  separated  in  three  samples  by  x  -  3.25,  3.75  and  4.25  mm  distances  respec¬ 
tively.  Polarization  (prior  to  perforation)  was  along  the  z  axis,  carried  out  in  an  oil  bath  at  140°C  in  a 
field  of  25  kV/cm  for  3  minutes.  The  perforations  were  backfilled  with  commercial  epoxy  and  cured  at 
70*C  for  8  hours.  The  effect  of  hole  size  on  1833  for  various  hole  separation  distances  in  shown  in  Fig. 
10.5.6.  The  value  of  d 33  is  seen  to  rise  linearly  with  hole  separation  distance  and  then  level  off  to  about 
350-400  x  10",J  C/N. 

An  example  of  a  piezoceramic/ polymer  in  3-1  connectivity  of  the  honeycomb  type  shown  in  Fig. 
10.2.1c  has  been  reported  by  Shrout  et  al.  [10],  the  results  of  which  are  shown  in  Table  10.5.4.  Mass 
densities  of  2.9  x  103  kg/m3  were  achieved  in  these  structures.  Table  10.5.5  gives  the  electromechani¬ 
cal  properties  of  these  honeycomb  composities. 

10.6  LEAD  ZIRCONATE  TITANATE/POLYMER  COMPOSITES 

HIGH  FREQUENCY  APPLICATIONS 

Polarized  lead  zirconate  titanate  ceramic  materials  are  often  used  in  thin  slabs  to  radiate  (and 
receive)  ultrasonic  pulses  in  liquid  media.  Because  of  their  high  mass  density  and  nonuniform  face 
motion  they  are  mismatched  in  impedance  to  liquids  and  therefore  do  no  load  well.  Since  their  internal 
losses  are  negligible  they  usually  operate  over  narrow  (resonance)  bandwidths  with  mechanical  Q  above 
100.  Distortion  of  pulse  shape  is  then  expected.  To  improve  the  bandwidth  of  pulse  projection  the 
designs  usually  employs  Langevin  techniques  of  adding  backing  plates  of  appropriate  materials  and 
thickness,  and  adding  quarter-wave  layers  to  the  radiating  face  thus  achieving  better  impedance  match. 
This  is  the  conventional  sandwich  construction. 


250 


130 


HOLE  SIZE  3.2  m 
A  X  -  4.25  mm 


100 


THICKNESS  (am) 

Fig.  10.5.5  —  Hydrostatic  piezoconstant  dh  versus  composite  thickness  for  fixed  hole  size  and  three  hole 
separation  distances  for  a  3-1  connected  composite  [8] 
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HOLE  SIZE  2.4  m  (0/t  •  0.6) 
HOLE  SIZE  3.2  mm  (0/v  •  0.7) 

HOLE  SIZE  4.2  m  (0/t  •  0.7) 

▲ 


/  / 


Fig.  10.5.6  —  Piezoconstant  d3 3  vs  hole  separation  AT  for  three  hole  sizes  181 

Table  10.5.4  —  Electromechanical  and  Physical  Properties  of 


Property 


Homogeneous 
PZT  501  A"-6 


density  (kg/m3) 
dielectric 
constant  UO 
tan  S 
piezo  d33 
(x  10"12  C/N) 
piezo  <4 
(x  10"12  C/N) 

piezo  d3 1 
-(x  10“12  C/N) 
voltage  coef.  g33 
(x  10"3  Vm/N) 
voltage  coef.  g33 
(x  !0-3  Vm/N) 


7900 

2000 

(1800)* 

0.014 


1-3*  Composities 

PZT/Spurrs 

PZT/Flexane 

2900 

(unpoled)  340-370 
(poled)  450-500 
0.017 

2600 

390-460 

480-520 

0.025 

240-300 

260-340 

10-20 

15-20 

115-140 

120-160 

60-70 

60-70 

29-32 

28-35 

‘'Ultrasonic  Powder,  Inc.,  "Piezosonic  Powders"  data  sheet. 

^Properties  measured  on  PZT-50A  disks  were  found  to  be  in  good  agreement  with  expected  values.  However 
typical  values  of  dielectric  constat, ts  were  found  to  be  lower  —1800  ±  10%. 

'(same  as  3-1  in  the  nomenclature  of  this  treatise.) 
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Table  10.5.5  —  Electromechanical  and  Physical  Properties 
Determined  by  Resonance  (10) 


Property 

Homogeneous 

D7T  cni  a  a,b 

1-3*  Composites 

rJLl  OU1A 

PZT/Spurrs 

PZT/Flexane 

Frequency  constant 
^.hicknew  (Hz-m) 

1740 

1600 

1600 

Elastic  stiffness 

Cft  (G  Pa) 

96 

81 

81 

Thickness  coupling 
coefficient,  k,  (%) 

45 

55-65 

55-58 

Planar  coupling 
coefficient,  kp  (%) 

63 

35 

_ C 

•Note:  The  PZT/Flexane  composites  did  not  give  distinct  planar  mode  resonances  due 
to  difficulties  in  processing  uniform  disks. 

•(Same  as  3-1  in  the  nomenclature  of  this  treatise.) 


An  alternative  approach  to  achievement  of  lower  mechanical  Q  is  the  use  of 
piezoceramic/polymer  composites.  Because  their  mass  density  and  sonic  speed  are  inherently  lower 
than  conventional  piezoceramic  materials  they  make  a  better  match  to  liquids.  In  ultrasonic  applications 
Qs  less  than  20,  and  even  less  than  10,  can  routinely  be  obtained. 

Several  types  of  piezoceramic/ polymer  composites  for  ultrasonic  use  have  been  investigated. 
These  are  (1)  lead  zirconate  titanate/polymer  in  1-3  connectivity  similar  to  Fig.  10.2  1(a);  (2)  in  3-3 
connectivity  replamine  form  (see  Sect.  10.4)  in  which  a  skeleton  of  piezoceramic  is  interwoven  with  a 
skeleton  of  polymer  epoxy;  (3)  in  honeycomb  3-1P  connectivity  of  the  type  shown  in  Fig.  10.2.1(c); 
(4)  or  in  piezoceramic  tapes  laminated  with  epoxy  in  a  2-2  connectivity  similar  to  Fig.  10.3.1(a). 

These  composites  were  tested  by  various  methods  with  various  results.  These  are  discussed  next. 
Case  #3  Lead  Zirconate  Titanate/Polymer  Composite  in  1-3  Connectivity  for  Ultrasonic  Application 

The  composite  slug  constructed  in  the  manner  shown  in  Fig.  10.2.1(a)  was  sliced  into  thin  disks 
such  that  the  thickness  resonance  mode  occurred  in  the  1-5  MHz  region.  They  were  poled  at  20 
KV/cm  for  5  min  in  an  oil  bath  at  75°C.  To  measure  their  transmitting  response  characteristics  Ref.  9 
used  the  tone-burst  pulse-echo  method,  the  set-up  of  which  is  shown  in  Fig.  10.6.1.  Each  disk  of  com¬ 
posite  was  sealed  at  the  end  of  a  steel  tube  and  inserted  in  the  system  as  the  "transducer."  The  disk  was 
then  driven  at  10  volts  peak  in  a  tone-burst  lasting  15-20  cycles  of  a  selected  frequency.  The  pulse 
traversed  the  water  tank,  struck  a  stainless  steel  block,  and  was  perfectly  reflected  back  to  the  disk.  The 
disk  transduced  the  echo  into  an  electrical  signal  which  was  measured  either  across  a  diode  isolation,  or 
across  50  ohms,  and  was  made  visible  on  an  oscilloscope.  To  reduce  near  field  diffraction  effects  of  the 
disk,  radius  a,  at  wavelength  \,  the  reflecting  block  was  placed  at  distance  D  =  a2/\.  Although  all 
disks  had  a  1-3  connectivity,  the  piezoceramic  (phase  1)  was  in  the  form  of  rods,  or  spheres,  or  triangu¬ 
lar  prisms. 

Dielectric  constant  K 33  and  piezoconstant  rf33  were  measured  by  methods  described  in  Sect.  10.5. 
Mechanical  Q,  thickness  coupling  Kr,  resonance  frequency,  bandwidth,  echo  signai  ievei  were  meas¬ 
ured  by  the  electrical  admittance  technique.  To  compare  various  composites  the  product  of  the 
bandwidth  and  the  echo  voltage  signal  across  50  ohms  was  chosen  as  a  figure-of-merit.  Table  10.6.1 
gives  measured  results  on  piezoceramic/ polymer  composites  of  1-3  connectivity. 
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Fig.  10.6.1  —  Pylse  echo  that  set-up 


Table  10.6.1  -  Electromechanical  Properties  and  Pulse  Fcho  Response  of 
Composite  in  Piezoceramic/Polymer  1-3  Connectivity  [9] 


composite 

type 


3-1*  with 
0.45  mm  rods 


3-1*  with 
0.28  mm  rods 

3-1*  with 
l.S  mm 
spheres 

3-1*  with 
triangular 
prims 
(0.85  t) 


Pulse  % 

PZT 

Dielectric 

constant 

k 

*33 

x  10,2C/N 

Thickness 

coupling 

*,(r) 

mechanical 

Q 

Frequency 

constant 

N(Hz-M) 

Resonance 

frequency 

/(MHz) 

Bandwidth 
(BW)  MHz 
(6dB) 

Echo  Signal 
(50  0  load) 
y so  (volts) 

10 

117 

110 

70 

4-5 

BF1H 

0.8 

244 

174 

67 

14 

■ 

2.55 

2.8 

20 

233 

225 

— 

— 

■Bfl 

3.2 

i 

1.2 

153 

101 

- 

- 

1-60 

4.4 

1.25 

0.4 

335 

183 

72 

3 

_ 

2.65 

07 

2.4 

30 

249 

123 

67 

19 

4.15 

1.3 

0.8 

10 

87 

129 

59 

1335 

2.6 

0.65 

0.3 

237 

277 

— 

1221 

1.17 

0.26 

0.7 

20 

211 

195 

68 

2.18 

0.45 

1.25 

158 

122 

78 

4.4 

1.2 

1.12 

10* 

60 

0.29 

0.80 

180 

60 

6 

0.915 

30** 

140 

0  24 

0.72 

12* 

153 

0.35 

0.32 

270 

— 

_ 

im* 

1  11 

60** 

2.5 

0* 

0.3 

Figure  of| 
merits 
FjO-BW 


0.32 

0.84 

1.2 

0.50 

1.7 

1.0 

0.20 

0.18 

0.56 

1.3 

0.23 

0.17 

0.11 


Echo  Signal 
(diode 
isolation) 
VD  (volts) 


3.4 


0.7 

3.8 

2.2 

1.16 


In  Ref.  9  a  3-1  connectivity  has  the  same  meaning  as  a  1-3  connectivy  in  this  treatise. 
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Table  10.6.2  gives  similar  test  results  on  piezoceramic/ polymer  composites  with  2-2  connectivity 
of  the  type  shown  in  Fig.  10.3.1a,  with  layers  of  piezoceramic  and  epoxy,  and  a  honeycomb  composite 
with  3-1P  connectivity  of  the  type  shown  in  Fig.  10.2.1(c). 


Table  10.6.2  —  Electromechanical  Properties  and  Pulse  Echo  Response  of 
Composite  in  Piezoceramic/Polymer  1-3  P  Connectivity  (9] 


composite 

type 

Pulse  % 

PZT 

Dielectric 

consunt 

k 

x  1012  C/N 

Thickness 

coupling 

kfi) 

mechinics! 

Q 

Frequency 

constant 

N(Hz-M) 

Resonance 

frequency 

/(MHz) 

Bandwidth 
(BW)  MHz 
(6  dB) 

Echo  Signal 
(50  »  load) 
FJ0  (volts) 

Figure  of 
merits 

f50-bw 

Echo  Signal 
(diode 
isolation) 

VD  (volts) 

2-2  with  0.31 
mm  upes 

27 

15$ 

126 

52 

14 

1894 

3.00 

0.76 

0.65 

0.5 

1.20 

1-3  honey¬ 
comb 

30 

273 

175 

65 

12 

1530 

2.4 

0.3 

0.8 

0.24 

•In  Ref.  9  a  1-3  connectivity  hu  the  same  meaning  as  a  3-1  P  connectivity  in  this  treatise. 
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measure  of  work  done,  84 
for  dielectric  transducers,  196 
magnetoelastic,  402 
Composite  materials,  Chap.  10 
connectivity  of,  487-491 
preparation  of,  492 
hydrophone  of,  492 
measurements,  487,  494,  495 
Constant-B  drive,  203 
Constant-H  drive,  203 
Constant  voltage  drive,  229 
Constant  current  drive,  229 


Coupled  circuits,  68 
mutual  inductance  type,  69 
capacitive  type,  76 
2-mesh  electrical  type,  90 
Design  aids,  220 
motional  impedance  plots,  224 
motional  admittance  plots,  224 
geometrical  considerations  of  impedance 
and  admittance  plots,  225 
Diffraction  constant  in  pressure-gradient 
sensors,  448 
Duality,  77 

contrasted  to  series/parallel  inversions,  18,  17 
A  E  effect,  404 
Equivalent  circuits,  2 
construction  of,  35 
for  mechanical  networks,  36 
examples  of,  8 

of  continuous  elastic  systems,  49 
Figure-of-merit  for  hydrophones,  485 
gd  product,  486 
Filters 

mechanical,  254 
acoustical,  254 

described  by  bond  graphs,  265 
Fixed  velocity  distribution,  general  theory 
of  transducers  with,  475 
Four-pole  (impedance)  parameters,  62,  63,  64 
FV  plots,  42 

General  theory  of  transduction,  Chap.  9 
electroacoustic  transduction,  468 
electromechanical  transduction,  467 
transducer  receiving  response,  471 
transducer  transmitting  response,  472 
reciprocity,  473 
fixed  velocity  distribution,  475 
available  acoustic  power,  480 
threshold  pressure,  481 
Grounding  of  mass  element,  8 
Helmholtz  resonator  (Underwater)  transducer, 
Chap.  3 
analysis.  310 
construction,  309 
spherical  type,  316 
cylindrical  type,  320 
generic  model,  314 

Homodyne,  heterodyne  reception,  377 
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Hydrophone 
polymer  film,  340 
optical  fiber,  357,  452 
laser  doppler,  Chap.  6 
metallic  glass,  408 
composite  material  type,  492 
Ideal  transformer  transduction,  94 
Laser-doppler  hydrophone,  Chap.  6 
homodyne,  heterodyne,  377 
minimum  detectable  signal,  381 
laboratory  demonstration,  382 
design  considerations,  385 
comparison  with  laser-dopper 
velocimeter,  394 
Magnetic  fields,  187 
maximum  power  in  magnetic  field 
transducers,  405 

magnetic  field  transduction  losses,  407 
transduction  ratio,  407 
Magnetostriction,  400 
nickel,  399 
metallic  glass,  415 
rare-earth  alloy,  418 
Mason  equivalent  circuit  of  a 
bar  transducer,  232-243 
clamped  at  one  end,  loaded  at 
the  other  end,  239 
one  end  free,  other  end  loaded,  240 
examples  and  cases,  213 
Matrix  modeling  of  transducers,  30,  124 
examples  of,  31,  32 
Mechanical  circuit  elements,  5 
Metallic  glass  transducer,  Chap.  7 
magnetostriction  property  of,  408 
coupling  coefficient,  416 
effect,  416 

transduction  losses,  416 
transduction  ratio,  416 
experimental  results,  415 
Mechanical  mutual  mass,  5 
Mechanical  networks,  3 
Nonreciprocal  transduction,  96 
Norton’s  equivalent  source 
Bond  graph  of,  58 
One-connection  systems,  57,  59 
Thevenin’s  equivalent  source,  58 
Norton’s  equivalent  source,  58 
Optical  fibers  as  pressure  sensors 
properties,  347 
stress-strain  relations,  349 
pressure  effects  on,  351 
Optical  fiber  hydrophone 
construction,  357 


theory  of  operation,  358 

experimental  results,  359 

protection  against  environmental  noise,  362 

lowest  detectable  signal,  36C 

intensity  modulated  types,  373 

SNR,  366 

Particle  velocity  determined  by 
pressure-gradient  sensor,  423 
error  analysis,  458 
Piezomagnetic  activity,  192 
Piezomagnetic  coupling,  equations,  194 
Polymer  film 

phenomenological  theory,  331,  339 
31  mode,  333 
33  mode,  337 

Polymer  film  hydrophone,  340 
structure,  341 
analysis,  342 

Pressure-gradient  in  an  acoustic  field 
relation  to  particle  velocity  at  a  point,  423 
between  two  points,  424 
between  two  pairs  of  points,  427 
Pressure-gradient  microphone 
diffraction  effects,  428 
diffraction  constant,  433 
Pressure-gradient  hydrophone 
spherical  shell,  450,  451 
mass  suspended  inside  a  cylindrical  shell,  450 
fiber-optic  type,  452 
Primary  circuit  model,  132 
Rare-earth  alloy  magnetostrictive 
transducers,  418 
theory,  418 
measurements,  419 
Receivers 

moving  armature,  293 
length  expander,  296 
electrostatic,  299 

standard  hydrophone  designs  of,  303 
Reciprocal  transduction,  93 
Resonance 
velocity,  200 

electrical/mechanical,  200 
multiple,  198 

nomenclature  summary,  209 
quarter-wave,  230 
half-wave,  231 
series-connected,  248 
parallel  connected,  243 
series/ parallel  connected,  252 
Standard  equivalent  circuits,  213,  216 
State  system  model,  133 
theory,  119 
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trees,  cotrees,  system  graphs,  128 
supernode  (cut-set),  131 
examples,  139 
Secondary  circuits,  2 
Series/ parallel  form,  18 
Signal  flow  graphs,  109 
Sources,  exchange  of,  15 
Helmholtz  equivalent,  16 
Norton,  Thevenin  Equivalent,  58 
Thevenin  equivalent  source 
bond  graph  of,  58 
Transduction  types 
ideal  transformer,  54 


ideal  gyrator,  52 
antireciprocal,  96 
Transmission  line  analysis 
lumped  parameter,  269 
distributed  parameter,  280 
examples  of,  283,  284 
resonant  circuit  comparison,  287 
Turns-ratio,  228 

Two-Connection  systems,  60,  126 
Unification  of  coupled  circuits,  52 
example,  55 
Variational  principle,  97 
VF  representation  of  systems,  19,  40 
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